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FUNCTIONAL
ANALYSIS

ON AN APPROXIMATION OF 2-DIMENSIONAL
WALSH-FOURIER SERIES IN MARTINGALE HARDY SPACES

L. E. PERSSON,"" G. TEPHNADZE,” and P. WALL?
Communicated by C. P. Niculescu

ABSTRACT. In this paper, we investigate convergence and divergence of partial
sums with respect to the 2-dimensional Walsh system on the martingale Hardy
spaces. In particular, we find some conditions for the modulus of continuity
which provide convergence of partial sums of Walsh—Fourier series. We also
show that these conditions are in a sense necessary and sufficient.

1. INTRODUCTION

It is well known (for details, see, e.g., [1], [6]) that the Walsh—Paley system
is not a Schauder basis in L;(G). Moreover, there exists (for details, see [10])
a function in the dyadic martingale Hardy space H,(G) (0 < p < 1) for which
the corresponding partial sums are not bounded in L,(G). However, Simon [11,
Theorem 1] (see also [2], [4], [12]) proved that if 0 < p < 1, then there is an
absolute constant c,, depending only on p, such that

1 ISefI
Z £ SCprH%p(G), (n:2737"‘)7 (]']')

log[p] n k2-p

for all f € H,(G), where [p] denotes the integer part of p.
When 0 < p < 1, Tephnadze [13, Theorem 1] proved that the sequence
{1/k*P}, in (1.1) cannot be improved. In [15, Theorem 1] he proved that
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when 0 < p < 1, the weighted maximal operator

a Snf
Spf - sup 1 |—1 | [p]
neN (n + 1)V/r=11og® (n + 1)

is bounded from the Hardy space H,(G) to the space L,(G). Moreover, for any
nondecreasing function ¢ : N; — [1, 0o) satisfying the condition

m(n + 1)V ogll(n + 1)

= +OO7
n—00 o(n)
there exists a martingale f € H,(G),0 < p <1, such that
‘ Snf
sup||—=|| =
neN 90(77/) P

Applying the results of [15, Theorem 1], it was also proved that the following
theorems are true (see Tephnadze [15, Theorems 2-4]).

Theorem T1. Let 0 < p < 1, f € Hy,(G), and 2% < n < 2¥1. Then there is an
absolute constant c,, depending only on p, such that

_ 1
10f = Flle < e/ log? nwm, @ (55 f).
Theorem T2.
(a) Let 0 <p <1, f e H,(G), and let

1 B 1
WH, (@) (2—n, f) = 0(—2n(1/p71)n[p}>, as n — 00.

Then
|Skf — fll, = 0, when k — oo.
(b) For every p € [0,1] there exists a martingale f € H,(G) for which

1 1
WH,(G) (2—n, f) = O<—2n(1/p71)n[p]>, as n — 0o
and

|Skf — fll, = 0, ask — oc.

For the definition of the modulus of continuity wp, and other undefined nota-
tion in this Introduction, see Section 2.

For the 2-dimensional case, it is well known (see [6]) that the Walsh—Paley
system is not a Schauder basis in L;(G?). Moreover, there exists (for details, see
[10]) a function in the dyadic martingale Hardy space H,(G?) (0 < p < 1) for
which the corresponding partial sums are not bounded in L,(G?). However, Weisz
[18, Theorem 1] proved that if @« > 0 and 0 < p < 1, then there exists an absolute
constant c,, depending only on p, such that

1w ISeadlE _ o
Sup (lognlogm) Z ) (kzl)pr < Cp||f||Hp(G2)7

>
myn22 20 <k /1<29, (k1) < (n,m
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for all f € H,(G?), where [p] denotes the integer part of p. Goginava and Gogo-
ladze [5, Theorem 1] proved that for any f € H;(G?), there exists an absolute
constant ¢ such that

Spnf
S ISnnflh oy (1.2)

— nlog®n

for all f € H,(G?). Memi¢, Simon, and Tephnadze [3, Theorem 3.1] (see also [14])
considered the generalized estimate (1.2) and proved that for any 0 < p < 1 and
f € H,(G?), there exists an absolute constant c,, depending only on p, such that

i M = P”fHH (G2)y (1'3)
n3-2r o g2[P] p

for all f € H,(G?). The authors in [8] and [14] also proved that the sequence
{1/(n> % 10g?® n)}>° | in (1.3) cannot be improved.

In this article, we investigate the 2-dimensional analogies of Theorems T'1 and
T2 for 0 < p < 1, and we find some conditions for the modulus of continuity that
provide convergence of the partial sums Sj; with respect to the Walsh-Fourier
system but in the case when indexes are restricted by the condition 27* < k/I <
2%, We also show that these conditions are in a sense necessary and sufficient.

The article is organized as follows. We present some definitions and notation
in Section 2. Section 3 is reserved for some necessary lemmas, some of which are
new and of independent interest. The main results are presented and proved in
Section 4.

2. DEFINITIONS AND NOTATION

Let N denote the set of positive integers, N := N, U {0}. Denote by Z the
discrete cyclic group of order 2; that is, Z, = {0, 1}, where the group operation
is the modulo 2 addition and every subset is open. The Haar measure on Z, is
given such that the measure of a singleton is 1/2. Let G be the complete direct
product of the countable infinite copies of the compact groups Z,. The elements
of G are of the form x = (zg, x1, ..., 2, ...) with x; € {0,1} (k € N). The group
operation on G is the coordinate-wise addition; the measure (denoted by p) and
the topology are the product measure and product topology, respectively. The
compact abelian group G is called the Walsh group. A base for the neighborhoods
of G can be given in the following way:

I(x) = L,(z0,...,Tpn_1)
= {y eG:y= (:UO,...,xn_l,yn,yn+1,...)}, (r € G,n € N).
These sets are called the dyadic intervals. Let 0 = (0 : i € N) € G denote the

null element of G, I,, := I,,(0) (n € N). Set e, := (0,...,0,1,0,...) € G the nth
coordinate of which is 1 and the rest are zeros (n € N). Let [, := G\I,.
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It is evident that
N-1
Iy = | I\ L. (2.1)
s=0

If n € N, then n =3 ;2 n;2", where n; € {0,1} (¢ € N); that is, n is expressed
in the base 2 number system. Denote |n| := max{j € N : n; # 0}, that is,
2l < < 21 Tt is easy to show that for every odd number n, it holds that
no = 1, and we can write n =1 + Z'"' n;2', where n; € {0,1}, j € N,.

For k; € N and z € G, let us denote by

re(z) == (=)™, (re G, keN)

the kth Rademacher function. The Walsh—Paley system is defined as the sequence
of Walsh—Paley functions:

oo

wi(z) = [ [ (re(2))™ = rpu () (— )T e (e Gyn e Ny,

k=0
The Walsh-Dirichlet kernel is defined by

n—1
=2_ (@)
k=0
Recall that (for details, see, e.g., [6])

2" x e l,,
Don(z) = {0 el (2.2)

Let n € Nand n =Y n;2". Then
= wp( Z”yww )Das (). (2.3)
Set G? := G x G. The norm (or quasmorm) of the space L,(G?) is defined by

1/p
£ = ([ 1ran) ™ 0 <p <o),
The space weak-L,(G?) consists of all measurable functions f for which

1/ llwea-z,, = Sup Au(f > XV < +oo.
>0

The rectangular partial sums of the 2-dimensional Walsh—Fourier series of the
function f € Ly(G?) are defined as
M-1

Sunf(z,y) J?Z Jwi(x)w;(y),
=0 7

2

<
I
o

where the number

Fi,5) = /G2 f (@, y)wi(x)w;(y) du(z,y)
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is said to be the (i,7)th Walsh—Fourier coefficient of the function f. It is well
known (for details, see, e.g., [10]) that

Susf(e.9) = [ F@)Dar(a = 0Dty = 5) duta. ),

We also consider the maximal operator S*P defined by

S f|

g*’pf = sup )2/p_2.

(2.4)
mn>1 (m+n

The o-algebra generated by the dyadic 2-dimensional I,,(x) x I,,(y) square of
measure 27" x 27" will be denoted by F,, (n € N). Denote by f = (f,,n € N) the
l-parameter martingale with respect to f, (n € N) (for details, see, e.g., Weisz
[16], [19], [20]; see also [7]). The maximal function f* of a martingale f is defined
by

f*=sup|fal

neN

The dyadic maximal function f* of f € L;(G?) is given by

F(e.) :
x,Y) 1= sup
neN p(Ln(2) X In(y))
If f € Li(G?), then it is easy to show that the sequence (Sgnonf : n € N) is
a martingale and that its maximal function coincides with the dyadic maximal
function of f € L;(G?). The dyadic Hardy martingale space H,(G?) (0 < p < 00)
consists of all functions for which

/ Fs.t)duls,t), (z.y) € G2
I (x) % I'n(y)

Il ez, c2) = 1f* |l < 0.

If f=(fu,n € N) is a martingale, then the Walsh—Fourier coefficients must be
defined in a slightly different manner:

~

Fi.3) = Jim [ Ao g)us(e)us ) dute, o)
—00 G

The Walsh-Fourier coefficients of f € L;(G?) are the same as those of the martin-
gale (San on f : m € N) obtained from f. We define the concept of the 2-dimensional
modulus of continuity in H,(G?) (p > 0) as follows:

1

WHp<G2>(2_n’f> = = Saran fllm,(c2)-

The 1-dimensional modulus of continuity wg, () is defined similarly (see, e.g., [3]).
A bounded measurable function a is a p-atom if there exists a dyadic 2-dimensional
square I x I such that

/ adp =0, lalloo < (I x I)~VP, supp(a) C I x 1.
IxI



142 L. E. PERSSON, G. TEPHNADZE, and P. WALL

3. LEMMAS

Weisz in [16, Theorem 2.2] and [19, Theorem 1.14] proved that dyadic Hardy
martingale spaces H,(G?) for 0 < p < 1 have atomic characterizations (see
also [7]).

Lemma 3.1. A martingale f = (f, : n € N) is in Hy(G?),0 < p < 1, if and only
if there exist a sequence (ax, k € N) of p-atoms and a sequence (ug, k € N) of real
numbers such that

Z ukszngnak = fn (31)
k=0
and
> lpwl? < oo
k=0
Moreover,

. > 1/p
1, inf (D bal?)
k=0

where the infimum is taken over all decompositions of f of the form (5.1).
Weisz [17, Theorem 1] (see also [16], [19]) also proved the following fact.

Lemma 3.2. Suppose that an operator T is o-sublinear and that, for some 0 <
p<1,

/|Ta|p dp < ¢, < o0,

IxI

for every p-atom a, where I x I denotes the support of the atom. If T is bounded
from Lo, to L., then

ITFllp < eoll Fllmc2)-
In [15, Lemma 2] the following was proved.
Lemma 3.3. Let z € [\Is11,s=0,...,N —1. Then

c2°

IN\Dn(ert)\ du(t) < SN

where ¢ is an absolute constant.

We also need the following estimates of the 2-dimensional Dirichlet kernels of
independent interest.

Lemma 3.4. Let m,n € N, and let (x,y) € Iy X (Is\Is41), s =0,...,N — 1.
Then, for every e > 0, we have

cme 28

/I 1Dl 0Dy ) 0 dns) < S,

where ¢ is an absolute constant.
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Proof. By combining (2.2) and (2.3), we can conclude that
| Dy <m

and that
| Dy | <2°, for I\ 4.

Hence,

| Dy (z + 1)| dpu(t)

In

< emf Z/ 250=8) q(t)

s=N Y Ls\Is+1

—es
= cm’ 22 S 2€N'

Therefore, by using Lemma 3.3, we obtain
/ |Dm(a€ +t)D,(y + 8)’ du(t) du(s)
INXIN

< [ IDute+ 0] dutt) [ [Pty + )] duts)

cme2’8
= 9N(1+¢) "

Thus the proof is complete. O

Lemma 3.5. Let m,n € N, and let (x,y) € (I\Is11) X Iy, s =0,...,N — 1.
Then, for every € > 0, we have

cnt2°

/[NX[N }Dm(x +t)D,(y + S)| du(t) du(s) < ON(iTe)”

where ¢ is an absolute constant.

Proof. The proof is quite analogous to that of Lemma 3.4. Hence, we leave out
the details. O

Lemma 3.6. Let m,n € N, and let (z,y) € (Is\Is;41) X (Is;\Lsy+1), S1,82 =
0,...,N —1. Then

c251Fs52

| Dy (2 + ) Do (y + 5)| dpu(t) dpa(s) <

In

22N )

where ¢ is an absolute constant.
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Proof. By applying Lemma 3.3, we obtain

| Dute+ 0D+ )] dutt) dus)

c251 +s2

< /]N}Dm(x—i—t)‘ du(t) /]N}Dn(y—ir s)| du(s) < TN

Thus the proof is complete. O

4. THE MAIN RESULTS

Our main results read as follows.

Theorem 4.1.

(a) Let 0 < p <1 and f € Hy(G?). Then the mazimal operator S defined
by (2.4) is bounded from the martingale Hardy space H,(G?) to the space
L,(G%).

(b) (Sharpness). Let ¢ : N — [1,00) be a nondecreasing function satisfying
the condition

(m + n)*P2
sup = 400
m,neN SD(ma”)
Then
sup ‘ Smnf ‘ _
m,neN go(m,n) weak-Lp(G?)

Theorem 4.2. Let 0 < p < 1,27 <m/n < 2%, and 2F < m,n < 281+l Then
there exists an absolute constant c, such that

B 1
St = Fllp < €247 Doy (5. 1).

ok
Theorem 4.3.
(a) Let 0 <p<1,27*<m/n<2% and
1 1
pr(Gz)(?, f) = O(W)’ as k — oo.
Then

| Smnf — flla,c2) — 0, when n — oo.
(b) (Sharpness). Let 0 < p < 1 and 2=* < m/n < 2%. Then there exists a
martingale f € H,(G?) such that
1 1
WH,(G2) (ﬁ’f) = O<m>, as k — oo
and

[Smmf — fllweak-L,(G2) = 0, asn — oo.
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Proof of Theorem /.1. Since §; is bounded from L, to Ly, by using Lemma 3.2
we conclude that the proof of part (a) will be complete if we show that

/”‘gpa(z,y)‘pdu(:c) du(y) <ec<oo, when0<p<1, (4.1)
X
for every p-atom a, where I x I denotes the support of the atom.

Let a be an arbitrary p-atom with support I x I and u(l x I) = 272V, We
may assume that [ x [ = Iy x Iy, where Iy := Iy(0). It is easy to see that

Smna =0 when m < 2 and n < 2V. Therefore, we can suppose that m > 2% or
that n > 2. Since ||al|o < 22V/P, we find that

| S ()] < / |a(ty, t2)|| Dinn (2 4 t1,y + t2) | dpa(ty) dpa(ts)
INXIN
<lal [ [Pl + tiy -+ )] duts) duts
INXIN

< 9N/p / | Dy (@ + t1,y + o) | dua(ty) dp(ts). (4.2)
INX[N

Let 0 < p < 1land (x,y) € In X (Is,\Is,+1). We choose ¢, so that 2/p—2—¢ > 0
and then from Lemma 3.4 it follows that

|Smna(z,y)| 22N/p9s2 e
(m+n+1)2/P2 = (m+4n+ 1)2/p-22NEHD)
22N/p252 (m 4 n)s
= (m +n + 1)2/p-22N(+1)
N(2/p—2—¢)9sa9N
< s 43

According to (2.1) and (4.3), we have

/1 _ Sra(z,y)|” du(z) duly)

N-1

-y / i
INX(IS2\152+1)

s2=0

(z,9)|" du(z) du(y)

P2
<Z oo < Cp < 00 (4.4)

s2=0

If we apply (2.1), (4.2), and Lemma 3.5 analogously to (4.4), we get

5
INXIN

—Z/J va(z,y)|” du(e) du(y)

s1=0 Y sy \Lsy+1) XIN

< Z 2ps1

s1=0

z,y)|" dp(z) du(y)

< ¢p < 00. (4.5)
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Let 0 < p < 1, and let (z,y) € (Ls,\Is,+1) X (Is,\Is,+1). By using Lemma 3.6

now, we get
[Smna(w,y)l BN Dot

(m+n+1)Yr1 = (m+n+1)V/r-1 =
In view of (2.1) and (~"1.6), we can conclude that

/1 a(z,y)|” du(x) du(y)

-1

gs1ts, (4.6)

= 2
o

-1

=2

|Ssa(z, y) | duz) duly)

M

=0 /(131\131+1)><(152\132+1)
1

$1=0 so=
N—-1 N— S1+82)p

<) Z e <G <. (4.7)
$1=0 s2=0

Since o o o

[N X [N = (IN X IN) U (IN X IN) U ([N X [N)7
by combining (4.4), (4.5), and (4.7), we get that (4.1) holds for every p-atom, and
the proof of part (a) is complete.

Now, we prove the second part of the theorem. Let ¢ : N — [1, o0) be a
nondecreasing function, and let {ay : k& € N} be a sequence of natural numbers
satisfying the condition

. (20% + 1)2/1)—2
e Qe LT

Set, for k € N,

Sr(2,y) = (Dgors1 (x) — Daar () Dae (y).
It is evident that

~ 1 if (4,7) € {29, ... 20 +L — 1} x {1,...,20% — 1},
Gy LG e b )
0 otherwise.
Therefore,
Sij(frix,y)

((Di(x) — Dayor () D (y)
if (i, ) € {29, ... 206+ — 1} x {1,..., 2% — 1},
= q fr(z,y) (4.8)

if i > 2%+l and j > 2%,
L0 otherwise.

From (4.8) it follows that
| fll ez, = Hilég S on fi|,
= (D (2) = Daa () Do 0]
< || Daon () Do (y) ||, < 22217, (4.9)
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Let (x,y) € G*. Moreover, (4.8) also implies that
[Saen 111 (fei 2, y)| _ [(Daony1(2) — Dayer () Di (y)|

o2 +1,1) 020k +1,1)
_ Jwaen (2)wo(y)] _ 1
e +1,1)  @@2w+1,1)

Hence, by also using (4.9), we find that
L (uf(z,y) € G2 Spok 11 UmiT) L__1i/p

(2K +1,1) P2k +1,1) = p(2k+1,1)
15l
ayg 2/p—2
> ! >(2 +1) — 00, as k — oo.
= Py 1, 12210 = (20 1 1 1)
The proof is complete. [

Proof of Theorem /.2. Let 0 < p < 1, let 27 < m/n < 2% and let 2% < m,n <
2k+1+le] - According to Theorem 4.1, we can conclude that

Smnfllo < ch(m+n)P72|| fla, 2y < 225272 62

Hence,
[Smnf = fl
< || Smnf — Sakax flIp + [|Sax o6 f — fII5
= HSm,n(Szk,zkf - f)H; + || Sor ox f — flI
< 612)(219(2—217) + Dwh g2 <2—1k, f)
and
[Suwnf = Tl < €2 (. 7). (4.10)

The proof is complete.

Proof of Theorem /.3. Let 0 < p < 1, f € Hy(G?), 27> < m/n < 2%, 2F <
m,n < 2kl and

1 1
WH,(G2) (ﬁ’ f) = 0(—2]6(2/]072)) as k — 00.
By using (4.10), we immediately get that
| Smnf — fllp = o0 when n — oo,

and the proof of part (a) is complete.
To prove part (b) of the theorem, we use a similar construction of martingale,
which was used in [9]. Let
fn = Z )\kaka

{k;ap+1<n}

where
Ay = 9—ak(2/p=2)
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and
ar(r,y) = 20k (2/p=2) (D2ak+1($) — Daay. (I)) (Dzawl(?/) — Doy, (y))

Since

ar o +1<n,
Son gnay, =
0 ap+12>n,

supp(ax) = 12 /2 ardp =0,  |aglle < 2%*%/? = (suppaz) /P
I

from Lemma 3.1 and given the fact that

o0
Z |Mk|p < 00,
k=0

we conclude that f € H,(G?).
Moreover,
f— S2'n72nf
=(fi—Samanfi,. oo fo— Somon fu, ..o, fosk — Somon fuik)
=(0,...,0, fax1 — frr oo frk = fro - 0)

n+k
o ai(ajay)
- (o, 0, § 21,(2/%2),...), keN,, (4.11)

is a martingale and (4.11) is its atomic decomposition. By using Lemma 3.1, we
find that

1 o 1 c
wi, (2—n, f) = f = Sy, £ 3 507 < gy

Moreover, it is easy to show that
1 if (4,7) € {200, ..., 20040 — 1} x {200 . 20+l _ 1}
f@i,j) = keN, (4.12)
0 if (2,5) ¢ Upe {29, ..., 2000 — 1} x {20 . 20+ — 1}
In view of (4.12), we can conclude that
Soer+1 goyt1 [ (1, ) = Saon gon f(,y) + waen (2)woen (y) = T+ 1. (4.13)

It is obvious that

|1I| = ‘w22ak (x)waay, (y)‘ = 1.
Hence,
”]‘[vaeak—Lp(GQ)
1

> §<M{($=y> eGXxG: | > %})

1 1
> (G xG) = o (4.14)
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Since (for details, see, e.g., Weisz [16], [19])

||f - SQ",2”f||weak-Lp(G2) — 07 as n — o9,

according to (4.13) and (4.14), we get

limsup || f — 52%+1,2%+1f||€Veak—Lp(G2)
k—o00

p

> h;n_)sotjp ||I[||weak—Lp(G2)

— limsup || f — Sg%,g%f”fveak_Lp(Gg) >c>0.
k—oco

The proof is complete. |
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