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ABSTRACT. Let B(H), K(H) and T(#H) be the set of all bounded linear oper-
ators, compact operators, and trace-class operators on the Hilbert space H.
The cone of all completely positive maps from K () into T'(K) and all normal
completely positive maps from B(K) into T'(H) is denoted by CP(K (H),T(K))
and NCP(B(K),T(H)), respectively. In this note, the order structures of the
positive cones CP(K(H), T(K)) and NCP(B(K),T(H)) are investigated. First,
we show that CP(K(H),T(K)), NCP(B(K),T(H)), and T(K @ H)" are cone-
isomorphic. Then we give the operator sum representation for the map ® €

CP(K(H),T(K)).

1. INTRODUCTION AND PRELIMINARIES

The study of positive maps and completely positive maps are essential and
useful in both mathematics and quantum theory. Many interesting results of
(completely) positive maps in operator algebras were obtained in [1], [2], [4], [11],
[12], [14], [15]. Some equivalent conditions and properties such as the interpolation
problem and fixed points of completely positive maps were obtained in [5], [7],
[8], [10], [16]. Moreover, recent investigations in (completely) positive maps are
being used in quantum entanglement theory (see [13]).

Let H and K be separable Hilbert spaces, and let B(H) (B(H,K)) be the set
of all bounded linear operators on H (from #H to K). For an operator A € B(H),

the adjoint of A is denoted by A*. We write A > 0 if A is a positive operator,
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meaning (Az,x) > 0 for all x € H. Let K(H,K) and T(H,K) be the set of
all compact operators and all trace-class operators, respectively, from H to K.
It is well known that K(#) is a nonunital C*-algebra and that T'(H) is only a
nonunital Banach*-algebra. For x € ‘H and y € K, x ® y denotes the one rank
linear operator x ® y(z) := (z, y)x (2 € K).

If W is a real vector space, then a cone in W is a nonempty subset C' C W
with the following two properties:

(a) Av € C whenever A € RT :=[0,00) and v € C;
(b) p+v € C whenever u, v € C, and in particular, C' is called a proper cone
it CN(-=C)={0}.

Let V be a complex vector space. An involution on V is a conjugate linear
map * : V — V given by v > v* such that v** = v and (v + A\p)* = v* + Ap*
for all A € C and v,y € V. The complex vector space V together with the
involution map is called a *x-vector space. If V' is a *-vector space, then we let
Vi, = {v € V : v = 0"} be the real vector space of self-adjoint elements of V.
Note that V}, is a real vector space. An ordered *-vector space (V, V) is a pair
consisting of a x-vector space V and a proper cone V™ C Vj. In any ordered
x-vector space, we may define a partial ordering > on V}, by defining v > w (or,
equivalently, w < v) if and only if v — w € V. Note that v € VT if and only if
v > 0. In this case, VT is called the cone of positive elements of V. So, we also
denote by B(H)™, K(H)", and T(H)" the cone of positive elements of B(H),
K(H), and T'(H), respectively.

Let (V, V1) and (W, W) be two ordered #-vector spaces, respectively. A lin-
ear map ¢ : V. — W is called positive if (V) C WT. Moreover, ¢ is an order
isomorphism if ¢ is bijective, and both ¢ and ¢~! are positive. Also, M, (V)
denote the set of all n x m matrices with entries in V. The natural addition and
scalar multiplication turn M,, ,,(V) into a complex vector space. We also write
M, = M,,,»(C) and use the identifications M, ,,(V) = My, @ V =V @ M, .
As usual, let {E;;} denote the canonical matrix unit system; so we denote
ZZj:l E@'j ® Q5 = (aij)an € Mn(V), where Q5 € V, for 1 < ’L,j < n. Fur-
thermore, we define a x-operation on M, ,(V) by letting (ai;); < = (a5;)mxn
and X A be the element of M;,, (V') whose (4, j) entry (X A); ; equals > )" | Tixak;,
for X = (zij)ixm € My and A = (ajj)mxn € Mpmn(V). The definition of multi-
plication by scalar matrices on the right is done in a similar way.

Let n > 1 be an integer, and denote by M, (B(H)) the von Neumann algebra
of n x n matrices whose entries are in B(#). Let ® : B(H) — B(#) be a linear
map. Then ® induces a map @, : M,,(B(H)) — M, (B(H)) by the formula

P, ((ai;)) = (®(aiy)) for (ai;) € M, (B(H)).

If every ®,, is a positive map, then & is called completely positive. 1t is well
known that K(H)* ~ T(H) and T(H)" ~ B(H), where V* denotes the set of
all bounded linear functions on the vector space V. Also, ® : B(K) — T(H)
is said to be normal if ® is continuous with respect to the W* topology, where
the W* topology on T(#) is induced by the identity K(H)" ~ T(H). Normal
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completely positive maps on B(H) were characterized by Kraus in [6, Theorem
3.3] as follows.

Lemma 1.1 (Kraus theorem). Let ® : B(H) — B(K) be contractive (||®|| < 1).
Then ® is a normal completely positive map if and only if there exists a sequence

{A;}2, of B(H,K) such that, for all X € B(H),

D(X) = iAiXA;‘ with iAiA;‘ <I.

=1 =1

The sequence {A;}$°; is not necessarily unique, and .-, A;AF < I in the
strong operator topology. The family {A;}2, is called a family of Kraus operators
for ®. In finite-dimensional Hilbert spaces H and X, two equivalent conditions
for completely positive maps are also obtained in [1, Theorems 1, 2].

Lemma 1.2 (Choi theorem). Let H (dimH = n) and K be finite-dimensional
Hilbert spaces. If ® : B(H) — B(K) is a linear map, then the following state-
ments are equivalent:
(a) ® is completely positive;
(b) > =1 €ij @ P(eis) > 0, where {e;}}, is an orthonormal basis of H and
€ij 1= € & €;;
(c) there exists a finite sets of operators A; € B(H,K) such that ®(X) =
Yo AXAL (s < o00).

Definition 1.3. Let V* and W™ be two proper cones. A bijective map ¢ : V* —
W is called a cone isomorphism if the following two conditions are satisfied:
(1) ¢(\v) = Ap(v) for all A € Rt and v € VT,
(2) 6 +v) = 6(1) + 6(v) whenever ji,v € V.

Clearly, if ¢ : VT — W is cone-isomorphic, then ¢(u) > ¢(v) if and only if
i > v. Also, we consider V' and W™ to be cone-isomorphic and denote V7 ~ W+
if there exists a cone isomorphism between two proper cones V* and WT. For
convenience, we also denote

CP(K(H),T(K))
:= {®: @ is the completely positive linear map from K (H) into T'(K)},
NCP(B(K),T(H))
= {CD : ® is the normal completely positive linear map
from B(K) into T(H)}.

The purpose of the present article is to consider the order structures of the
above-mentioned cones. We mainly investigate the relationship between two cones
CP(K(H),T(K)) and NCP(B(K),T(H)). The relations CP(K(H),T(K)) =~
NCP(B(K), T(H)) ~ T(K @ H)" are shown. Also, we get that ® € CP(K(H),
T(K)) if and only if there exists V; € B(H,K) such that ®(X) = > 7 | V,.XV*
and > 7 V;V* € T(K), where s < 0.
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Remark 1.4. Tt is clear that B(H)", K(H)", and T(H)" are proper cones. How-
ever, they are not cone-isomorphic, when H is an infinite-dimensional separable
Hilbert space. Assume that B(H)" ~ K(#H)". Then there exists a bijective map
¢ : B(H)" — K(H)", which implies that ¢(I) € K(H)*. For any finite-rank
orthogonal projection P, we have ¢~'(P) € B(H)". As ¢ *(P) < ||¢~*(P)||I,
then P < ||¢~1(P)||¢(I), so by the range inclusion theorem (see [3, Theorem 1]),
we get R(¢(I)'/?) D R(P) for any finite-rank orthogonal projection P, where
R(T) denotes the range of an operator 7. Thus R(¢(1)'/?) = H, which is a con-
tradiction to the fact that ¢(I)"/? € K(H)"*. Similarly, we also can show that
B(H)" and T(H)" are not cone-isomorphic.

If K(H)" ~ T(H)", then we get a bijective map 1 : K(H)" — T(H)" such
that (a) and (b) of Definition 1.3 hold. Clearly, ¢ can be extended to a positive
linear map from K(H) into T(H), so by the following Lemma 2.1, we conclude
that there exists M > 0 such that

[ (A)]], < M|IA|| for all A€ K(H)".

Let {e;}3°, be an orthonormal basis of H, and let P, be the n-rank orthogonal
projection spanned by the vectors {e;},, for n = 1,2,.... Thus for any positive
integer N, we have

\gM,

tr[nzjvlw(en@en)} th[¢<ﬁ€n®€n)} = H@b(i%@en) X

which implies that tr[>°° (e, ®e,)] < M, 50 Y22 (e, ®e,) € T(H)". Then
for any positive integer N,

N

K(H) (Z¢€n®€n)>¢ (Z¢en®en):Z(en®en):PN,

n=1

which induces that for m =1,2,...,

<¢_1(; Y(e, ® en)>em,em> > (Pyém,em) > 1 for N > m.

This is a contradiction to the fact that

(o (S0 o) = i o (S0 .
n=1

since 1320  Y(e, ®en)) € K(H)T.

The proof also shows that the ordered *-vector spaces (B(H), B(H)"), (K(H),
K(H)"), and (T(H), T(H)") are not order-isomorphic to each other. Indeed, if
¢:BH)(K(H), T(H)) = K(H)(T(H),B(H)) is a order isomorphism, then

ot (ks blrays) : BT (KH)T, T(H)T) — K(H)"(T(H)", B(H)")

is a cone isomorphism.
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Lemma 1.5. Let A € B(H)" and {e;}32, be an orthonormal basis of H. Then
ZOO tr(Aeij)el-j € B(H)+

ij=1
It is clear that A = > 7" tr(Aeji)e; > 0 and Y 7, tr(Aeji)ei; > 0, so by the
positive property of the transpose matrix for a positive matrix, we get

Z tr(Aeij)eij 2 0 and H Z tr(Aeij)eij = H Z tr(AejZ-)eij
1,j=1 1,j=1

ij=1

for all n. So, the Lemmas 2.2 and 2.3 imply that » 7_, tr(Ae;;)e;; € B(H)™.

< [ 4]

2. MAIN RESULTS
To get the main results, we need the following lemmas.

Lemma 2.1. Let® : K(H) — T(K) be a positive linear map. Then sup{||®(A)]; :
A e K(H) with ||A]| <1} < oo.

Proof. The proof is similar to the proof of [9, Lemma 2.3]. O

Lemma 2.2 (]9, Lemma 3.3]). Let P,, A € B(H), n=1,2,.... If P, are orthog-
onal projections such that P, converges to the unit operator I in the weak operator
topology, then A > 0 if and only if P,AP, >0 for alln=1,2,....

Lemma 2.3 ([9, Lemma 2.6]). Let

All A12 e Alm

AQI A22 T AQm
A= ¢+ 1

Aml Am2 te Amm

and M > 0, where all Ajj € B(H). If | X202, Eij @ Aij|| < M for all n and

Aij = A3, for alli,j, then Ae B(D,, Hn) with |A|| < M, where all 1, = H.
The following is our main result. The matrix-ordered spaces (M, M) and

(M2, (M2%)T) are completely order-isomorphic (see [13, Theorem 6.2]), where M2

is the dual space of M,,. The motivation of Theorem 2.4 is to consider the similar
result for the infinite-dimensional case.

Theorem 2.4. We have
CP(K(H), T(K)) = T(K © #H)".

Proof. Let ® € CP(K(H),T(K)) and {f;}32, be the orthonormal basis of K.
Denote

(X)) = (®(X)f;, fi) for X € K(H),i,j=1,2,.... (2.1)

Then by Lemma 2.1, ®;; is a bounded linear functional on K (), so there exist
operators T;; € T(H) such that

®;;(X) = tr(T;X) fori,j=1,2,....
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Define
Tll T21 Tml
. Tyo Toy -+ Ty -
T=N feT.i=| i i o i ] (2.2)

,j=1 Tlm T2m Tmm

where fi; := f; ® f;. We will show that 7€ T(K @ H)™.

If ® is positive, then ®;; are positive, so T;; are positive trace-class operators
for © = 1,2,.... Let P, be the n-rank orthogonal projection spanned by the
orthonormal vectors { f;}",, forn =1,2,.... Then P,®P, € CP(K(H), B(P,K))
and for X € K(H),

By (X) B X) By, (X)
. Do1 (X)  Poa(X) Do (X)
P,®(X)Py = fij @ ®5(X) = : ’
ij=1 :
which implies that
Ty Ty T
- Tio Tag -+ T N
Zfij@Tji: : s : € B(P,K®H) (2.3)
by : : .
’ Tln TQTZ e Tnn

for n =1,2,.... Indeed, the positivity (2.3) follows from the fact that
Z tI“(TZ'jSij) = tr[(z Eij X T]Z> (Z Eij ® Szj)i| Z 0,
ij=1 ij=1 ij=1

for all 377, By @ Sij € M,(K(H))". Since P,®P, € CP(K(H), B(P,K)), then
SV B, ® By®P,(S,;) € M, (B(P.K))*, that is

ij=1
tr(711511) -+ tr(T1,511) -0 tr(ThSi,) - tr(ThinStn)
tI'(Tn1511> cee tr(TmSH) cee tr(TmSm) cee tr(TmSm)

M = : : e : e : >0
tl"(THSnl) e tT(TmSm) e tI'(THSnn) e tr(TlnSm)
tr(Tn1Sn1) -+ t0(TunSna) -+ tr(Th1Snn) -+ tr(ThnSnn)

Also, for o; € C™, we suppose that a; = (v, i, ..., ;) where i = 1,2,... n.

Thus
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n

tr [sz( CYliSz‘ja_mjﬂ = zn: zn: i t7(T1m Sij ) Oy
1

I,m=1 INES 1,j=11m=1
a—lt
o7
= (o, a0, ya)M 0 200 (24)
a—nt

Particularly, for ¢ = 1,2,...,n, set
ay; = 0, (Kronecker delta),
and then szzl 1;Sij0mj = Sim, SO ZZ]':1 tr(7;;5:;) > 0 follows from inequality
(2.4). Also, the positivity of (2.3) implies Tj; = T7;, for i,j =1,2,...,n.
Let S € K(H)"; it is clear that ®(S) > 0, which yields

D (TS) = tr(®(S)) = [|2(S)]|, < M5

from Lemma 2.1, so > .~ tr(T};) < M. Thus the positivity of (2.3) implies that

HZ Jij @ Tji|| < HZf’LJ@T]Z
ij=1 ij=1

for n = 1,2,..., so Lemma 2.3 induces that T € B(K ® H) is well defined. It
is easy to verify that P, ® I converge to I ® I in the weak operator topology
and (P, @ )T(P,®@ 1) =>_"._, fij® Tj;. Then by Lemma 2.2 and the positivity
of (2.3), we conclude that T is positive, which implies that T € T(K ® H)™, as
S, tr(Ty) < M. Defining I' : CP(K(H), T(K)) = T(K@H)" as ['(®) = T,
where T" has form (2.2), we obtain that I' is well defined and injective.

In the following, we show that I is surjective. If TeT (K® 7—[)+, then suppose
that 7' = > fii ® ﬁj, so (Py, ® ])T(Pfj ® I) are trace class operators, which
implies that i-j € T(H) for i,j = 1,2,..., where Pj, denotes the orthogonal
projection on the subspace spanned by f;. Also, define the linear functional on

K(H) by

= t(Ti) < M,
1
=1

Ui(X) = tr(T;X) forall X € K(H).
Denoting W(X) = >, ¥;;(X)fij, we need to show that W(X) € T(K) for all

X € K(H). Let S € K(H)" be arbitrary. Then by [9, Remark 2.8],

TK@H)" > (10 ST 0 5% = Y fi @ (S27,8'7)

ij=1

implies that » 7, tr(ﬁ-jS)fij € T(K)". Lemma 1.5 yields > i tr(fjiS)fij €

T(K)"; that is, U(S) = diier Yi(S) fiy € T(K)". For a general operator X €
K(H), we write X = X| — X + /—1(X35 — X4), where X; € K(H)", and thus

U(X) = V(X)) — U(Xo) + V-1[U(X;) — U(Xy)] € T(K).
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Again suppose that » ", Ei; ® Sij € M, (K(H))". Here, we need to show that

claim that

> By @ PY(Sy) Py € My (B(PK)) forn=1,2,.... (2.5)

i,7=1

Indeed, the proof of this claim is similar to equation (2.4). Let o; € P,K, and

a; = (aqi, Qg - . ., i) In the orthonormal basis { f;}7,, for i = 1,2,...,m. Then
Z tr [Tsl ( Z OéliSijOé_s])]
l,s=1 ij=1
=) tr(TuSiy)a
ij=11,s=1
a—lt
m O[_Qt
= (al,OéQ,...,Oém)<Z EZ]®Pn\I/(SZ])Pn> .
ig=1 :
j ot

It is easy to verify that Y ' | Eis @ (32, auSijas;) € My (K(H))" and that
S By ® Tis € My (T(H))*, as T(K@H)T 5T = 327, fi ® Tyj. Thus

m

i tr [ﬁz( aliSija_sj)] >0,
1

l,s=1 1,j=

so equation (2.5) holds, which says that

PSPy PoU(S)Pa -+ PoU(Sim) Py
PoU(S) Py PoU(Sp)Py -+ PyU(Som)Py

(Sn) (522) Sam)Bn ) S forn=1,2 ...
PoU(Sy)Pa PaU(Spa)P -+ Pal(Sym) P

Using Lemma 2.2 again, we have (V(S;;))mxm > 0. So ¥ is completely positive,
which induces that I' is surjective. Then by equations (2.1) and (2.2), clearly I
is a cone isomorphism. Il

Remark 2.5. The cone isomorphisms between CP(K (H),T(K)) and T(K @ H)*
are not canonical. That is, the cone isomorphisms are dependent of the choice of
the orthonormal basis.

The following is another main result of this note.
Proposition 2.6. We have NCP(B(K),T(H)) ~T(K @ H)™.
Proof. Let ® € CP(K(H),T(K)), and define the map ®' from B(K) into T(H)

as

tr[®T(X)A] = tr[XP(A)] forall A€ K(H),X € B(K). (2.6)
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Then it is easy to see that ® is well defined and positive. We claim that ®F
is completely positive. Actually, suppose that (A;;)mxm € My (B(K))" and also
that (Kyj)mxm € My (K (H))T. It is easy to see that

tr[(q)T(Aij)) ( i7) mxm = tr(Z (I) Aij) Jz) = tr(Z Ay ®( Jz)) >0,
1,7=1 i,j=1
as ® € CP(K(H), T(K)) implies (®(Kij))mxm € My(T(K))*. Thus
(DT(Aij))mxm € Mu(T(H))*. Let A, —sy~ A be a convergent net of B(K).
Then

tr[®1(A,)S] = tr[A,®(9)] — tr[AD(S)] = tr[®T(A)S],

for any S € K(H), so ®T(A,) —sw- ®T(A), which says the map I'(®) = & from
CP(K(H),T(K)) into NCP(B(K),T(H)) is well defined and injective.

To show that I' is surjective, suppose that ¥ € NCP(B(K),T(H)). For all
Y € K(H), define the linear functional ©y on B(K) by

Oy (X) =tr[¥(X)Y] forall X € B(K).
If X, —w~ X is a convergent net of B(K), then ¥(X,) —w+ ¥(X), so
Oy (X;) = tr[¥U(X,)Y] — tr[U(X,)Y] = Oy (X).

Thus Oy is the normal linear functional on B(KC), which yields that there exists
the unique element ¥(Y') € T'(K) such that

Oy (X) = tr[XU(Y)] forall X € B(K), (2.7)

so the map W is well defined from K () into T(K). Also, it is easy to verify
that W is completely positive as ¥ € CP(B(K),T(H)). By equations (2.6) and
(2.7), we have Ut = U, which implies that ['(®) = &' is a cone isomorphism form
CP(K(H),T(K)) onto NCP(B(K),T(#H)). Then the desired result follows from
Theorem 2.4. 0

In the following, we also get another characterization of normal completely
positive maps from B(H) into T'(K), which is relevant to the Kraus theorem.

Proposition 2.7. We have that & € NCP(B(H),T(K)) if and only if there
exists V; € B(H,K) such that ®(X) = Y7 ViXV* and Y., ViV € T(K),
where s < 00.
Proof. Necessity case: This is obvious by the Kraus theorem and the fact that
® is a bounded map and the weak* topology on the T'(K) is stronger than the
weak™ topology on the (T'(K) C)B(K), as T'(K) C K(K).

Sufficiency case: For any S € B(H)", we have

=Y visve < STVilISIvE = SIS vy
=1 i=1 i=1

which yields tr(®(S)) < oo, so by the operator decomposition property
OY)eT(K) forall Y € B(H).
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If @ has this form, it is easy to see that ® is completely positive. Let A, — ., A
be a convergent net. Then ®(A;) =" V;A,V;* implies that

2[®(A,)X] = tr [Z VA, V)X = tr[(i VIXVi) A, | for X € K(K),

so (A;) —ws ©(A), as Y i, VXV, € T(H). O

In the following, we give the concrete expressions of the maps in CP(K(H),

T(K)).

Proposition 2.8. We have that ® € CP(K(H),T(K)) if and only if there exist
Vi € B(H,K) such that ®(X) = >0 | ViXV* and Y ;_, V;V* € T(K), where
s < 0.

Proof. According to Proposition 2.6, we conclude that ® € CP(K(H),T(K)) if
and only if ®' € NCP(B(K),T(H)). Thus Proposition 2.7 implies that there
exist S; € T(K,H) such that ®1(X) = 7 S, XS; and Y7, 857 € T(H),

where s < 00, so by equation (2.6),
O(Y) =) SYS forYeK(H).
i=1

Letting V; = S} and noting that )7 | S¥S; € T(K) if and only if > 7 | S;SF €
T(H), we get the desired result. O
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