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In the present investigation, we introduce certain new subclasses of the class of biunivalent functions in the open unit disc U = {z :
|z| < 1} defined by quasi-subordination. We obtained estimates on the initial coefficients |a,| and |a;| for the functions in these
subclasses. The results present in this paper would generalize and improve those in related works of several earlier authors.

1. Introduction and Preliminaries

Let A be the class of functions of the form

f@=z+) az" )

k=2

which are analytic in the open unit disc U = {z : |z] < 1}.
Further, let S be the class of functions f(z) € A and univalent
inU.

By B, we denote the class of bounded or Schwarz func-
tions w(z) satisfying w(0) = 0 and |w(z)| < 1 which are
analytic in the unit disc U and of the form

w(z) = i 2", zeU. (2)

n=1

Firstly, it is necessary to recall some fundamental defini-
tions to acquaint with the main content:

s* = {f:feA,Re<Z}C,(iZ))> > 0; zeU},

the class of starlike functions.

(zf @)
f'(z)

K=4f:feARe >0, zeUy,

the class of convex functions.

Z;(S)) >0, g(z)eS"; z

C:{f:fEA,Re<
€ U} , the class of close-to-convex functions.

(f' @)

= e

f:feARe >0, h(z) eK; z

€ U, the class of quasi-convex functions.

(©)

The functions in the class S are invertible but their inverse
function may not be defined on the entire unit disc U. The
Koebe-one-quarter theorem [1] ensures that the image of U
under every function f € S contains a disc of radius 1/4.

Thus every univalent function f has an inverse ', defined
by

f(f@)=z (zel),

(4)

)

]

F(F @) =w(lwl<n(f): n(f)>
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where

gw) = (w)

2 2 3
=w-aqw +(2a2—a3)w

)
- (Sag - 5a,a; +a4)w4 +...

A function f € Ais said to be biunivalent in U if both f and
7! are univalent in U.

Accordingly, a function f € A is said to be bistarlike,
biconvex, bi-close-to-convex, or bi-quasi-convex if both f
and f! are starlike, convex, close-to-convex, or quasi-convex
respectively.

Let X denote the class of biunivalent functions in U given
by (1). Examples of functions in the class X are

z
1-z

—-log(1-2), (6)

11 <1+z>

2 8\1=z )
and so on. However, the familiar Koebe function f(z) =
z/(1 = z)? is not a member of =.

Let f and g be two analytic functions in U. Then f is said
to be subordinate to g (symbolically f < g) if there exists a
bounded function u(z) € B such that f(z) = g(u(z)). This
result is known as principle of subordination.

Robertson [2] introduced the concept of quasi-
subordination in 1970. For two analytic functions f
and ¢, the function f is said to be quasi-subordinate to ¢
(symbolically f <, ¢) if there exist analytic functions k and
w with |k(z)| < 1, w(0) = 0 and |w(2z)| < 1 such that

f (@)
@ * ¢ (2), (7)
or equivalently
f (@) =k(z)¢(w(2). ®)

Particularly if k(z) = 1, then f(z) = ¢(w(2)), so that f(z) <
¢(z) in U. So it is obvious that the quasi-subordination is a
generalization of the usual subordination. The work on quasi-
subordination is quite extensive which includes some recent
investigations [3-6].

Lewin [7] investigated the class X of biunivalent functions
and obtained the bound for the second coefficient. Brannan
and Taha [8] considered certain subclasses of biunivalent
functions, similar to the familiar subclasses of univalent
functions consisting of strongly starlike, starlike, and convex
functions. They introduced bistarlike functions and biconvex
functions and obtained estimates on the initial coefficients.
Also the subclasses of bi-close-to-convex functions were
studied by various authors [9-11].

Motivated by earlier work on bi-close-to-convex and
quasi-subordination, we define the following subclasses.

Also it is assumed that ¢(z) is analytic in U with ¢(0) = 1
and let

$(z)=1+Bz+Bz"+... (B, €R"), )
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k(z)=Ag+Az+ A2 +...
(10)
(k(z) <1, z€U).

Definition 1. For 0 < a < 1, a function f € X given by (1)
is said to be in the class Cy(«, y, ¢) if there exists a bistarlike
function g(z) = z + Y5, bz" such that

%|:(1—oc) # @) +oc(Zf (Z)) —1:|

g(2) g (2) a1)
<q ((/) (Z) - 1) >
! (1-a) wh’ (w) +“(wlj (w)) -1
Y Jj(w) J' (w) (12)
<4 (p(w)-1),

where h = f_l,j = g_l, and z,w € U.

For « = 0, the class Cs(a,y,¢) reduces to Cs(y, ),
the class of bi-close-to-convex functions of complex order y
defined by quasi-subordination.

Definition 2. For 0 < « < 1, a function f € X given by (1) is
said to be in the class Cy(a, y, ) if there exists a biconvex

function s(z) = z + Yo, d,Z" and satisfy the following
conditions:
1 (1-a) zf (2) +tx(Zf, (Z)) 1
Y s(2) s'(2) (13)
<q (V/ (Z) - 1) >
! (1-a) wy' (w) +<x(w1: (w)) -1
y t(w) ' (w) (14)
<q (1// (w) - 1) >

where v = f"l, t=s'andz,w e U.

It is interesting to note that, for « = 0, C5(0, y,y) is the
subclass of bi-close-to-convex functions of complex order y
defined by quasi-subordination. Also for & = 1, C3(1,y,y)
is the class of bi-quasi-convex functions of complex order y
defined by quasi-subordination.

For deriving our main results, we need the following
lemmas.

Lemma 3 (see [12]). If p € P is family of all functions p
analytic in U for which Re[p(z)] > 0 and have the form
p(2) = 1+ piz+ p,2° +...for z € U, then |p,| < 2 for
each n.

Lemma 4 (see [13]). If g(z) = z + Z,(::z bkzk is a starlike
function, then

|bs - B3] < 1. (1)
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Lemma 5 (see [13]). If g(z) = z + Z:Zz bkzk is a convex
function, then

|, - b2| < 16)

Along with the above lemmas, the following well known results
are very useful to derive our main results.

Let g(z) = z+ Y40, b.z" be an analytic function in A of the
form (1), then |b,| < n, if g(2) is starlike and |b,| < 1, if g(z) is
convex.

2. Coefficient Bounds for the Function Class
CZ(“)Y)¢)
Theorem 6. If f € Cs(w,y, ¢), then

Ayy| B
mm[;[m”},

l+a
17)
\j4(1+40c) .
3(1+2a)

2(1+3a)|Agy| B,
3(1+a)(1+2a)

|Aoy| (B, +|B, - By|)
3(1+20)

(40 + 50+ 2)

1
<~ 7 |Ap[ B+ =
|as (1+a)2(1+2a)2| o] By + 3
+ 4]Agy| B + (3|Aoy|[Bi ~ By| + |A1y| B)) + 2]|Agy| B,
3(1+2a) (1+2a) (18)
e +3a e DB Ay (B, + |B, - By)
(1+20)% (1 + ) (1+2a) '

Proof. As f € Cs(a,y,¢), so by Definition 1 and using
the concept of quasi-subordination, there exist Schwarz
functions r(z) and s(z) and analytic function k(z) such that

g n?'®@ N CAG)

vl 9 (2) g (z) (19)
=k(Z)(¢>(r(z)—1),

! (1- )wh, w) oc(w7I (w))l -1

vl Jjw) Jj' (w) (20)

=k w) (¢ (s(w)) - 1)

wherer(z) = 1+7,z+7,2° +...and s(w) = 1+s;w+s,w’+....
Define the functions p(z) and g(z) by

-1 1 g
r(z) = §E2+1 E[clz+(c2—%>zz+..

q(z) - d
s(z) = q(z)+1 2[d12+<d—7>z+ ] (22)

] , (21)

3
Using (21) and (22) in (19) and (20), respectively, it yields
1 [(1 ) zf(iz):) +oc<Zf, ((;)) - 1}
14 g g (23)

olu(250)-1

I h’ !
l[(l—(x)wh (w)+0£(w ) —1]
' (24)

Jjw) j'(w)

rfs(220)-

But

Haiw? @, @) |
Y 9(2) g (z)

l[(1 +a)
Y

(25)
(20, -b)z + ((1 +2a) (3a5 — by)

+(1+3) (b22—2a2b2))22 +...],

wh ) | (wH w))’ o
[(1 VT Tw Tyl
+a) (b, - 2a)) w (26)

+((1+20) [2(3a5 - ;) - (35 - by)]
+(1+3) (b22 - 2a2b2))w2 + ] .

Again using (9) and (10) in (21) and (22), respectively, we
get

oo (2950) - s

1 1 ¢ AyByct 27
+|ZA B +=AB, -2 |+ L2122 @7
2 2 2 4

[¢<ZEZ§ —)-1] = 3w

d2
ABd, + = A B, (d 21 > +
Using (25) and (27) in (23) and equating the coefficients
of z and 27, we get

AoBzd% ] (28)
4

N |

(1+«)
Y

1
(2a, - b,) = EAOBICI’ (29)



(1+2a) (3a; = by) + (1 + 3ax) (b5 -
Y

1 1 ¢\ AyB, ,
= JA1Bia + SAqB, <c2—51>+ 126‘1-

2a2b2)

(30)

Again using (26) and (28) in (24) and equating the coefficients
of w and w?, we get

05D (24 = %AOBldl, 31)
(1+20)[2(3a; - 15) - (3a; - bs)] + (1 + 300) (b5 — 24,0, )
! (32)
_ %AlBldl . %AOBI <d2 - d;) s Ao
From (29) and (31), it is clear that
o =-d, (33)

A¢Biay + b, __

AoBdy + b,
4(1 +«) '

4(1 + )

a, = (34)

Therefore on applying triangle inequality and using Lemma 3,
(34) yields

|A0Y|B
ol < 2 [P )

As g(z) is starlike, so it is well known that |b,| < 2, (35) gives

|A0Y| B,
< - 2. 36
a2 2| 1+a | (36)
Adding (30) and (32), it yields
az__ 2« 2 4(1+3oc)a
27 6(1+2a) 2 6(1+2a) 27
(37)

AoBi (e +dy)y N Ao (B, - By) (612 + d%)V
12(1 + 24) 24(1+2a)

Using (36) and on applying triangle inequality in (37), we
obtain

ot < L340 1y 0 (1+30) |Agy] By by
27301 +2a) 2 3(1+a)(1+2a)
(38)
|A0V| (B, + le - Bll)
3(1 + 2a)
As g(z) is starlike, so using |b,| < 2 in (38), it yields
|a2|
| Jrars0 2030ag]B A0l (B + (B, - B]) (39)
T\3(1+20) 3(1+a)(1+2x) 3(1 +2a) '

So, result (17) can be easily obtained from (36) and (39).
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Now subtracting (32) from (30), we obtain

_ by — bzz 2
az = 3 2
(40)

N AB, (¢ —d,)+AyB, (¢, - d;)

12(1 + 2a)

Applying triangle inequality and using Lemma 3 in (40), it
yields

g

|bs - b; )
+]ay|” +

(|A1Y| + lAOYl)Bl. (41)
3(1+20)

|a3| <

Again adding (30) and (32) and applying triangle inequality,
we get

|A0Y| B,

o 2Anlp,
(1+2a)

T 1+ 2x)

|a,

|Aoy| (B, +|B, - B,|)
(1+2ax) (42)

(1+20)* (1 + a)?

. \/(3oc2 +3a+1) By

04 2.2
+—|A B
(1+oc)2(1+2cx)| orl By
le)’l (B, + |Bl - BzD
(1+2x)

Using (42) in (41), it gives

(4oc2 + 5 + 2)
1+ a)* (1 +2a)

32
|Aoy” BT + Ll 5 4

|a3| <

. 4 |A0Y| B, +(3 |A0V| |Bl - le + |A1Y| Bl)
3(1+ 20a)

(43)
" 2 |A0Y| B,

(1+2a)

\/(3062 +3a + I)Bf |y|2

+ |A0Y| (B, + |Bl - le)
(1+2a) '

(1+420) (1 + a)?
On applying Lemma 4 in (43), the result (18) is obvious. [

For « = 0, Theorem 6 gives the following result.

Corollary 7. If f(z) € C5(0,7,¢), then

. 1
|a,| < min. 3 [|Aoy| B, +2],

(44)

\jﬁ + 2 |A0V|Bl + |A0Y| (B, + le _Bll)
3 3 3
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1
|as| < 2 |A0Y|2 B} + 3

+ 4[|Aoy| B, + (3]|Aey|[B, - By| +|A,y| B)) (45)
3
VB |y’
+2|Agy| By VB |y + |Agy| (By + By = By|).
3. Coefficient Bounds for the Function
Class Cy.(a,y,¢)
Theorem 8. If f € Cy(a,y,¢), then
|a2| < min. |:% [%+ 1],
(46)
(1+4x) N (1+3a)|Aqy| B, N |Aoy| (B, +|B, - B,|)
3(142a) 3(1+a)(l+2a) 3(1 +2a) ’
(40 + 50+ 2) 2, 1
las| < Qe (s2a? |[Aoy|” By + 3

4|Agy| B, + (3]|Agy||B, = By| + |A1y|B))  2|Agy| B,
* 3(1+20) T Ur2e 47

|A0Y| (B, + |Bl - Bz')
1+ 2ax)

\j(&xz +3a+1) B} yf*
: +

1 +2a)* (1 + a)?

Proof. On applying Lemmas 3 and 5 and following the
arguments as in Theorem 6, the proof of this theorem is
obvious. O

On putting « = 0, Theorem 8 gives the following result.

Corollary 9. If f(z) € C;(O, V> ), then

. 1
|a,| < min. 3 [|A¢y| B, +1],

(48)

>

\jl + le)’l B, + |A0Y| (B + |Bz - Bll)
3 3 3

1
] < 2 Aoy B+ &

. 4|Aoy| B, + (3|Agy||B, - By| +[A 1y B)) (49)
3

+2[a0y] BB +[Aoy] (B, + |B, - ).
On putting o = 1, Theorem 8 gives the following result.

Corollary 10. If f(z) € Cy(1,y,9), then

A
|a2| < min. ! [% + 1] ,
2 2

(50)

\jé + 2 le)’l B, + le)’l (B, + |Bz - Bll)
9 9 9

5
11 2 1
|as| < 36 |Aoy| B + 9
. 4|Aqgy| By + (3|Agy|[B1 - B, +|Ay| By)
9
(51)
2
+ |A0Y| B,
3
) \]13% Wi+ |407] (B, + B, —Bz|)_
36 3
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