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ABSTRACT. In this article, we prove that if K is a nonempty weakly compact
convex set in a Banach space such that K has the hereditary fized-point property
(FPP) and § is a commuting family of isometry mappings on K, then there
exists a point in C(K) which is fixed by every member in § whenever C'(K) is
a compact set. Also, we give an example to show that C(K), the Chebyshev
center of K, need not be invariant under isometry maps. This example answers
the question as to whether the Chebyshev center is invariant under isometry
maps. Furthermore, we give a simple example to illustrate that Lim’s center,
as introduced by Lim, is different from the Chebyshev center.

1. INTRODUCTION AND PRELIMINARIES

Let K be a nonempty bounded subset of a Banach space X. For x € X,
define r(z, K) = sup{||z —y|| : y € K}, r(K) = inf{r(z,K) : . € K}, 0(K) =
sup{r(z,K):z € K}, and C(K) ={z € K : r(z, K) = r(K)}.

Definition 1.1 ([1, p. 837], [4, p. 38]). A nonempty bounded convex set K in a
Banach space X is said to have normal structure if every nonempty convex set
C C K with more than one point has a point # € C such that r(z,C) < 6(C).
Then the set C(K) and the number r(K) are called, respectively, the Chebyshev
center of K and the Chebyshev radius of K.
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A mapping T : K — X is said to be nonezpansive (an isometry) if
ITe ~Tyl <lle—yll  (ITe— Tyl =z —yll) for o,y € K.

Brodskii and Milman [1] introduced the notion of normal structure and proved
the following interesting result.

Theorem 1.2 ([1, p. 839]). Let K be a nonempty weakly compact convex set
in a Banach space X, and let § = {T : K — K : T is a surjective isometry
mapping}. Furthermore, assume that K has normal structure. Then there exists
an x € C(K) such that Tz = x, for every T € §.

By observing the results in [1], Lim [6] constructed a point, namely, the center
of a convex set, which is defined as follows.

Definition 1.3 ([6, p. 345]). Let Cy be a nonempty weakly compact convex subset
of a Banach space. Define C|, for all ordinals « by transfinite induction as follows.
Let n € N be a finite ordinal number. Define K,, ={z € C,,_; : 2 = ‘”—gy for some
z,y € C,_y with ||z —y|| = %} and C,, = ¢o{ K, }. Let w be the first infinite
ordinal number. Then define C,, = ﬂ(neN;n <w) C,_1. Let 8 be an infinite ordinal
number.

If B is a limit ordinal (i.e., # does not have a predecessor), we set Cs = (1,5 Cla-
Otherwise, let v be the predecessor of 5, and let K3 = {z € C, : z = z—;“y for
some z,y € C, with ||z —y|| = 5(%”)} Then we set Cz = ¢o(Kjp).

Then it is known from [6] that the intersection of C,, over all ordinal numbers
a (i-e., N, i ordinag Ca) contains exactly one point. This unique point is called the
center of Cj.

Note: We call this center the Lim’s center of the given convex set Cj.

Lim also established the next result.

Theorem 1.4 ([6, p. 345]). Let K be a nonempty weakly compact convex set in
a Banach space X. Then the Lim’s center of K is a fized point for every affine
isometry mapping from K into K.

Lim [5] introduced a notion of the asymptotic center of a decreasing net of
bounded subsets of a Banach space. The notion of an asymptotic center is defined
as follows.

Definition 1.5 ([5, p. 421]). Let A be a nonempty subset of a Banach space X.
Let {B, : n € N} be a decreasing sequence of bounded subsets of X. For each
r € X and each n € N, define

ro(z) = sup{||lz — y[| : y € B} and  r(x)=limr,(z) = infr,(x).
Then the nonnegative real number ar({B,}, A) := inf{r(z) : € A} = r and the

set AC({B,},A) .= {x € A:r(x) = r} are called, respectively, the asymptotic
radius and asymptotic center of {B,} with respect to A.

Remark 1.6. Note that r,(z) = r(z, B,) for x € X.

Lim also proved the following.
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Lemma 1.7 ([5, p. 426]). Let K be a nonempty weakly compact convex set in a
Banach space, and let T : K — K be a nonexpansive map. Then the asymptotic
center of {T™(K) :n=0,1,2,...} is invariant under T

Motivated by Theorem 1.2 of Brodskii and Milman [1] and the fact that
T(C(K)) = C(K) whenever T is a surjective isometry on K, Lim et al. [7] raised
the following questions.

Question 1. Let T be an isometry on K which is not surjective. Does one still
have T'(C(K)) C C(K)?

Question 2. Let K be a nonempty weakly compact convex subset of a Banach
space, and assume that K has normal structure. Does there exist a point in C'(K)
which is fixed by every isometry from K into K7

In the case of uniformly convex Banach spaces, Lim et al. [7] affirmatively
answered the above questions. Moreover, Lim et al. [7] established the next result
(Theorem 1.8) by using Lemma 1.7 and the notion of the hereditary fixed-point
property (FPP). A nonempty weakly compact convex set K in a Banach space
is considered to have the fized-point property (FPP) if every nonexpansive map
from K into K has a fixed point. The set K is said to have the hereditary FPP
if every closed convex nonempty subset of K has the FPP.

Theorem 1.8 ([7, p. 5]). Let K be a nonempty weakly compact convez set in a
Banach space, and let T be an isometry from K into K. Furthermore, assume
that K has the hereditary FPP. Then T has a fized point in C(K).

We proved in [8], in the setting of strictly convex Banach spaces, that there
exists a common fixed point in C'(K) for a commuting family of isometry map-
pings whenever K is a nonempty weakly compact convex set having normal struc-
ture.

Next, in connection with common fixed points of a commuting family of non-
expansive maps, we state the following theorem.

Theorem 1.9 ([2, p. 261]). Let K be a nonempty weakly compact convex set in a
Banach space, and let § be a finite family of commuting nonexpansive mappings
on K. Furthermore, assume that K has the hereditary FPP. Then there exists an
rg € K such that Txy = xg, for all T € §.

In this article, we prove that every finite family of isometry mappings has a
common fixed point in C'(K) (see Theorem 3.2). In the case of an arbitrary family
of commuting isometry mappings, we prove the existence of a common fixed point
in C(K) (see Theorem 3.4) whenever K is a nonempty weakly compact convex
set in a Banach space such that K has the hereditary FPP and C(K) is a compact
set. Also, we show that C'(K) need not be invariant under isometry maps (see
Example 3.8). That is, T(C(K)) ¢ C(K) for some K and an isometry map
T : K — K, where K is a nonempty weakly compact convex set in a Banach
space X and K has normal structure. This example (Example 3.8) provides a
negative answer to the question (Question 1) raised by Lim et al. in [7].
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2. LiM’S CENTER AND THE CHEBYSHEV CENTER

In this section, we discuss the problem of whether the Lim’s center of a set K,
where K is a nonempty weakly compact convex set in a Banach space X, is a
Chebyshev center of K. The notion modulus of convexity is defined as follows.

Definition 2.1 ([4, p. 52]). The modulus of convezxity of a Banach space X is the
function dx : [0,2] — [0, 1] defined by

dx(€) = inf{l e tyll ;_ yll

A Banach space X is said to be uniformly convez if jx(e) > 0 for € € (0,2].

Nzl <1yl <1 and o -yl > e},

The next result claims that, in the case of uniformly convex Banach spaces,
the center of a convex set Cy can be defined using the finite induction method.

Proposition 2.2. Let Cy be a nonempty bounded closed convex set in a uniformly
conver Banach space X, and let K,, :={z€ Cp,_1: 2z = x—;”’ for some x,y € C,,_4
with ||z —yl| = %}, forn € N. Then 6(C,,) < a26(C,_1), where C,, = co(K,,)
and ap = (1 —6x(3)) < 1.

Proof. Let z1,29 € Ki. Then for 1 = 1,2, z; = “T“” for some z;,y; € Cy with
i — sl = %0, where dy = §(Cp). Note that [|z1 —xo|| < r(z1,Ch) and ||z — ys|| <
(21, Cp). Hence || 21— 23] < (1—0x( 21, Cp), where dx () is the modulus
of convexity function.

Since for any u € Cy, |lz1 — ul| < do, |ly1 — ul| < do, and |21 — yi]| = %,
21 —ul] < (1—0x(& -))do. Therefore, r(z1,Co) < (1 — ox(3 ))do Also as QdTO <

d
27"(21(),00) )>T(

m and dx(+) is an increasing function, we have 1 — 5X(2'r Tor Co)) —0x(3).
Hence ||z1 — 25|| < addy, where ag = 1 — dx(3). Therefore, 6(C1) < aoé(C’o),
Cl = E(Kl)

Again, since Cy = ©0(Ks), where Ky = {2z € C} : z = ‘Hy for some z,y € C
5(01

with ||z — y|| = }, by repeating the above arguments we can prove that
§(Cy) < add(Cy). Hence by induction, we can see that §(C,,) < a2§(C,,_1), for all
n € N. OJ

The following example illustrates that the Lim’s center of a weakly compact
convex set Cp need not be a Chebyshev center of Cj.

Ezample 2.3. Consider the Banach space X = R? with the norm

||ZL’|| _ ||{L‘||OO ifze Ql U Qg,
||ZL‘||1 ifIGQQUQ4,

where Q; is the ith quadrant, which also contains the boundary in R? for i =
1,2,3,4, and ||z]|c = max{|z1]|, |ze|} and ||z||; = |z1| + |22].

Let Cy be the convex hull of {(—1,0),(1,0),(0,1)}. Note that §(Cy) = 2 and
that for any (z,y) € Cy with (z,y) # (0,0), either ||(x,y) — (=1,0)|| > 1 or
1(1,0) — (x,y)|| > 1. Hence, (0,0) is the unique Chebyshev center of Cj.

We claim that (0,0) is not the Lim’s center of Cy. Note that it is enough to
show that (0,0) ¢ C,, for some ordinal number «. We claim that (0,0) ¢ Cs.



194 S. RAJESH and P. VEERAMANTI

Note that for n € N, K, := {2z € C,,_1: z = %ﬂ for some z,y € C,_1 with

Hl’ - y” = W}’ where Cnfl = @{anl} and KO = {(_170)7 (150)7 (07 1)}
Hence if z € K,,, then there exist x and y in C,,_; such that

Pl: ||z — 2| = %=t = ||y — z];

P2: [z,y] .= {(1 — t):zc +ty:te€[0,1]} C Cpy;

P3: consider any straight line L(z), different from L[z, y] := {(1 — t)z + ty :
t € R}, passing through z in R?* then z and y are in different open
half-spaces determined by the complement of L(z) in R

Construction of C;: We claim that C; = @{(’1 0),(3,0), Gx %) (

2
(5, 1)}, From the definition of K, it is easy to see that (£8,0),(3,2), (3,1),
and (3, 1) belong to K, as %62 =1 = ||(0,0) — (£1,0)|| = [|(=1,0) — (0,1)]
and [[(1,0) = (5, 3)ll = 1 =(0,1) = (5, 3)II

Let S; = {(1 — )( 0)—1—/\(4,4) )\G]R}, Sy = {(1—/\)( O)—i-/\(2 ,2) :
A€ R} and S5 = {(1-N)(5, 2)+)A(5,2) : A € R}. Note that ifS is a straight line
in R?, then S¢ (the complement of S in Rz) contains two disjoint open half-spaces
in R?. Since S;, S, and S3 are straight lines in R?, they also determine open
half-spaces in R2.

Suppose that H; is the open half-space, which contains (1,0), determined by
S1; that Hy is the open half-space, which contains (—1,0), determined by S; and
that Hj is the open half-space, which contains (0, 1), determined by S.

Now, note that Co N H; # () and 6(Cy N H;) < % = 5(00 fori=1,2,3.

Let x = (z1,22),y = (y1,y2) € Co N Hy. Then % < X1, y1 <1,0< z9,9p < %.

Note that either ||z —y|| = [z —yll1 or ||z — yl| = [l — yl|e-

Suppose that ||z — y|| = ||:1c — y|loo- Then it is easy to see that ||z —y|| < 3, as
s <a,y1 < 1,0 < a0,y < 1.

Now, assume that ||z — y|| = ||z — y||;. Then ||z — y|| = |x1 — 11| + |22 — ya|-

Suppose that either % < x1,Yy; < % or Z% < x1,y1 < 1. Then it is apparent
that ||z — yli < 3. Assume that § < z; < 2 and 3 < y; < 1. In this case,
[z —ylh =y1 — 21 + |z2 — ¥al.

Now note that if % <x < %, then zo < 21 — % Similarly, it can be seen that
if 3 <y <1, then yo <1 —y;. This implies that

),

Y

00 s [
NN

Y

e}

]
|

|=

|z =yl = yl—$1+$2—yz<y1—%—yg<% %fﬂbzyz,
yl_m1+92_$2<1—<x1+$2)<2 if yo > xs.

Therefore, if z € CyN Hy, then there is no x € CoN H; such that ||z —z|| = CO)

Hence, by the properties P1, P2, and P3 of K, we have z ¢ K for any z € C’oﬂHl
and Consequently K, C C’O N Hf, where Hf = {(z,y) € R* : (z,y) ¢ H;}.
In a similar manner, it can been seen that K; C Cy N Hf for ¢« = 2,3, since
5(Co N Hy) < 2 and §(Cy N Hy) < 2C0).

Therefore, K1 C N, (Co N HY). Further, as each Cy N Hf is a closed convex
set, Cp =Co(K) C ﬂ?zl(C’o N HE). Hence, §(Cy) < 6(N2_,(CoN HE)). Also, since
5((]?:1(00 NHf)) = s and the points (_1, 1) and ( 3 belong to Kl, we have
the diameter 6(C1) < 2 and 6(Ch) > [|(5,5) — (3, % H (22, DIl =
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Construction of Cy: We clalm that (z,0) ¢ Cy = co(Ky) for all z € (3, 3]
Note that the points (4,0), (%, 0), (2, ;11) (F,2), (55, 15), (35, 15), and (2, 3)
belong to K. Consider C; = co{(5,0),(3,0),(3,2),(3, 1), (5 5)} Then
6(Ch) = %

Now, since ||z —y[| = [|(5},0) = (£,0)]| = 5(51)’ we have &4 = (1,0) € K.
In a similar way, it can be seen that (—, O) belongs to Ks. Also note that since
lz =yl = (5 5) = G DIl = § = 552 = 1(0,0) = (§, J)l, we have 5 = (5, %)

and I;y - (8’8) < K2
Similarly, as [[(5£,0) — (

Moreover, as the points
5(Ch)

71,1%>|| = 35l = . we have (1) € Ky
(% 4_1) an (Z’%) are in C; and H(Zv Z) - (Zv %)H =1>
(

, it can be seen that , ) and (3%, =) belong to K,. This implies that
5(K2) > H(167 16) ( )H 1

7
167
Now we claim that ( ,0) ¢ Cg = o(K>), for every x € (3,3). Fix z € (3, 3],

and let o = Té and S, = {(1 = A)(a,0) + A(£ + o, — §) : A € R}. Note that
E+oa—3g)isin F={(1—-1t)(30)+t3,3):t |0, 1]}CC’1

Let H, be the open half-space in R?, which contains ( ,0), determined by S,,.
Now, consider the set C; N H,. Note that (z,0) € Cy N H,. Also, it is apparent
that C N H, = co{(,0), (3,0), (2 + o, a — —)} This implies that the diameter
J(CiNH) =G +a,a—1) = (,0)] = 2 =2,

Now, it follows from the properties P1, P2 and P3 of Ky that Ky C Cy N H

for all a = x;é, where z € (3, 3] and HS = {(z,y) € R? : (2,y) ¢ H,}. Hence

for z € (3, 3], (,0) ¢ C, =c0(Ky) C Cy N HE, as Cy N HE is a closed convex set
and (z,0) € Cy N H,.

Therefore, for every z € (3, 3] there exists a unique y, € (0,1) such that
(x,y,) € Cy and (z,y) ¢ Cy for all y € [0,y,), since (8,0) and (75, 1z) are in the
convex set Cy. Furthermore, note that for every x € (g, %] we have y, < %, since
the line segment joining (,0) and (£, §) is contained in C’2

Construction of Cs: We claim that (0,0) ¢ Cs. Since ¢ € (3, 2), there exists
Yo € (0, %) such that (g, v0) € Cs and (55, y) & Cs for y € [0, yo).

Now, COHSldeI‘ the straight line Sy = {(1 — A\)(5,0) + A(&, %) : A € R}. Let
Hy be the open half-space in R?, which contains (3,0) € Cs, determined by Sj.

Note that (0,0) and (%,O) € CyN Hy and Cy N Hy = co{(64, ) (1 0), ( 4,y0)}
Then it is easy to see that 6(Cy N Ho) = ||(g, w0) — (51, 0)|| = g < (02)
Since 0(Cy N Hy) < @, we have from the properties P1, P2, and P3 of K3
that K3 C CyN H§. Consequently, C5 C Cy = co(K3) N H§, as CoN H is a closed
convex set in R2.
Note that (0,0) ¢ C5 as (0,0) € Cy N Hy. This implies that (0,0) ¢
MNe is ordinal Ca- Therefore, (0,0) is not the Lim’s center of Cj.

—_
[=2]

Remark 2.4. Example 2.3 shows that the Chebyshev center of a weakly compact
convex set Cy in a Banach space need not contain the Lim’s center of Cjy even if

r(Cy) = 250,
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However, for the following class of sets, the Lim’s center is a Chebyshev center.

Definition 2.5 ([3, p. 904]). A nonempty subset K of a normed linear space X
is said to be a centrally symmetric set if there exists an ag € X such that K =
2&0 — K.

Proposition 2.6. Let Cy be a weakly compact convex set in a Banach space X .
Assume that Cy = 2a — Cy, for some a € X. Then the Lim’s center of Cy is a,
which 1s also a Chebyshev center of Cy.

Proof. Note that for every x € Cy, we have 2a — xz € Cy. Therefore, 6(Cy) >
r(z,Cy) > ||xr—(2a—2)|| = 2||a—z|| for all x € Cy. Hence r(a, Cy) = sup{|la—=z]| :
z € Co} < 4, where d = §(Cp). It is also easy to see that r(y,Cp) > 4, for any
y € Cy. Thus r(a,Cy) = %l. Consequently, a is a Chebyshev center of Cj.

We claim that C|, is centrally symmetric about a, for every ordinal a. Let
Ky :={z € Cy: z = Z for some z,y € Cy with ||z — y|| = ¢}. Note that
K =2a— K;. For, if z € Kj, then z = £ for some z,y € Cy with ||z —y|| = £.
Hence, 2a — z = 22228202 and ||2a — 2 — (2a — y)|| = [|= — y||. Consequently,
2a — z € Ky, a € C} :=¢0(K;), and C = 2a — (. In a similar manner it can
be shown that a € C, for every ordinal number o which is not a limit ordinal.
Suppose that 3 is the first limit ordinal number. Then, as Cg, = (- 5, Ca and
Co = 2a — C,, it is easy to see that Cg, = 2a — Cg,. Hence, Cpg, is centrally
symmetric about @, and a is a Chebyshev center of Cj,.

Therefore a € C,, for every ordinal number «. Hence, a is the Lim’s center
of Cy as [ C, is a singleton, where the intersection is taken over all the ordinal
numbers. 0

3. FIXED-POINT THEOREMS FOR COMMUTING FAMILIES

The following observation leads to the existence of common fixed points for a
commuting family of isometry mappings.

Lemma 3.1. Let K be a nonempty weakly compact convex set in a Banach
space X . Suppose that for v =1,2,...,m, T; : K — K s a nonexpansive map
such that T; o Tj(x) = T; o T;(z), for all x € K and i,j € {1,2,...,m}. Let F;
be the asymptotic center of the sequence {(11 0 Ty 0 -+ o T, )"(K)} with respect
to K. Then T;(Fy) C Fy, fori=1,2,...,m.

Proof. The proof we give here is for the case m = 3, which can be carried over
for any integer m.
Note that for all n € N,

TP o T3 o Tyt (K) C (Ty o To o T3)"(K)  and
(T 0 Ty 0 Tyy™ (K) € T7 0 T3+ o T3 (K).
Now, we claim that T’ (Fy) C Fo. Suppose that o € Fy. Then
Foi1 (T (x)) = r(Ti(x), (T1 0 Ty 0 T3)"*1(K))
= r(a?, Tr o Tyt o T3"+1(K)) < rp(x).
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Therefore, r(Ty(z)) < r(x). As x € Fy, r(z) = r < r(Ti(z)). Hence, T} (Fy) C Fp.
In a similar manner, it can be proved that T;(Fy) C Fy, for 1 = 2, 3. O

Next, we prove that every finite family of commuting isometry maps has a
common fixed point in C'(K).

Theorem 3.2. Let K be a nonempty weakly compact convex set in a Banach space
X such that K has the hereditary FPP. Let § be a finite family of commuting
isometry mappings on K. Then there exists xo € C(K) such that T(x¢) = xo, for
every T € §.

Proof. Suppose that § = {T; : i =1,2,...,m}. Then from Lemma 3.1, it follows
that Fp = AC({(TyoTyo---0T,,)"(K)}, K) is invariant under each T; € §. Then
from Theorem 1.9, it follows that there exists an xy € Fy such that T;(zq) = xo,
fori=1,2,...,m.
Now we claim that xzy € C'(K). Note that for each n € N,
T

ro(z0) = 1 (0, (T1 0Ty 0 -+ 0 Ty ) (K)) = r(zo, K).

Thus r(x¢) = lim,, r,(z9) = r(xo, K). Also, since zq € Fy, r(xg) < r(z) for all
x € K. But r(z) < r,(z) <r(z,K), for all z € K. Hence r(xy, K) < r(z, K), for
all z € K. Therefore, 29 € C(K). O

Remark 3.3. The previous theorem (Theorem 3.2) holds for a finite family F
of commuting nonexpansive maps in which every member T satisfies, for every
common fixed point zg, ||Tzo — Ty|| = ||xo — y||, for all y € K.

Also, note that from Theorem 1.9 it follows that the set of all common fixed
points of the family F is nonempty whenever K is a nonempty weakly compact
convex set in a Banach space such that K has the hereditary FPP.

Next, we prove a common fixed-point theorem for an arbitrary family in which
any two members commute.

Theorem 3.4. Let K be a nonempty weakly compact convexr set in a Banach
space X such that K has the hereditary FPP. Let § be a commuting family of
isometry mappings on K. Furthermore, assume that C(K) is a compact subset
of K. Then there exists an xo € C(K) such that T'(zo) = xo, for every T € §.

Proof. Suppose that Fr = {x € C(K) : Tx = z}, for T € §. Then from Theo-
rem 3.2, it follows that Fir is a nonempty closed set.

Let S = {Fr: T € §}. As C(K) is a compact set, it is enough to prove that S
has the finite intersection property. Now from Theorem 3.2, it follows that every
finite subset of S has nonempty intersection. Therefore, (o5 Fr # (). That is,
there exists an z¢ € C'(K) such that T'zy = xg, for all T € §. O

Note that if K has normal structure, then K has the hereditary FPP. Hence
we have the following result.

Corollary 3.5. Let K be a nonempty weakly compact convex set having normal
structure in a Banach space X such that C(K) is a compact set. Let § be a
commuting family of isometry mappings on K. Then there exists an xo € C(K)
such that T(xo) = xq, for every T € §.
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In the case of Banach spaces with uniformly Kadec—Klee (UKK) norm, it is
known from [9] that C'(K) is a compact convex set whenever K is a nonempty
weakly compact convex set. The notion of Banach spaces with UKK norm is
defined as follows.

Definition 3.6 (see [4]). A Banach space X is said to have uniformly Kadec—Klee
(UKK) norm if and only if for any € > 0, there exists 6 > 0 such that

{z,} € BJ0,1], x,, converges weakly to x, and
sep{z,} = inf{ ||z, — | :n#m} > €

imply that
|zo| < 1—0.

We obtain the following result from Theorem 3.4.

Corollary 3.7. Let K be a nonempty weakly compact convex set in a Banach
space X with UKK norm. Let § be a commuting family of isometry mappings
on K. Then there exists an xo € C(K) such that T(x¢) = xo, for every T € §.

The following example illustrates that C'(K') need not be invariant under isom-
etry maps.

Example 3.8. Consider the Hilbert space h(N) = {z : N — R : Y, |z(0)]* <
oo}. Let X, be the reflexive Banach space l(N) with the norm ||z ||y = max{||z||~,
$llz[l2}, for A > 1. Tt is known from [4] that X, has normal structure whenever
A€ [1,V2).

Suppose that A = ‘/75 and that K is the intersection of the closed balls Blxg, 1]
and B[—x, 1] in X, where ¢ = (%, 0,0,...). Then it is easy to see that K = —K
and e, € K, for n > 2. Moreover, z € K implies that |z(1)| < 5 and |z(n)| < 1,
for all n > 2. Also, for z,y € K |z — y|lx < ||z — zol[x + [|zo — yl[x < 2. But
len — (—ea)llx = 2llealls = 2. Hence, 6(K) = 2. Since K = —K and 2 <
r(z, K), for x € K, we have r(0, K) = @ = 1. Therefore, 0 € C(K).

Now, we claim that C(K) = {(1 — t)xo + t(—zo) : t € [0,1]}. It is easy to see
that C(K) C {(1 — t)xg + t(—x0) : t € [0,1]}. For suppose that x € K such
that x ¢ {(1 — t)zo + t(—x¢) : t € [0,1]}. Then x(n) # 0 for some n > 2. Thus
r(z, K) > [l = (=sgn(z(n))enlx = [z(n) +sgn(z(n))| > 1 = r(K).

Suppose that © € {(1 —t)xg +t(—xo) : t € [0,1]}. Then for y € K, ||y — x|/ <
(1 —t)]|ly — zol[x + tlly + xo|lx < 1 = r(K). Hence, r(z, K) < r(K). This shows
that C'(K) = {(1 — t)zo + t(—=o) : t € [0, 1]}.

Define T'(e;) = €;41 for all i € N. Then extend T linearly to the whole of K.
Now, it is easy to see that | Tz—Ty|x» = ||z—y||x and ||Tx—z0]|2 = || Tz—(—x0)||2,
for z,y € K.

Note that for € K, either ||Tx — xol|2 < ||z — xol|2 or [|Tz — o2 < ||z + 202
and ||Tr +2¢l|o < 1. Hence T is a self-map on K. As T'(«ey) = aey for all a € R,
we have T(C(K)) € C(K). This proves that C(K) need not be invariant under
isometry maps.

However, we claim that 0 € K is a fixed point for every isometry self-map S
on K. It is enough to prove that there exists an x € K such that
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(a) |lz = (£)zollx =1, ?nd
(b) Sz = S(=2)[|x = 315z — S(—z)||2-
For if there exists an z € K such that

(1) ||z — £xo]|x = 1, and
(2) ISz = S(=2)||x = ;|57 = S(=z)|2,
then S(0) = 0.

Assume that such an x € K exists. Then 1[|Sz — S(—z)|]2 = 2 and

3l
2\ = || Sz — S(—sc)”2 < ||Sz — 0[]+ ||0 - S(—x)H2
< A|Sz = 0[]y + Alj0 = S(=2)]|,
<2\, as0e€C(K)and r(K)=1.
Hence, 2X\ = ||Sz — S(—2)|l2 < ||Sz — O]j2 + |0 — S(—=x)||2 = 2. Since 0 €
C(K) and r(K) = 1, we have ||[S(z) — 0] = A = [|S(—x) — 0l|2. Further, since
Sz —04+0—S5(—x)||2 = ||Sx — 0|2 + ||S(—z) — 0|2 and || - ||z is strictly convex,
we have Sz —0 = r(0—S(—=x)) for some r > 0. This implies that S(—z) = —S(z)
as [|[S(z) = 0l]2 = A = [[S(—z) — O]
Now, note that for z = (1 — t)x + t(—x) with ¢ € (0, 1), we have
2\ = ||Sz — S(—2)||, < [|Sz — Szl + ||Sz — S(—=)||,
< ASz — Sz|x + A||Sz — S(—=)||,

= Az — z|lx + Al|z — (—x)”w as S is isometry

=2\
This implies that ||[Sz — S(—z)||2 = ||Sz — Sz||2 + ||Sz — S(—x)]||2. Now, by the
strict convexity of || - ||, we have S(z) — S(—z) = r(Sx — Sz) for some r > 0.
Since S is an isometry, we have 2(1 —t) = ||z — (—2)|lx» = 7||z — z||x = 2rt.

Thus r = 1% and consequently Sz = (1 — t)Sz + tS(—x). This implies that

S5(0) =0, a8 0 =1z 4+ i(—z) and S(—z) = —5(x).
Now, we claim that there exists an x € K such that

(a) ||z — (£)zo||x = 1, and
(b) [|Sz = S(=2)llx = ;ISz — S(=2)]l2-

Suppose that ||[Sz — S(—z)|lx = ||Sz — S(—2)||~ for all x € K satisfying
I = (F)o[x = 1.

Note that the uncountable set F' = {z = (0,cos6,sin,0,0,...) : 0 € [0,27]} is
a subset of K and that ||z — (+z)|[» = 1 for all x € K. Then, by our assumption,
we have [|Sz — S(—z)|[x = [|St — S(—2)||~ for all z € F. This implies that, for
every x € I there exists jo € N such that |S(z)(jo) — S(—2)(jo)| = 2.

Now, since S(+z) € K, it is easy to see that jo > 2, S(£x)(jo) = £1 and
S(+x)(i) = 0 for all i # jo. Hence, S(—z) = —S(z), as ||Sx — S(—2)|le = 2.
This implies that Sz € {£e, : n > 2} for all x € F. Therefore, the isometry
map S maps the uncountable set F' into a countable set {£e, : n > 2}. This
contradiction proves that there exists an x € K such that
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(a) [lz — (£)zol[x =1, and
(b) 1Sz — S(=2)|lr = 5[5z — S(=z)|>-
Consequently, we have S(0) = 0.
Therefore, T'(0) = 0 for all isometry self-maps 7" on K.

Theorem 3.9. Let K be a nonempty weakly compact convexr set in a Banach
space, and let § be a finite commuting family of affine isometry maps on K.
Then there ezists an x € C(K) such that Tz = x, for all T € §.

Proof. Suppose that § = {7; : i = 1,2,...,m}. Note that from Lemma 3.1, it
follows that Fjy, the asymptotic center of {(73 0 Ty 0 --- 0 T,,)"(K)} with respect

to K, is invariant under each T;, for 1 = 1,2,... m.

Now by Theorem 1.4, we have that the center of Fy, say, xg, is a fixed point for
every T;, fori =1,2,...,m. Hence, r(x¢) = limr,(xq) = r(zo, K). Also as g € Fy
and r(x) < r(z, K) for all x € K, we have r(zo, K) = r(z9) < r(z) < r(z, K),
for all x € K. Therefore, 2y € C(K). O

Theorem 3.10. Let K be a nonempty weakly compact convexr set in a Banach
space, and let § be a commuting family of affine isometry maps on K. Then there
exists an x € C(K) such that Tx = x, for all T € §.

Proof. Let 8 = {Fr : T € §}, where Fr = {x € C(K) : Tx = z}. Since each
T € § is an affine map, Fr is a convex set in C(K). Hence, Fr is a weakly
compact convex set in C'(K).

Note that from Theorem 3.9, it follows that S has the finite intersection
property. Therefore, (s Fr # 0. Thus there exists an zy € C(K) such that
T(xg) = xg, for all T € §. O
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