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ABSTRACT. In this article, we obtain new additive results on the generalized
Drazin inverse of a sum of two elements in a Banach algebra. Applying these
additive results, we also give explicit formulas for the generalized Drazin inverse
of a block matrix in a Banach algebra.

1. INTRODUCTION

Let A be a complex unital Banach algebra with unit 1. We denote the sets of
all invertible, nilpotent, and quasinilpotent elements of A by A~', A™! and A,
respectively.

The generalized Drazin inverse of a € A (or Koliha-Drazin inverse of a; see
[12]) is the unique element a? € A which satisfies

aaa® = a?, aa® = ala, a—a*a? e AM,

Recall that a exists if and only if 0 ¢ acco(a), where acco(a) is the set of all
accumulation points of the spectrum of a. If the generalized Drazin inverse of
a exists, then a is the generalized Drazin invertible. The set of all generalized
Drazin invertible elements of A is denoted by A?. For a € A%, a™ = 1 —aa? is the
spectral idempotent of a corresponding to the set {0}. If a € A then a? = 0.

If we suppose that a — a?a? € A" in the above definition, then a? = a” is
the ordinary Drazin inverse of a. A particular case of the Drazin inverse is the

group inverse for which a = aa’a instead of a — a?a? € A". By a” and A" we
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denote the group inverse of a and the set of all group invertible elements of A,
respectively.
The following auxiliary result gives a property of quasinilpotent elements.

Lemma 1.1 (see [10]). Let ¢ € A. Then q is quasinilpotent if and only if 1 +xq €
A=Y for all z € A satisfying xq = qx.

We state now one well-known additive result on the generalized Drazin inverse
in a Banach algebra.

Lemma 1.2 ([4, Corollary 3.4]). Let b € A and a € A™. If ab = 0, then
a+be A and

o0}

(a+Db)"=> (b)) a"

n=0

For p = p? € A, any element a € A can be expressed as
a1 a
o= [ G2}
21 A22

where a1 = pap, a1z = pa(l —p), a1 = (1 — p)ap, azy = (1 — p)a(l — p).
Let us recall that if a € A?, then

= aq 0
o 0 a9

relative to p = aa?, where a; € (pAp)~! and ay € ((1 — p)A(1 — p))®il In this
case, the generalized Drazin inverse of a is given by

g |a 0] _ fart 0
“ 0o o0 o

We will use the next result related to the generalized Drazin inverse of a trian-
gular block matrix.

Lemma 1.3 ([4, Theorem 2.3]). Let x = [*9] € A relative to the idempotent
p€ A, andlety = [} ¢] € A relative to the idempotent 1 — p.

(i) Ifa € (pAp)® and b € (1 — p)A(1 — p))¢, then z,y € A? and

d d
d__|a 0 d _ b (%
w_|:u bd:|7 y_|:0 ad:|7
where
U= Z(bd)n+26ana7r + Z bwbnc(ad)n-l—Q . deCLd.
n=0 n=0

(ii) If v € A and a € (pAp)?, then b € (1 —p)A(1 —p))? and z? is given as
in part (i).
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One special topic concerning the generalized Drazin inverse is to find explicit
expressions for the generalized Drazin inverse of a sum of two elements. Much
has been written on this subject (see [4], [6], [9]), but the motivation for this
article was Liu and Qin [13]. They presented a formula for the generalized Drazin
inverse of the sum of two elements of a Banach algebra under some conditions
which contain a*b = ab (k > 1) and/or ba = ab?® (or a"b = ba’, r,t € N).

Under new conditions involving a™a*b = a™ab and a™ba' = a™a"b™ (or ba™ = b
or alba™ = a™ba™), k,l,m,r,t € N, k > 1, we investigate the existence of the
generalized Drazin inverse of the sum a 4 0 in a Banach algebra and give explicit
representations for the generalized Drazin inverse of this sum. As an application
of our results, we obtain several expressions for the generalized Drazin inverse of
a block matrix.

2. GENERALIZED DRAZIN INVERSE OF THE SUM

First, we study the existence and present the formula for the generalized Drazin
inverse of the sum a + b under the assumptions a™a*b = a™ab and a"ba! = a™a"b™
(k,m,r,t € N, k> 1).

Theorem 2.1. Let a,b € A%, a"a*b = a"ab, and a™ba' = a™a"b™, for some
k,m,r,t € N such that k > 1. If a™b (or ba™ or a™ba™) is generalized Drazin
tnvertible, then

a+bc A s e=(a+baa’ € A* < aa’(a +b) € A? < aa’(a + b)aa € A%

In this case,
t—1
(a+0b)*=e’+ Z )""2ba™ (a + b)" (a“ — Z b(bd)JJrlaJ)
=0
+ Z e"e"aa’br"? + (1 — e’b)x, (2.1)

where © = Z;;é a™ (bt ttal.

Proof. We have the following matrix representations of a and b relative to p = aa®:

_|a1 0 o b1 bg
a = [0 GJ ) - |:b3 bJ ) (22)
where a; € (pAp)~" and az € ((1 - p)A(1L — p))™.
Observe that, by

{O O}—aakb—aab—{o 0],

a§b3 a§b4 CLQb3 a2b4

we conclude that a5bs = asbs and a5by = aqby. Since ay € ((1 —p).A(l p))qnil by
Lemma 1.1, (1 —p) —as~' € (1 — p)A(1 — p))~L. From ((1 —p) — ab Hazhs =0
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and ((1 — p) — ab Hashy = 0, we get asbs = 0 and asby = 0. Hence, a"ab = 0
which gives

T, rim __ T t O O
0=a"ad"b" =a ba_{bg,atl baat |

that is, b3a} = 0 and byal, = 0. Because a; is invertible, we deduce that b3 = 0.

Since
_ (b1 b
=18 h
and a™b (or ba™ or a"ba™) are generalized Drazin invertible, by Lemma 1.3, by €

(1 =p)A(1 —p))? by € (pAp)Y,

bd _ [b% U:| and b — |f);r —blv — bgbfll:| :

0 b¢ 0 b
where
= ()" habiby + > bTbba (b)) — bbby
n=0 n=0

Using Lemma 1.2, note that as + by € ((1 — p)A(1 — p))? and

t—1

(a2 4 by)" = Z(bi)jﬂag'

J=0

Thus,

t—1
(a2+b4)7r:(1— (12—|-b4 Zbdﬁ_l J
7=0

-1

Z bd j+1 J

7=0

. By Lemma 1.3, a+b = [* " a;jim] is generalized Drazin invertible if and only
i
aq + bl 0

— d _
e=(a+b)aa —{ 0 0

} = a; + b = aa’(a + b)aa

is generalized Drazin invertible if and only if aa?(a + b) is generalized Drazin
invertible. In this case,

(a+b)? = {e(;l (@ Elu)d} , (2.3)

Z n+2b2 a2+b4) ((12—|-b4 +Z€ € bg (a2+b4) ]n+ — € bz(a2+b4) .

n=0 n=0
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Using the equalities

t—1 t—1
- - 0 0 0 0
_ T (nd\j+1 .5 __ =
T = a (b ) a’ = Z {O (bi)j+1a%:| [O (a2 +b4)d} ;

=0 §=0
e? — edbx = {eod _ede(Cg * b4)d} )
t—1
0 0
T T} bd J+L g

HRPLL R {0 (a2+b4)“] >
o e d\n+2 n
Z(ed)"ﬁba”(a—i—b)” _ Z [8 (6 ) bQSCLQ —|—b4) :| 7
n=0 n=0

o © T, n din+2

Y eraatbantt =Y {8 ce bz[(a20+ bs)"] }

n=0 n=0
and (2.3), we get (2.1). O

Note that Theorem 2.1 generalizes [13, Theorem 8] which involves conditions
a,b,aa’(a +b) € A%, a*b = ab and a"b = ba' (k,r,t € N, k> 1).

In the case that ba® = a"a"b™ instead of a™ba® = a™a"b™ in Theorem 2.1, we
obtain a simpler expression for (a + b)?.

Theorem 2.2. Let a,b € A?. If a"a*b = a"ab and ba® = a™a"b™, for some
k,m,r,t € N such that k > 1, then a +b € A% and

t—1
(a+b)?=a —I—Z YW +2h(q + b)" <a —Za”bb‘”“a])
7=0
t—1
(1—a)> a™ (b)Y a (2.4)
7=0

Proof. If we suppose that a € A®™! note that a*b = ab, ba'® = a"b™ and, by
Lemma 1.1, 1 — a*! € A~L. Then, by (1 — a*1)ab = 0, we get ab = 0. So,
ba' = 0 and the formula (2.4) holds by Lemma 1.2. When a € A~!, we have that
ba' = 0 yields b = 0 and the formula (2.4) is satisfied.

In the case that a is neither invertible nor quasinilpotent, we consider matrix
representations of a and b relative to p = aa given by (2.2). As in the proof of
Theorem 2.1, notice that a™a¥b = a™ab yields asbs = 0 and asbs = 0. From

t t
Y

_ T, rim t
0=a"ad"b™ = ba _[bgaﬁ b4a§

we get by = 0, b3 = 0, and beal, = byal, = 0, that is,

o b
=[5 2]
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Now, by Lemma 1.3, by € ((1 — p)A(1 — p))4,

dy2 o ad
b — [8 b2<blfi4)} and b — {78 2254]. (2.5)

Applying Lemma 1.2, as + by € ((1 — p)A(1 — p))? and we represent (ay + by)?

and (ay + bg)™ as in the proof of Theorem 2.1. Then, by Lemma 1.3, a + b € A?
and

=[5 ) =[5 W] e

where
Z CL ~(n+2) bQ (12 + b4)"(a2 + [)4)7r - afle(ag + b4>d.

The equalities

t—1 t—1
; ; 0 0 0 0
T bd J+1 5 ]
2 =2, o o) =10 oo
t—1
. . 0 0
T LN XAY R P
at =) a b(b") " a {O (as + b4)“} :
7=0
> S —(n+2) n
d\n+2 n_ |0 > 7 a ba(ag + by)
> (a")""b(a + b) _lo .
n=0
and (2.6) imply that (2.4) holds. O

If we suppose that ¢ = 1 in Theorem 2.2, we have the following consequence.

Corollary 2.3. Let a,b € A?. If a"a*b = a™ab and ba = a™a"b™, for some
k,m,r € N such that k > 1, then a +b € A? and

(a+0b)*=a"b? + Z(ad)"ﬂb”b“. (2.7)
n=0

Proof. The assumption ba = a™a"b™ gives a®’a = 0 for all j € N. Now, by
Theorem 2.2, we obtain (2.7). O

If we define the reverse multiplication in a Banach algebra A by a o b = ba, we
obtain a Banach algebra (A, o). Applying Theorem 2.2 and Corollary 2.3 to the
new algebra (A, o), we get the next result.

Corollary 2.4. Let a,b € A? and ba*a™ = baa™ for some k € N such that k > 1.
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(i) If a'b = b™a"a™, for some m,r,t € N, then a +b € A? and

(a+b)=a’+y (a” I (bd)”lba”) (a + b)"b(ad)™+2

t—
+ Y a (%) a™(1 — ba?).
J

=3

Il
=)

(i) If ab = b™a"a™, for some m,r € N, then a +b € A% and

(a+b)* =bla™ + Y b7b" (o)
n=0
If we replace the hypothesis a™ba’ = a™a"b™ of Theorem 2.1 with ba = ab™

or a™ba = a™ab™, we show the following theorem (cf. [13, Theorem 6] where the
representation for (a + b)? was given when a*b = ab and ba = ab?).

Theorem 2.5. Let a,b € A%, a™a*b = a™ab, and (ba = ab™ or a™ba = a™ab™),
for some k,m € N such that k > 1. If a™b (or ba™ or a™ba™) is generalized Drazin
wnvertible, then

a+bc Al s e=(a+blaa’ € A* & aa’(a +b) € A? < aa’(a + b)aa’ € A%

In this case,
(a+b)* = e’ +a™b* + (e?)2ba™b"™ + Z Hnt2hg™ (0™ + 50"
+ Z €"ba” (b2 — elba™b?. (2.8)

Proof. Let a and b be represented as in (2.2) relative to p = aa®. The equality
a™a*b = a™ab gives asb; = 0 = asb, as in the proof of Theorem 2.1. Then, by
ba = ab™ (or a™ba = a™ab™), we deduce that b; = 0 and byas = 0. So, b, b?, and
b™ are represented as in the proof of Theorem 2.1. By Lemma 1.2, we deduce that
as + b4 c ((1 —p)A(l - p))d, (CLQ + b4)d = bi, and ((IQ + b4>7r = bzlr

Using Lemma 1.3, a + b = [* ™ a;’jm} is generalized Drazin invertible if and
only if e(= (a + b) aa® = aa®(a + b)aa?) = a, + by is generalized Drazin invertible
if and only if aa?(a + b) is generalized Drazin invertible. In this case,

(a+b)* = [eod z;ﬂ , (2.9)

where

H2pobT 4 Z )" 2by(al + BEBT) + Z €7 e by (b3 2 — byl

n=0
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From
d ___dp 1d
X; = el 4+ ambt — etpampd = |© € D20
X, ba“b”+z )"2ba” (a™ 4 b"b")
_ [0 (e?habf] L [0 ()" 2bs(ah + bybF)
- [0 0 +Zl 0 0 ’
oo n n+2
Zewenba bd n+2 __ Z |:O e'e b ) :|
n=0 n=0
and (2.9), we get (2.8). O

In the case that a*b = ab (k > 1) and ba™ = b, the expression for the generalized
Drazin inverse (a + b)?¢ was proved in [13, Theorem 4]. Now, using conditions
a™akb = a™ab and ba™ = b, we obtain the same formula for (a + b)%.

Theorem 2.6. Let a,b € A%. If a"a*b = a™ab and ba™ = b, for some k € N such
that k > 1, then a +b € A% and

o0

(a+b)d:ad+aw Z(bd n+1 n+z n+2b a_|_b>nb7r
n=0

_ Z Z n+2b (a+b)" (bd)k+1ak+1

n=0 k=0

—a’ i(bd)"“a”. (2.10)

Proof. In the case that a € A™! by a¥b = ab, we get ab = 0 as in the proof
of Theorem 2.2. Thus, using Lemma 1.2, the formula (2.10) is satisfied. When
a€ A1 b=0and (2.10) holds.

If a is neither invertible nor quasinilpotent, we assume that a and b have matrix
representations as in (2.2) relative to p = aa®. The hypothesis ba™ = b implies

by = 0 and b3 = 0. Hence,
10 by
=[o 2

and so b? and b™ are represented by (2.5).

From
0 0| <%+, |0 0
[0 azbJ =a"a"b=a"ab = [0 ang ;
we deduce that a§by = asby. Because ay € ((1—p)A(1—p))®™! and (1—p)—as~"' €
(1—=p)A(1—p))~", then asby = 0. Using Lemma 1.2, ay+by € ((1 p)A(l p))

and
o0

(az +ba)* = (b)) aj.

n=0
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By Lemma 1.3, observe that a +b € A% and

d -1
d__ |41 bg _laq u
(a+b)"= [0 ay +b4] B [ 0 (a2+b4)d] 7 (2.11)
where
Z (l ~(n+2) bg CLQ + b4)”(a2 + b4>7r - aflbg(ag + b4)d.
n=0

The equality asbs = 0 yields asb¢ = 0 and

(a2 +ba)™ = (1 — p) — (az + ba)(az + b)) = (L —p) — b > _(b9)"'a}
n=0
_ bz _ Z(bi)n-ﬁ-lag—kl.
n=0

Thus,

u = Z a;(n+2)b2(a2 + b4)nbir - Z Z a;(n+2)bg(a2 + b4)n(bi)k+la§+l
n=0 n=0 k=0

— al_lbg(a2 + b4)d.
Now, from (2.11),

X, :ad+a”§:(bd)"+1a" - { . ] +§:{ () n+1 }

n=0 n=

_ a11 0
o 0 (a2+b4)d ’

3 w442 .
Xy = Z(ad)n+2b(a +b)"T = [8 D 0@ 82(a2 + by) 54] ’
n=0

ZZ n+2b Cl + b) (bd)kJrlakJrl

n=0 k=0

o =3 g ar P ba(an + ba)n (b)) !

0 0 ’
. d - dyn+1 n _ |ccO —aflbz(@ + by)?
X4——abZ(b) a—{o 0 :
we obtain
(a+b)"= X1+ Xo+ X3+ Xy,

that is, the formula (2.10) is satisfied. O

If we apply Theorem 2.6 to the algebra (A, o), we obtain the following result
as a consequence.
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Corollary 2.7. Let a,b € A?. If ba*a™ = baa™ and a™b = b, for some k € N such
that k > 1, then a +b € A? and

(CL + b)d _ Cld + Zan(bd n+1 a” 4+ b" Z(a + b)nb(ad)n-l—Q
n=0 n=0
o Z Z ak+1(bd)k+1(a T b)nb(ad)n+2 o Zan<bd)n+1ba/d.
n=0 k=0 n=0

Under conditions a™a*b = a™ab and a'ba™ = a™ba™ (k,I,m € N and k > 1),
we will now give the representation for the generalized Drazin inverse of a + b.
The following result recovers [13, Theorem 8], where the conditions a*b = ab and
a'b = ba™ were considered.

Theorem 2.8. Let a,b € A%, a™a*b = a™ab, and a'ba™ = a™ba™, for some
k,l,m &€ N such that k > 1. Then

a+bc Al s e=(a+baa’ € A* & aa(a+b) € A? & aa’(a + b)aa € A%

In this case,
m—1
(a+b)*=e’ + Z (b ama™ (2.12)
n=0

Proof. Suppose that a and b are given by (2.2) relative to p = aa?. From a"a*b =
a™ab, we have asby = 0 = ash,. The hypothesis a'ba™ = a"ba™ gives al1b2 =
bsa* = byad’ = 0, that is, by = b3 = 0. Since

is generalized Drazin invertible, we deduce that b; € (pAp)?, by € ((1 —p)A(1 —
p))¢ and b¢ = [0 bd] By Lemma 1.2, ay + by € ((1 — p)A(1 —p))? and

3

(az +ba)" = ) (0)" a5
n=0
Therefore, a + b = [“¢" 9 ] is generalized Drazin invertible if and only if

e(= (a+b)aa® = aa’(a + b) = aa’(a + b)aa) = ay + by is generalized Drazin
invertible. Then

d
d__ |€ 0
(CL + b) N [O (&2 + b4)d:|
implies that (2.12) holds. O

Replacing the condition a'ba™ = a™ba™ of Theorem 2.8 with a'ba™ = ba™

obtain the following theorem.

, we
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Theorem 2.9. Let a,b € A%, a™a*b = a™ab, and a'ba™ = ba™, for some k,l,m €
N such that k > 1. Then a +b € A% and

3

(a+b)=a’+ Y ()" a™ (2.13)

n

I
o

Proof. Using the representations of a and b as in (2.2) relative to p = aa?, by
a™a’b = a"ab and a'ba™ = ba™, we obtain asb; = asby = 0, by = by = byad’ = 0,
and alby = bya'. For any s € N, by ay € ((1 — p)A(1 — p))®il the last equality
yields

L —s sm || - —sl L L sm || —=—

0 < [[ba]l == = llay™baaz™ || = < flaz*[|7= |ba]| 7= flas™ || ==,
that is, by = 0. So,
100 a_ 100

S IR )
Also, we have ay + by € (1 — p)A(1 — p))?* and (ag + by)? = S0 (b)) ay.
Hence, a +b € A¢,

d —1
d__ |41 0 _laq 0
(a+9) —[o a2+b4] _{0 (a2+b4)d]’
and (2.13) is satisfied. O

As in Theorem 2.9, we can verify the next result.

Theorem 2.10. Leta,b € A?, a™a*b = a™ab, and a'b = a™ba™, for some k,l,m €
N such that k > 1. Then a +b € A and (a + b)? is represented as in (2.15).

As a consequence of Theorem 2.9 and Theorem 2.10 in (A4, 0), we get the
following expression for (a + b)<.

Corollary 2.11. Let a,b € A?, ba*a™ = baa™, and (a"ba' = a™b or ba! = a™ba™),
for some k,l,m € N such that k > 1. Then a +b € A? and
m—1
(a+b)=a+ )y a"(bh)"t.

n=

We remark that if a € A* in the previous results, then the conditions a™a*b =
a™ab and ba*a™ = baa™, for k > 1, are satisfied and can be omitted.

3. APPLICATIONS

Generalized inverses of block matrices have important applications in auto-
matics, probability, statistics, mathematical programming, numerical analysis,
game theory, econometrics, control theory, and so on (see [1], [2]). Campbell
and Meyer [2] proposed the problem of finding a formula for the Drazin inverse
of a 2 x 2 matrix in terms of its various blocks. Until now, no complete solu-
tion was known to this problem, but some particular cases can be found in
3], [5], [7], [11], [15], [14], and [17].
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Let

x = {Cc‘ Z} cA (3.1)

relative to the idempotent p € A, where a € (pAp)? and d € ((1—p)A(1—p))%. In
this section, applying Corollary 2.3 and Theorem 2.6, we present new expressions
for the generalized Drazin inverse of a block matrix z.

Theorem 3.1. Let a: be defined as in (5.1), and let a"ab = a™a*b and (—ca® —

du)ab + d"cb = (—ca® — du)a*b + d™(cab + dcb), where
Z dd nt2.0m T + Zdﬂ-dn )n+2 — d%a. (32)
n=0 n=0

If

(i) be =0, bd = a™ab and (—ca® — du)ab+ d*cb = 0, then x € A% and

d d\2
d a (a )b .
t {u d® + ua®b + ddub] ' (3.3)

(ii) bdd® = 0 and >">7  bd"c(a®)"™ =0, then z € A* and

d o0

d __ a 0 0 ( )n+2b n.
€T = |:u dd:| + Z |:0 Zn+1(dd) ( d)n—k—i—lb x 3 (34)
(iii) bd = 0 and bca® = 0, then x € A% and z? is represented as in (3./).

Proof. We can write

x—[i 2]+{8 8} =y + 2 (3.5)

Then, by 22 =0, 24 = 0 and 2™ = 1. Also, by Lemma 1.3, we have y € A%,

d T
a_ la® 0 _— a 0
y = {u dd] and vy = {—cad —du d”] ’

where u is defined as in (3.2).
Since

~ |0 a™ab
YI2=10 (—ca® — du)ab + dcb
and
<2 |0 a"a?b
Y9 == 1o (—ca? — du)a®b + d™(cab + dcb)
we deduce that y™yz = y™y?2.

(i) By 2y = y™yz and Corollary 2.3, z € A% and z¢ = y? + (y%)%2, which
implies (3.3).
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(ii) From bdd? = 0 and

bea® + bdu = bea® + ) bd"e(a) T = Zbdn dyntl =,

n=0

we have zy™ = z. Applying Theorem 2.6, z € A%,

x_y +Z n+2

and (3.4) holds.

(iii) This part follows by (ii). -

The assumptions a™ab = a™a®b and (—ca? — du)ab + d™cb = (—ca? — du)a®b +
d™(cab + dcb) of Theorem 3.1 can be replaced with ab = a?b and d"cb = d™(cab +
deb) (or ab = a?b and d™c = 0).
Corollary 3.2. Let x be defined as in (5.1), and let ab = a*b and d"c = 0. If
Uy = Zzozo(dd)nJrZCanaw _ ddcad,

(i) bc =0, bd = a™ab, and (—ca® — duy)ab = 0, then v € A? and

a_ [a (a)b :
r= up  d — dic(a?)?b + dluib|’

(i) bdd? =0 and ZOO_O bd"c(a®)"tt =0, then x € A? and

d _ ( )n+2b n,
= Uy dd +Z ”‘H dd)k—H ( d)n—k+2b x5, (3'6)
(iii) bd = 0 and bca = 0, then x € A% and x? is represented as in (3.6).

Theorem 3.3. Let x be defined as in (5.1), and let u be defined as in (3.2). If
(i) be =0 and bd = 0, then x € A% and z? is represented as in (3.5);
(i) bc =0, bd = 0, and dc = 0, then v € A? and
a_ | a (a®)?
T T e(ah)? dd + c(a)Ph|
Proof. Suppose that z is given by (3.5).
(i) Since yz™ = y and z"zy = 0 = z"z™y, for m > 2, by Theorem 2.6, we
check this part.
(ii) This is proved as a consequence of part (i).

O]
Theorem 3.3(ii) recovers [8, Theorem 5.3] for operator matrices.

Theorem 3.4. Let z be defined as in (5.1), and let d"dc = d™d?*c and a™bc +
(—av — bd?)dc = a™(abc + bde) + (—av — bd?)d?c, where
v="> (aY)"bd"d" + > " a"a"b(dh)"? — a’bd”. (3.7)
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If
(i) ¢b =0, ca = d"dc and a™bc + (—av — bd?)dc = 0, then x € A¢ and

a® + a%ve + vdic v
zt = { (dd)2c d? ; (3'8)
(ii) caa’ =0 and ZZOZO ca”b(dd)"le =0, then x € A? and
n+1 d\n—k+1
d . (d ) & 0 n.

(iii) ca =0 and cbd® = 0, then x € A? and x? is represented as in (5.9).
Proof. We prove this result as Theorem 3.1, using the representation
a b 0 0
x—{o d}jL{ 0} =y+=z u
Observe that Theorem 3.1 and Theorem 3.4 recover parts (iii) and (iv) of
Corollaries 3.1 and 3.3 in [16].

Similarly as in Theorem 3.3, we check the next theorem by the representation
of z as in the proof of Theorem 3.4.

Theorem 3.5. Let x be defined as in (5.1), and let v be defined as in (3.7). If

(i) ca =0 and cb =0, then x € A? and x? is represented as in (5.5);
(ii) ca =0, cb =0 and ab =0, then x € A% and

a_ la+b(d¥)3c b(d?)?
T = (dd)2c dd

If we suppose that a € (pAp)* and d € ((1 — p).A(1 — p))# in Theorem 3.1(iii)
and Theorem 3.4(iii), we get the following result.

Corollary 3.6. Let x be defined as in (5.1), and let a € (pAp)* and d € ((1 —
PJA(L = p)*.
(i) If d*ca™ =0, bd = 0 and beca™ = 0, then x € A and

2 — a* 0
= (d#)2ca7r + dwc(a#)2 — d#ca# d#
(a#)n+2b .
i ;% [O d™c(a™)"3b — ZZié(d#)k“c(a#)”*k”b + (d#)3camh x
(ii) If a™bd"c =0, ca = 0 and cbd# = 0, then v € A? and

a_ |a® (a®)?bd™ + a™b(d¥)? — a*bd*
T o s

d# n+3 . ZZS(G#)’“Hb(d#)”’kHC—F (a#)n+3bdﬂ'c o] .,

*Z [ (@) 0]
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