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ABSTRACT. Let ® and ¥ be Young functions, and let L®(Q2) and LY(Q) be
corresponding Orlicz spaces on a measure space (€2, ). Our aim in this paper
is to prove that, under mild conditions on ® and V¥, the multiplication from
L®(Q) x L¥(2) onto L'() is uniformly open. This generalizes an interesting
recent result due to M. Balcerzak, A. Majchrzycki, and F. Strobin in 2013.

1. INTRODUCTION AND PRELIMINARIES

Let X be a normed space. The open ball with center z € X and radius r > 0 is
denoted by B(z,r). Following [4], we call a mapping f : X — Y uniformly open
if

Ve>0d0>0Vere X B(f(:z;),é) C f(B(x,s)).

It can be observed that the function ¢/x, p > 1, is an open function from [0, c0)
into [0, 00) but not uniformly open.

There is an increasing interest in the study of concepts related to the openness
of natural bilinear maps on certain function spaces (see, e.g., [4], [6]-[8], [L3]; also,
for a nice survey, see [5]). Part of the reason for this may be that the classical
Banach open mapping principle is not true for bilinear maps. The classical open
mapping principle has been generalized in some directions (see, e.g., [10]).

In [4], the authors show that multiplication from LP(X) x L(X) onto L'(X)

is an open mapping where (X, u) is an arbitrary measure space and 1 < p,q <
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00,1/p+ 1/q = 1. Recently, they proved a stronger result: the multiplication is
uniformly open [3].

In this paper, we prove, among other things, that the multiplication is uniformly
open in the more general setting of Orlicz spaces.

Before going further, let us, for the reader’s convenience, recall some necessary
definitions concerning Orlicz spaces.

Orlicz spaces are genuine generalizations of the usual LP-spaces. We refer to
the two excellent books [9] and [12] for more details; also, [11] and [14] provide
some useful information on the subject.

A function ® : R — [0, o0 is called a Young function if ® is convex, even, and
left-continuous with ®(0) = 0; we also assume that ® is neither identically zero
nor identically infinite on R. For any Young function ®, we define

ap =sup{z € R: ®(z) =0} and by =sup{z € R: ®(z) < co}.
A Young function @ is called finite if b = 0o. The Young function ¥ defined
by
U(y) = sup{zly| — ®(x) : 2 > 0} € [0, 00]
for y € R is called the complementary function to ®, and (P, V) is called a

complementary pair of Young functions. We also need an inverse of the Young
function ®. For a Young function ® and y € [0, 00), let

d~'(y) =sup{z > 0: () < y}.

For all z > 0, ®(®!(x)) < x, and if ®(z) < oo, then x < &~1(P(z)). Moreover,
O(dY(x)) = x for x € [0,P(bs)], and z = ®71(P(x)) for x € [as,bs]. Also, if
(®, V) is a complementary of Young functions, then by Proposition 2.1.1(ii) in
[12] we have

r <O o) U (z) < 22 (1.1)

for all z > 0.

We say a Young function ® is As-regular whenever there exist £ > 0 and ¢y > 0
such that ®(2z) < k®(x) for all x > xy with possibly zo > 0 if p(2) < co and
xg = 0 otherwise.

Let (9,3, 1) be a measure space, and let ® be a Young function. By L°(Q)
we denote the linear space of equivalence classes of Y-measurable real-valued
functions on 2; that is, we identify any two functions that are equal p-almost
everywhere on (). For each f € L%(Q), we define

pa() = [ (1)) duta).
Given a Young function ®, the Orlicz space L®(R2) is defined by
L*(Q) = {f € L°%() : pa(af) < oo, for some a > 0}.
Similarly, let
M®(Q) ={f e L%Q): ps(af) < oo,for all a > 0}.
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Let us recall that M®(Q) is nontrivial if ® is finite and M®(Q) = L®(Q) if and
only if ® is Ay-regular.

The Orlicz space L®(€) is a Banach space under the norm Ng(-) (called the
Luzemburg—Nakano norm) defined for f € L®() by

No(f) = int{k > 0: po(f/k) < 1},

It is well known that
No(f) <1 if and only if pe(f) <1,
and if 0 < pu(F') < oo, then

atar) = 0]

(see [12, Corollary 3.4.7]). Here x4 denotes the characteristic function of a set
AeX.

If ® vanishes only at zero, then another well-known norm on L®(€) called the
Orlicz norm is defined by

11l =sup{ [ 1Foldn s Nalg) < 1},

It follows from Proposition 3.3.4 in [12] that the Orlicz norm is equivalent to the
Luxemburg—Nakano norm; in fact, we have

No(f) < |[[flle < 2Na(f)

for all f € L*(Q). The open ball at the center f and of radius r in L*(Q) is
denoted by Bg(f,7), and its closure is denoted by Bg(f, 7).

Finally, as an elementary example of the Young function, we can consider
®(z) = |z|?/p for p > 1. Then ¥(x) = |z|?/q, where 1/p + 1/q = 1. Using this
function ®, we recover the classical Lebesgue spaces; that is, L*(Q2) = LP(Q). We
denote the open ball at the center f and of radius r in L'(Q2) by By(f, 7).

2. MAIN RESULTS

We start with a result on normed Riesz spaces. For notation and terminology
concerning Riesz spaces we refer to [2].
Let X be a normed space. We equip the space X x X with the norm

I(z,9)]| = max{||=] lyll} ((z,9) € X x X).

Proposition 2.1. Suppose that (L, p) is a normed Riesz space. Then the addition,
infimum, and supremum operations on (L, p) are uniformly open.

Proof. It is easy to see that B(a,r)+ B(b,s) = B(a+b,r+s) for all a,b € L and
real numbers r, s > 0; we see that the addition is a uniformly open map.

We show that the infimum is a uniformly open map, and the proof of the
supremum operation is similar. To this end, we only need to prove that B(a A
b,r) C B(a,r) A B(b,r) for all a,b € L and every real number r > 0. Let
z € B(a Ab,r), and put

z1:=a+(z—aAb), 29 =b+ (z—aAb).
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Clearly, z; € B(a,r) and 2z, € B(b,r). Since
ahzm=(a+(z—anb)A(b+(z—aAnb))
=(=V@-b+2)A(z2V(b—a+2z))
=2V ((a—b+2)A(b—a+2))
and (a —b+2)AN(b—a+2) = z—|b—a] < z, we conclude that z; A zo =
2V (z — |b—a|) = z, which proves our claim. O

To prove our main result, we need some lemmas. The first one that shows the
multiplication is uniformly open from R x R onto R was proved in [3].

Lemma 2.2. If r, R > 0 and x,y € R, then

rR rR
<:cy e xy+T> (x—r,x+7r) - (y— R,y+ R).
We fix an abstract measure space (2,3, ), where p is a measure on the
o-algebra ¥ of subsets of a point set €.
We formulate and prove the following lemma for the sake of completeness.

Lemma 2.3. Let ® be a Young function that satisfies the Aq-reqular condition.
Then for every nonzero function f in L®(Q)) and every e > 0, there exists a
measurable subset A such that p(A) < oo, sup{|f(z)| : = € A} < oo, and

No(fxa\a) <€

Proof. Let f € L®(Q) be an arbitrary nonzero function. For every k € N, put
Ay ={x € Q:1/k < |f(x)] < k}. Then (Ag) is an increasing sequence of subsets
from ¥ and {z € Q: 0 < |f(z)] < 00} = ey Ar. Since f € L(Q2), we find that
pu{x € Q:|f(x)] = co}) =0 and for any a > 0, by the Beppo Levi theorem,

Jeels@haw = [ el i = Jim | oalr@])ane)

This together with the assumption that & satisfies the As-regular condition im-
plies that, for every a > 0, there exists a natural number n depending on a such

that
/ ®(a| f(2)|) dp(z) :/ ®(al|f(x)|) du(z) < 1.
Q\An (UkeN Ak)\An

Now, take a > 1/¢; hence, for this n = n(a), sup{|f(z)|: z € A,} < oo and, also,
since a > 0 can be chosen sufficiently large and |f(x)| > 1/n, we get u(A4,) < oo
and Na(fxa\a,) < 1/a <e. Put A= A, to finish the proof. O

Following [3], we call a measurable function f : Q@ — R countably valued if
[ = 2 nenanXa, for a sequence (a,) of real numbers and a sequence (A,) of
measurable subsets with p(A,) < oo for all n € N that forms a partition of .

We need another technical lemma. Here we adopt a technique that was intro-
duced in [3] to our setting.

keN Ap

Lemma 2.4. Let (®, V) be a complementary pair of Young functions. Then, for
every € > 0 and any countably valued functions f € L*(Q), g € LY(Q), and
h € Bi(fg,€*/4), we have h € Bg(f,¢€) - By(g,€).
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Proof. Let € > 0, and let f € L*(Q), g € LY(Q), and h € L'(Q2) be countably
valued functions such that ||fg — hl|l; < €2/4. Then, by definition, there exists
a sequence (A,) of measurable sets that form a partition of {2 and sequences of
reals (x,,), (y,), and (z,) such that

F= %Xan 9= YnXa,, and  h= zxa,.
neN neN neN

Let E={n € N:z, = z,y, or u(A,) =0}. For all n € E, put

(i) up =z, and v, =y, if 2, = TpYn;
(ii) u, = \/|2a| and v, = \/|zn| sgn(z,) if p(A,) =0 and z, # x,yn.

We may assume that F # N; otherwise, there is nothing to prove. Put
n=1fg—hllh=>_ |z — Tatm|n(An)
n¢E
and, for every n ¢ E,
An = |20 = Tyl (An) /1.
Then

n<éefd M\ €(0,1 forallng¢FE, and Z)\nzl.

Now, for every k ¢ E, we have

k ) 1 k 1 k
20 = Ty ] = M?AZ) = u(AAn)Z = ﬂﬁ@ <u(AAk)>><€qj <,U(>\Ak)>>.

Applying Lemma 2.2 to ry, = e@fl(#()‘jk)) and Ry, = e\lffl(uéfk)), we can find real
numbers uy, vy, such that z, = ugpv, with |ux — zx| < r and |vg, — yi| < Rg. Set

U= cnUnX4,,and set v =73 v,xa,. Then h = uv, and

/Q(I)<|U(t);f(t)|)dﬂ(t):Z@(|unsz|)M(An) <=1

n¢kE

Hence Ng(u — f) < e. Also, in the same way we have Ny (v — g) < e. O

Now we are in a position to present our main result, which generalizes, using
a similar technique, the main theorems in [3] and [4].

Theorem 2.5. Let (2, %, 1) be a measure space, and let (P, W) be a complemen-
tary pair of Young functions. If ® and ¥ both satisfy the Aq-reqular condition,
then, for any e > 0 and (f,g) € L*(Q2) x LY(Q), we have

2

Bi(19.7 ) € Bo(7.e) - Bulg.e).

In particular, the multiplication mapping from L®(Q2) x LY(Q) onto L*(Q) is a
uniformly open mapping.
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Proof. Let € > 0, and let (f,g) € L®(Q) x LY(Q). Take h € By(fg,€?/4). First we
consider the case that (€, %, 1) is a finite measure space and f, g, h are bounded
functions. Let M > 0 be such that (Q) < M and sup,cq{|f(z)|, |g(x)], |h(x)|} <

M. Since \/4||h — fgl||1 < €, we can choose €; > 0 such that

€1+ 4|k — fgll1 + 8 < e (2.1)
Now let > 0 be such that
1 1 1
S a1 -1
5 < amin{e (57).97(57) g3 | (2:2)

Let J""vbe a countably valued function defined by
o) = ko if f(z) € [ké, (k+1)d) and k € NU{0};
| =k if f(x) € [(=k —1)8, —kd) and k € NU {0}.

Let g be a countably valued function associated with ¢ in an analogous way.
Then, for all x € 2, we have

f() = f(2)] <6, |g(z)—3g(x)| <6, |fl@)] <M,  [|g(z)] <M,

and

[f(@)g(x) = f(@)g(@)] < | f(2)g(x) = f@)g(@)| + | f(2)g(x) — F(x)g(x)]
< M6+ M§ = 2Ms.

Hence, by (2.2), we obtain

N¢(f—f)§®+<%)<€h Ny(g—g) <

Ifg — fGlli < 2M?5 < €.

\Ij—l(L

S

—~
o
w

~—

Now, in view of (2.1), we can choose a positive number « such that

a<l, (2.4)
(1—a)M? < e, (2.5)
€1 Lo (2.6)

Let a, = a"M for alln € NU {0}, and note that a, \, 0 because o € (0, 1).
Define h in the following way:

0 if h(z) = 0;
() = anpr if h(2) € [ant1, an) and n € NU{0}:;
—apy1  if h(x) € (—ay,, —a,41] and n € NU {0}.

Clearly, his countably valued, bounded by M, and, for every = € () with
h(z) # 0,

hlz) _

1
—. 2.7
h(x) Upy1 O (2.7)
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Moreover, |h(z) — h(z)| < (1 — a)M for every x € Q. Hence, by (2.3) and (2.5),
we have
1A= Fglls < Wk = bl + b = foll + | fa = Falh
< M*(1—a)+|h = foli+e
< |lh=fgl1 + 26 (2.8)
Let

€2 = /4|[h — fgll1 + 8e1. (2.9)
Then, by (2.8), ]|7L — fﬁ”l < e%/%, and, by Lemma 2.4, there are functions u €

L?(Q) and v € LY(Q) such that h = wv, u € Be(f, ), and v € By(§, €2).
Now define a function 6 : 2 — R in the following way:

) {1 if h(z) = 0;
o) if h(z) # 0.
< (z) < 1/a for every z € , and h = 6h = (6u)v. Finally, by
.6), and (2.9), we have

By (2.7), 1
(2.1), (2.3), (2

Ny(g —v) < Ny(9—9)+ Nu(g—v) <er+e<e

and

Na(f — 0u) < No(f — f) + No(f — 0u)
< No(f — f) + No(f — 0f) + No(0f — 0u)

S €1 + N@((@ — 1)f) + Nq> (9<f — ’LL))

<t (5= 1)Na(P) + Vol - w)

11—« 1

<e + M+562<e.

This proves the first case.
Now we turn to the general case. As before, let € > 0 be arbitrary, and let
(f,g) € L*(2) x L¥(2). Let § € (0,¢€) be such that

2

)

and let v > 0 be such that
0+ 27y <e. (2.11)

Since ® and W both satisfy the As-regular condition, then, by Lemma 2.3, we
obtain a measurable subset A such that u(A) < oo, f|a, g|la, and h|4 are bounded
and

No(fxava) <7, Ny (gxa\a) <7,

Ng (D71 (Jhl) xara) <7, No (U1 (h]) xana) < 7. (2.12)



550 I. AKBARBAGLU, S. MAGHSOUDI, and I. RAHMANI

Using (2.10) and the first part of the proof for the space (A, 3|4, p|a), we infer
that there exist u € L?(A) and v € LY(A) such that h(x) = u(z)v(z) for x € A
and

No((f —u)xa) <6 and Ny ((g —v)xa) <. (2.13)

Additionally, define

) e = P ) @ g a)

u(z) = &1 ( ’ h(x)

where B = {x € Q : h(z) # 0}. Then h = wv, and by (2.11), (2.12), and (2.13),
we have

No(f —u) < No((f —u)xa) + No(fxara) + No (@7 (Jh]) xara) <0 +27 <e,

and, analogously,

Ny(g—v) < Ng((g—v)xa) + Ne(g9xara) + No(vxoa)

(1.1)
< 647+ No (Y (2]) xa\a)
< 0+ 2y<e. O

We finish this work with the following example.

Ezxample 2.6. (a) Let @ be a Young function, and let (€2, u) be a measure space.
Equip L*(Q2) with the usual ordering f < g if and only if f(t) < g(t) p-almost
everywhere on €. Then the infimum and supremum from L®(Q) x L®(Q) into
L®(Q) are uniformly open by Proposition 2.1.

(b) Consider the natural numbers with the counting measure. Let ® and its
complementary function, ¥, satisfy the As-regular condition. Then

(P(N) i= {(zn) : 2021 @ (|zn|) < o0}

From Theorem 2.5 it follows that the multiplication from ¢®(N) x ¢¥(N) onto
¢*(N) is uniformly open.

(c) Consider the real line R with the Lebesgue measure. Let ®(x) = |z|*(1 +
|log |z||) with a > 1, and let ®y(x) = |x|* In”(Jz| + ¢) with 3 > 1 and o > 1. By
Corollary 2.3.4 in [12], for any i = 1,2, ®; and its complementary function, ¥,
satisfy the Ag-regular condition. Then Theorem 2.5 shows that the multiplication
from L% (R) x LY (R) onto L*(R) is uniformly open. Note that, by Theorems 3.1
and 3.2 in [1], we see that, for any p > 1, L*'(R)ALP(R) # @ and there is not
any p > « such that L?2(R) C LP(R).
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