
Ann. Funct. Anal. 7 (2016), no. 4, 543–551

http://dx.doi.org/10.1215/20088752-3661305

ISSN: 2008-8752 (electronic)

http://projecteuclid.org/afa

UNIFORM OPENNESS OF MULTIPLICATION
IN ORLICZ SPACES

IBRAHIM AKBARBAGLU,1 SAEID MAGHSOUDI,2* and IRAJ RAHMANI2

Communicated by S. Barza

Abstract. Let Φ and Ψ be Young functions, and let LΦ(Ω) and LΨ(Ω) be
corresponding Orlicz spaces on a measure space (Ω, µ). Our aim in this paper
is to prove that, under mild conditions on Φ and Ψ, the multiplication from
LΦ(Ω) × LΨ(Ω) onto L1(Ω) is uniformly open. This generalizes an interesting
recent result due to M. Balcerzak, A. Majchrzycki, and F. Strobin in 2013.

1. Introduction and preliminaries

Let X be a normed space. The open ball with center x ∈ X and radius r > 0 is
denoted by B(x, r). Following [4], we call a mapping f : X → Y uniformly open
if

∀ε > 0 ∃δ > 0 ∀x ∈ X B
(
f(x), δ

)
⊆ f

(
B(x, ε)

)
.

It can be observed that the function p
√
x, p > 1, is an open function from [0,∞)

into [0,∞) but not uniformly open.
There is an increasing interest in the study of concepts related to the openness

of natural bilinear maps on certain function spaces (see, e.g., [4], [6]–[8], [13]; also,
for a nice survey, see [5]). Part of the reason for this may be that the classical
Banach open mapping principle is not true for bilinear maps. The classical open
mapping principle has been generalized in some directions (see, e.g., [10]).

In [4], the authors show that multiplication from Lp(X) × Lq(X) onto L1(X)
is an open mapping where (X,µ) is an arbitrary measure space and 1 ≤ p, q ≤
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∞, 1/p + 1/q = 1. Recently, they proved a stronger result: the multiplication is
uniformly open [3].

In this paper, we prove, among other things, that the multiplication is uniformly
open in the more general setting of Orlicz spaces.

Before going further, let us, for the reader’s convenience, recall some necessary
definitions concerning Orlicz spaces.

Orlicz spaces are genuine generalizations of the usual Lp-spaces. We refer to
the two excellent books [9] and [12] for more details; also, [11] and [14] provide
some useful information on the subject.

A function Φ : R → [0,∞] is called a Young function if Φ is convex, even, and
left-continuous with Φ(0) = 0; we also assume that Φ is neither identically zero
nor identically infinite on R. For any Young function Φ, we define

aΦ = sup
{
x ∈ R : Φ(x) = 0

}
and bΦ = sup

{
x ∈ R : Φ(x) < ∞

}
.

A Young function Φ is called finite if bΦ = ∞. The Young function Ψ defined
by

Ψ(y) = sup
{
x|y| − Φ(x) : x ≥ 0

}
∈ [0,∞]

for y ∈ R is called the complementary function to Φ, and (Φ,Ψ) is called a
complementary pair of Young functions. We also need an inverse of the Young
function Φ. For a Young function Φ and y ∈ [0,∞), let

Φ−1(y) = sup
{
x ≥ 0 : Φ(x) ≤ y

}
.

For all x ≥ 0, Φ(Φ−1(x)) ≤ x, and if Φ(x) < ∞, then x ≤ Φ−1(Φ(x)). Moreover,
Φ(Φ−1(x)) = x for x ∈ [0,Φ(bΦ)], and x = Φ−1(Φ(x)) for x ∈ [aΦ, bΦ]. Also, if
(Φ,Ψ) is a complementary of Young functions, then by Proposition 2.1.1(ii) in
[12] we have

x ≤ Φ−1(x)Ψ−1(x) ≤ 2x (1.1)

for all x ≥ 0.
We say a Young function Φ is ∆2-regular whenever there exist k > 0 and x0 ≥ 0

such that Φ(2x) ≤ kΦ(x) for all x ≥ x0 with possibly x0 > 0 if µ(Ω) < ∞ and
x0 = 0 otherwise.

Let (Ω,Σ, µ) be a measure space, and let Φ be a Young function. By L0(Ω)
we denote the linear space of equivalence classes of Σ-measurable real-valued
functions on Ω; that is, we identify any two functions that are equal µ-almost
everywhere on Ω. For each f ∈ L0(Ω), we define

ρΦ(f) =

∫
Ω

Φ
(∣∣f(x)∣∣) dµ(x).

Given a Young function Φ, the Orlicz space LΦ(Ω) is defined by

LΦ(Ω) =
{
f ∈ L0(Ω) : ρΦ(af) < ∞, for some a > 0

}
.

Similarly, let

MΦ(Ω) =
{
f ∈ L0(Ω) : ρΦ(af) < ∞, for all a > 0

}
.
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Let us recall that MΦ(Ω) is nontrivial if Φ is finite and MΦ(Ω) = LΦ(Ω) if and
only if Φ is ∆2-regular.

The Orlicz space LΦ(Ω) is a Banach space under the norm NΦ(·) (called the
Luxemburg–Nakano norm) defined for f ∈ LΦ(Ω) by

NΦ(f) = inf
{
k > 0 : ρΦ(f/k) ≤ 1

}
.

It is well known that

NΦ(f) ≤ 1 if and only if ρΦ(f) ≤ 1,

and if 0 < µ(F ) < ∞, then

NΦ(χF ) =
[
Φ−1

( 1

µ(F )

)]−1

(see [12, Corollary 3.4.7]). Here χA denotes the characteristic function of a set
A ∈ Σ.

If Φ vanishes only at zero, then another well-known norm on LΦ(Ω) called the
Orlicz norm is defined by

‖f‖Φ = sup
{∫

Ω

|fg| dµ : NΨ(g) ≤ 1
}
.

It follows from Proposition 3.3.4 in [12] that the Orlicz norm is equivalent to the
Luxemburg–Nakano norm; in fact, we have

NΦ(f) ≤ ‖f‖Φ ≤ 2NΦ(f)

for all f ∈ LΦ(Ω). The open ball at the center f and of radius r in LΦ(Ω) is
denoted by BΦ(f, r), and its closure is denoted by BΦ(f, r).

Finally, as an elementary example of the Young function, we can consider
Φ(x) = |x|p/p for p > 1. Then Ψ(x) = |x|q/q, where 1/p + 1/q = 1. Using this
function Φ, we recover the classical Lebesgue spaces; that is, LΦ(Ω) = Lp(Ω). We
denote the open ball at the center f and of radius r in L1(Ω) by B1(f, r).

2. Main results

We start with a result on normed Riesz spaces. For notation and terminology
concerning Riesz spaces we refer to [2].

Let X be a normed space. We equip the space X ×X with the norm∥∥(x, y)∥∥ = max
{
‖x‖, ‖y‖

} (
(x, y) ∈ X ×X

)
.

Proposition 2.1. Suppose that (L, ρ) is a normed Riesz space. Then the addition,
infimum, and supremum operations on (L, ρ) are uniformly open.

Proof. It is easy to see that B(a, r)+B(b, s) = B(a+ b, r+ s) for all a, b ∈ L and
real numbers r, s > 0; we see that the addition is a uniformly open map.

We show that the infimum is a uniformly open map, and the proof of the
supremum operation is similar. To this end, we only need to prove that B(a ∧
b, r) ⊆ B(a, r) ∧ B(b, r) for all a, b ∈ L and every real number r > 0. Let
z ∈ B(a ∧ b, r), and put

z1 := a+ (z − a ∧ b), z2 := b+ (z − a ∧ b).
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Clearly, z1 ∈ B(a, r) and z2 ∈ B(b, r). Since

z1 ∧ z2 =
(
a+ (z − a ∧ b)

)
∧
(
b+ (z − a ∧ b)

)
=

(
z ∨ (a− b+ z)

)
∧
(
z ∨ (b− a+ z)

)
= z ∨

(
(a− b+ z) ∧ (b− a+ z)

)
and (a − b + z) ∧ (b − a + z) = z − |b − a| ≤ z, we conclude that z1 ∧ z2 =
z ∨ (z − |b− a|) = z, which proves our claim. �

To prove our main result, we need some lemmas. The first one that shows the
multiplication is uniformly open from R× R onto R was proved in [3].

Lemma 2.2. If r, R > 0 and x, y ∈ R, then(
xy − rR

4
, xy +

rR

4

)
⊆ (x− r, x+ r) · (y −R, y +R).

We fix an abstract measure space (Ω,Σ, µ), where µ is a measure on the
σ-algebra Σ of subsets of a point set Ω.

We formulate and prove the following lemma for the sake of completeness.

Lemma 2.3. Let Φ be a Young function that satisfies the ∆2-regular condition.
Then for every nonzero function f in LΦ(Ω) and every ε > 0, there exists a
measurable subset A such that µ(A) < ∞, sup{|f(x)| : x ∈ A} < ∞, and
NΦ(fχΩ\A) < ε.

Proof. Let f ∈ LΦ(Ω) be an arbitrary nonzero function. For every k ∈ N, put
Ak = {x ∈ Ω : 1/k < |f(x)| < k}. Then (Ak) is an increasing sequence of subsets
from Σ and {x ∈ Ω : 0 < |f(x)| < ∞} =

⋃
k∈N Ak. Since f ∈ LΦ(Ω), we find that

µ({x ∈ Ω : |f(x)| = ∞}) = 0 and for any a > 0, by the Beppo Levi theorem,∫
Ω

Φ
(
a
∣∣f(x)∣∣) dµ(x) = ∫

⋃
k∈N Ak

Φ
(
a
∣∣f(x)∣∣) dµ(x) = lim

k→∞

∫
Ak

Φ
(
a
∣∣f(x)∣∣) dµ(x).

This together with the assumption that Φ satisfies the ∆2-regular condition im-
plies that, for every a > 0, there exists a natural number n depending on a such
that ∫

Ω\An

Φ
(
a
∣∣f(x)∣∣) dµ(x) = ∫

(
⋃

k∈N Ak)\An

Φ
(
a
∣∣f(x)∣∣) dµ(x) < 1.

Now, take a > 1/ε; hence, for this n = n(a), sup{|f(x)| : x ∈ An} < ∞ and, also,
since a > 0 can be chosen sufficiently large and |f(x)| > 1/n, we get µ(An) < ∞
and NΦ(fχΩ\An) < 1/a < ε. Put A = An to finish the proof. �

Following [3], we call a measurable function f : Ω → R countably valued if
f =

∑
n∈N anχAn for a sequence (an) of real numbers and a sequence (An) of

measurable subsets with µ(An) < ∞ for all n ∈ N that forms a partition of Ω.
We need another technical lemma. Here we adopt a technique that was intro-

duced in [3] to our setting.

Lemma 2.4. Let (Φ,Ψ) be a complementary pair of Young functions. Then, for
every ε > 0 and any countably valued functions f ∈ LΦ(Ω), g ∈ LΨ(Ω), and
h ∈ B1(fg, ε

2/4), we have h ∈ BΦ(f, ε) ·BΨ(g, ε).



UNIFORM OPENNESS OF MULTIPLICATION IN ORLICZ SPACES 547

Proof. Let ε > 0, and let f ∈ LΦ(Ω), g ∈ LΨ(Ω), and h ∈ L1(Ω) be countably
valued functions such that ‖fg − h‖1 < ε2/4. Then, by definition, there exists
a sequence (An) of measurable sets that form a partition of Ω and sequences of
reals (xn), (yn), and (zn) such that

f =
∑
n∈N

xnχAn , g =
∑
n∈N

ynχAn , and h =
∑
n∈N

znχAn .

Let E = {n ∈ N : zn = xnyn or µ(An) = 0}. For all n ∈ E, put

(i) un = xn and vn = yn if zn = xnyn;

(ii) un =
√

|zn| and vn =
√

|zn| sgn(zn) if µ(An) = 0 and zn 6= xnyn.

We may assume that E 6= N; otherwise, there is nothing to prove. Put

η = ‖fg − h‖1 =
∑
n/∈E

|zn − xnyn|µ(An)

and, for every n /∈ E,

λn = |zn − xnyn|µ(An)/η.

Then

η < ε2/4, λn ∈ (0, 1] for all n /∈ E, and
∑
n/∈E

λn = 1.

Now, for every k /∈ E, we have

|zk − xkyk| =
λkη

µ(Ak)
<

λk

µ(An)

ε2

4

(1.1)

≤ 1

4

(
εΦ−1

( λk

µ(Ak)

))(
εΨ−1

( λk

µ(Ak)

))
.

Applying Lemma 2.2 to rk = εΦ−1( λk

µ(Ak)
) and Rk = εΨ−1( λk

µ(Ak)
), we can find real

numbers uk, vk such that zk = ukvk with |uk − xk| < rk and |vk − yk| < Rk. Set
u =

∑
n∈N unχAn , and set v =

∑
n∈N vnχAn . Then h = uv, and∫

Ω

Φ
( |u(t)− f(t)|

ε

)
dµ(t) =

∑
n∈N

Φ
( |un − xn|

ε

)
µ(An) ≤

∑
n/∈E

λn = 1.

Hence NΦ(u− f) ≤ ε. Also, in the same way we have NΨ(v − g) ≤ ε. �

Now we are in a position to present our main result, which generalizes, using
a similar technique, the main theorems in [3] and [4].

Theorem 2.5. Let (Ω,Σ, µ) be a measure space, and let (Φ,Ψ) be a complemen-
tary pair of Young functions. If Φ and Ψ both satisfy the ∆2-regular condition,
then, for any ε > 0 and (f, g) ∈ LΦ(Ω)× LΨ(Ω), we have

B1

(
fg,

ε2

4

)
⊆ BΦ(f, ε) ·BΨ(g, ε).

In particular, the multiplication mapping from LΦ(Ω)×LΨ(Ω) onto L1(Ω) is a
uniformly open mapping.
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Proof. Let ε > 0, and let (f, g) ∈ LΦ(Ω)×LΨ(Ω). Take h ∈ B1(fg, ε
2/4). First we

consider the case that (Ω,Σ, µ) is a finite measure space and f, g, h are bounded
functions. Let M > 0 be such that µ(Ω) < M and supx∈Ω{|f(x)|, |g(x)|, |h(x)|} <

M . Since
√

4‖h− fg‖1 < ε, we can choose ε1 > 0 such that

ε1 +
√

4‖h− fg‖1 + 8ε1 < ε. (2.1)

Now let δ > 0 be such that

δ < ε1min
{
Φ−1

( 1

M

)
,Ψ−1

( 1

M

)
,

1

2M2

}
. (2.2)

Let f̃ be a countably valued function defined by

f̃(x) =

{
kδ if f(x) ∈ [kδ, (k + 1)δ) and k ∈ N ∪ {0};
−kδ if f(x) ∈ [(−k − 1)δ,−kδ) and k ∈ N ∪ {0}.

Let g̃ be a countably valued function associated with g in an analogous way.
Then, for all x ∈ Ω, we have∣∣f(x)− f̃(x)

∣∣ < δ,
∣∣g(x)− g̃(x)

∣∣ < δ,
∣∣f̃(x)∣∣ < M,

∣∣g̃(x)∣∣ < M,

and ∣∣f(x)g(x)− f̃(x)g̃(x)
∣∣ ≤ ∣∣f(x)g(x)− f̃(x)g(x)

∣∣+ ∣∣f̃(x)g(x)− f̃(x)g̃(x)
∣∣

< Mδ +Mδ = 2Mδ.

Hence, by (2.2), we obtain

NΦ(f − f̃) ≤ δ

Φ−1( 1
M
)
< ε1, NΨ(g − g̃) ≤ δ

Ψ−1( 1
M
)
< ε1,

‖fg − f̃ g̃‖1 ≤ 2M2δ < ε1.

(2.3)

Now, in view of (2.1), we can choose a positive number α such that

α < 1, (2.4)

(1− α)M2 < ε1, (2.5)

ε1 +
1− α

α
M +

1

α

√
4‖h− fg‖1 + 8ε1 < ε. (2.6)

Let an = αnM for all n ∈ N ∪ {0}, and note that an ↘ 0 because α ∈ (0, 1).

Define h̃ in the following way:

h̃(x) =


0 if h(x) = 0;

an+1 if h(x) ∈ [an+1, an) and n ∈ N ∪ {0};
−an+1 if h(x) ∈ (−an,−an+1] and n ∈ N ∪ {0}.

Clearly, h̃ is countably valued, bounded by M , and, for every x ∈ Ω with
h(x) 6= 0,

1 ≤ h(x)

h̃(x)
≤ an

an+1

=
1

α
. (2.7)
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Moreover, |h(x)− h̃(x)| < (1− α)M for every x ∈ Ω. Hence, by (2.3) and (2.5),
we have

‖h̃− f̃ g̃‖1 ≤ ‖h̃− h‖1 + ‖h− fg‖1 + ‖fg − f̃ g̃‖1
< M2(1− α) + ‖h− fg‖1 + ε1

≤ ‖h− fg‖1 + 2ε1. (2.8)

Let

ε2 =
√

4‖h− fg‖1 + 8ε1. (2.9)

Then, by (2.8), ‖h̃ − f̃ g̃‖1 < ε22/4, and, by Lemma 2.4, there are functions u ∈
LΦ(Ω) and v ∈ LΨ(Ω) such that h̃ = uv, u ∈ BΦ(f̃ , ε2), and v ∈ BΨ(g̃, ε2).

Now define a function θ : Ω → R in the following way:

θ(x) =

{
1 if h̃(x) = 0;
h(x)

h̃(x)
if h̃(x) 6= 0.

By (2.7), 1 ≤ θ(x) ≤ 1/α for every x ∈ Ω, and h = θh̃ = (θu)v. Finally, by
(2.1), (2.3), (2.6), and (2.9), we have

NΨ(g − v) ≤ NΨ(g − g̃) +NΨ(g̃ − v) < ε1 + ε2 < ε

and

NΦ(f − θu) ≤ NΦ(f − f̃) +NΦ(f̃ − θu)

≤ NΦ(f − f̃) +NΦ(f̃ − θf̃) +NΦ(θf̃ − θu)

≤ ε1 +NΦ

(
(θ − 1)f̃

)
+NΦ

(
θ(f̃ − u)

)
≤ ε1 +

( 1

α
− 1

)
NΦ(f̃) +

1

α
NΦ(f̃ − u)

≤ ε1 +
1− α

α
M +

1

α
ε2 < ε.

This proves the first case.
Now we turn to the general case. As before, let ε > 0 be arbitrary, and let

(f, g) ∈ LΦ(Ω)× LΨ(Ω). Let δ ∈ (0, ε) be such that

‖h− fg‖1 <
δ2

4
, (2.10)

and let γ > 0 be such that

δ + 2γ < ε. (2.11)

Since Φ and Ψ both satisfy the ∆2-regular condition, then, by Lemma 2.3, we
obtain a measurable subset A such that µ(A) < ∞, f |A, g|A, and h|A are bounded
and

NΦ(fχΩ\A) < γ, NΨ(gχΩ\A) < γ,

NΦ

(
Φ−1

(
|h|

)
χΩ\A

)
< γ, NΨ

(
Ψ−1

(
|h|

)
χΩ\A

)
< γ.

(2.12)



550 I. AKBARBAGLU, S. MAGHSOUDI, and I. RAHMANI

Using (2.10) and the first part of the proof for the space (A,Σ|A, µ|A), we infer
that there exist u ∈ LΦ(A) and v ∈ LΨ(A) such that h(x) = u(x)v(x) for x ∈ A
and

NΦ

(
(f − u)χA

)
< δ and NΨ

(
(g − v)χA

)
< δ. (2.13)

Additionally, define

u(x) = Φ−1
(∣∣h(x)∣∣), v(x) =

|h(x)| sgn(h(x))
Φ−1(|h(x)|)

χB(x) (x /∈ A),

where B = {x ∈ Ω : h(x) 6= 0}. Then h = uv, and by (2.11), (2.12), and (2.13),
we have

NΦ(f − u) ≤ NΦ

(
(f − u)χA

)
+NΦ(fχΩ\A) +NΦ

(
Φ−1

(
|h|

)
χΩ\A

)
< δ + 2γ < ε,

and, analogously,

NΨ(g − v) ≤ NΨ

(
(g − v)χA

)
+NΨ(gχΩ\A) +NΨ(vχΩ\A)

(1.1)

≤ δ + γ +NΨ

(
Ψ−1

(
|h|

)
χΩ\A

)
< δ + 2γ < ε. �

We finish this work with the following example.

Example 2.6. (a) Let Φ be a Young function, and let (Ω, µ) be a measure space.
Equip LΦ(Ω) with the usual ordering f ≤ g if and only if f(t) ≤ g(t) µ-almost
everywhere on Ω. Then the infimum and supremum from LΦ(Ω) × LΦ(Ω) into
LΦ(Ω) are uniformly open by Proposition 2.1.

(b) Consider the natural numbers with the counting measure. Let Φ and its
complementary function, Ψ, satisfy the ∆2-regular condition. Then

`Φ(N) :=
{
(xn) : Σ

∞
n=1Φ

(
|xn|

)
< ∞

}
.

From Theorem 2.5 it follows that the multiplication from `Φ(N) × `Ψ(N) onto
`1(N) is uniformly open.

(c) Consider the real line R with the Lebesgue measure. Let Φ1(x) = |x|α(1 +
| log |x||) with α > 1, and let Φ2(x) = |x|α lnβ(|x|+ e) with β ≥ 1 and α > 1. By
Corollary 2.3.4 in [12], for any i = 1, 2, Φi and its complementary function, Ψi,
satisfy the ∆2-regular condition. Then Theorem 2.5 shows that the multiplication
from LΦi(R)×LΨi(R) onto L1(R) is uniformly open. Note that, by Theorems 3.1
and 3.2 in [1], we see that, for any p > 1, LΦ1(R)4Lp(R) 6= ∅ and there is not
any p > α such that LΦ2(R) ⊆ Lp(R).
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