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In this work, we define a new class of functions of the Bernoulli type using the Riemann-Liouville fractional integral operator and
derive a generating function for these class generalized functions. Then, these functions are employed to derive formulas for certain

Dirichlet series.

1. Introduction

The Bernoulli polynomials are defined by the generating
function [1]
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When x = 0, B, = B, (0) are called Bernoulli numbers. The
following property is well known:

B,(x)= Y C) B, . 2)

j=0

Also, the Bernoulli polynomials are defined by the following
Fourier series [2]:
n. S K" eZm'kx

B, (x) =~ 0<x<1). (3
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Various generalizations of the Bernoulli polynomials have
been proposed. For example, Natalini [3] gave the following
generalization:
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where E, 4(t) is the two-parametric Mittag-Leffler function,

so that, obviously, B, (x) := BLO] (x). Another generalization is
given by Balanzario [4]:

x 1
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where 3B, (x) is given and n > 1. In case FBy(x) = 1 for x €
[0,1), then &, (x) - n! is the usual n-th Bernoulli polynomial.
Balanzario and Sanchez [5] derive the following generating
function for 9B, (x) defined in (5):
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where $B,(x) is given and a, = J’Ol Bo(x)dx; they used
these generalized Bernoulli polynomials to derive formulas
of certain Dirichlet series.

Rahimkhani et al. [6] define the fractional-order
Bernoulli functions, such as the functions obtained by
changing the variable ¢ to x* in (3), and applied these
functions for solving the fractional Fredholem-Volterra
integrodifferential equations.
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In the present paper, new functions called generalized
fractional-order Bernoulli functions are defined by a gener-
alization of (5) and obtain a generalization of the generating
function (6). Also, given a generalization of the Fourier series
(3), we use these functions to derive formulas for certain
Dirichlet series and finally, some examples are shown.

2. Preliminaries

In this section, we give some basic definitions and properties
of fractional calculus theory which are used in this work.

Definition 1. The Riemann-Liouville fractional integral of
order « € R™ is defined by

” 1 (* f@
I x) = J dt, 7
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where x > 0 and T’ is the Gamma function.
It can be directly verified that
o r x—

T(B+a)
where a > 0 and 3 > 0.

Definition 2. The Caputo fractional derivative of order a €
R is defined by

(D7f) (x) = (I"*D" f) (), (9)
where D =d/dx,r = [a] + 1 fora ¢ Nyand r = o for o € N,,.

Now, when o € R¥, the Caputo fractional differential
operator D% provides operation inverse to the Riemann-
Liouville fractional integration operator I%; the proof can be
seen in [7].

Lemma 3. Let« € R" and f(x) a continuous function in the
interval [0, 1]. Then, (D*I” f)(x) = f(x).

Now, we define the Laplace transform of a function f(x)
of a variable x € R* by

Zf (x)] k) = LOO e_kxf (x)dx (keC), (10)

if the integral converges and its inverse by
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with y > o, where o is the abscissa of convergence.
Under suitable conditions, the Laplace transform of the
Caputo fractional derivative D f is given by [7]

Z[Df (0] (k) = K*Z [ f ()] (k)
=1 ) 12
_ Zkoc—J—l (D]f) (0). (12)
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Definition 4. 'The two-parametric Mittag-Leffler function

00 Zk

Ea,ﬁ (2) = Zm

k=0

(>0, BeC), (13)

generalizes the classical Mittag-Leffler function
0 k

z
E,(2) = ;}m (a>0). (14)

Using Definition 4, we obtain the formulas
m-2 _k
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Re [xﬁ_lEl)ﬁ (i)tx)] = xﬁ_lEz,l; (— (Ax)z) , 15)

Sm [xﬁ_lEl,ﬁ (i)\x)] = /\xﬁEz,Hﬁ (— (/\x)z) ,

wherem € N, § > 0, and A € R. From above equations, we
have

xX"Ey 1 im (—/\zxz) = )%m <cos <m7ﬂ - /\x>
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The following differentiation formula is an immediate conse-
quence of Definition 4

(16)
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Using Definition 4 and term-by-term integration, we arrive
at

1 (? ) .
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where p > 0 and 8 > 0. From (18) we obtain

(I Ey 1 e (M) () = x" 9B, | e (A7), (19)
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It follow from the well-known discrete orthogonality

relation
m, if k=0(modm),

m—1 .
Z ethk/m _ (21)
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0, if k # 0(modm)
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and formula (18) that

(I“ cosh [\/Xt]) (%) = x"Ey 41y (sz) , (22)
senh [ VAt
( 1“%) (x) = x"'Ey by (M) (@>0). (23)

Now, we state an important relation between the Laplace
transform and Mittag-Leffler function; the proof can be seen
in [8].

Lemma 5. The following formula is true:

o0 kx -1 ka_ﬁ ( )
NPT E N dx = , 24
L e X" Egp(ax®) dx T

where x> 0, > 0, and k > la|e.

3. Generalized Fractional-Order
Bernoulli Functions

In this section, first we define a new set of fractional-
order Bernoulli functions by means of the Riemann-Liouville
fractional integration operator.

Definition 6. Let 9B (x) be a periodic function of period 1.
We define the fractional-order Bernoulli functions by

lgga
B () = () (0 -+ [

—dt, (25)
al (@) Jo -7

wherea > 0andn € N.

In the case, « = 1, then %;(x) are the generalization of
the Bernoulli polynomials defined in (5). For example, when
RBy(x) = 1for 0 < x < 1, the first two fractional-order
Bernoulli functions are

104 —_ xa —_ 1
%l(x)—r(lJra) r2+a)

3 - x2(x _x‘x
gz(x)_r(1+2a)_r(1+(x)r(2+a) (26)
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The functions defined (25) satisfy the following proper-
ties:

jl B (x)dx =0
0 (27)

and (D*B%) (x) = B~ (x).

These assertions are followed by integrating (25) and
Lemma 3, given that (D%c)(x) = 0, for ¢ € R.

In the following theorem, we obtain a generating function
for the fractional-order Bernoulli functions defined in (25).

Theorem 7. Let Bj(x) be a periodic function of period 1.
Suppose that 9B (x) has a continuous derivative in the open

interval (0,1). Let A, = Iol By (x)dx and {RB} be the
sequence defined by (25). Then for o > 0,

i% (x)t"
n=0
E, (tx*)

1
= E o |7 “(1- « (28)
E,, (1) [AO L yDRBy (1-y)E,, (ty*)dy

o[ DBy (B (1= 3)") .

Proof. We proceed formally as in [9, Problem 9.785]. Con-
sider the following fractional differential equation:

DG (x,t) = tG (x,t) = D" %, (x), (29)

for a % (x) given function and
G(x,t) = ) By (0)t". (30)
n=0

Applying the Laplace transform to (29) and using (12), we
obtain

Z[G(x,1)] (k)

k* o
- (B, (x)] (k) (31)
m—1 . . .
=Xl (COLRRCEHD]

where m = [«] + 1. Then, using the inverse Laplace transform
in above equation, we arrive to the equation

G =2 |zl @l w0
(32)
B k(x—l
+(G(0,t) - &S (0)) ™ [ka _t] (x).

Therefore, by Lemma (25) and given that Z[§(x)](k) = 1, we
get

G (x,t) = (G(0,1) - B, (0)) E,, (tx*) + E, (tx")
* (D8 (x) * By (x))

=G(0,t) E, (tx") (33)

+[ Bt -0 DB ()

where §(x) is the Dirac delta function, and

X
0

(Fea=[ r0)a-ndy G



is the convolution of the functions f and g. Now, we integrate
(33) from 0 to 1 with respect to x and by (27) and (18) we
obtain

Ay =G(0,1) Ey, (1)

1 rx (35)
+ L L E, (t (x— y)a)DQ?g (y)dydx.

Solving for G(0,t) and substituting in (33) we obtain our
result. O

Observe that if we set « = 1 and % (x) = 1 for x € [0, 1)
in Theorem 7, then we obtain the corresponding unification
and generalization of the generating function (1) of the usual
Bernoulli polynomials. In case « = 1 in Theorem 7, we obtain
the generating function (6).

In the next theorem, we compute the fractional-order
Bernoulli functions defined in (25) through the two-
parametric Mittag-Leffler function.

Theorem 8. Let %B;(x) be a periodic function of period one
and piecewise continuous in the open interval (0,1). Let A,
and {9} be as in Theorem 7. Then forn > 1,

« _ X" 1 o
%"(x)_AO<F(1+na) I‘(2+noc)> Zgg ©

xR 1
'(r(1+(n—k)(x) - F(2+(n—k)oc))

+ ZZA] (xn“E2,1+mx (_Aixz) - E2,2+mx <_A§)) (36)

+ 4n§ij (xH"“Ez,erm (—A?xz)
=

- E2,3+mx <_A§)) >

where A; = 2nij and A ; and B; are the Fourier coefficients of
By (x).

Proof. The proof is by mathematical induction on n. Since
Bj(x) is piecewise continuous, then we can consider its
Fourier series

By (x)=Ay+ 2§: (Aj cos (/\jx) + B sin (ij)) .
1

(37)
Let n = 1. Then by (22), (23), and (25) we obtain

B (x) = (I"Ay) (x) +2) (A

j=1
o . A 1 1
+B; (I*sin (A;t)) (x)) - ar(ooc) Jo 1-o= t

2 iO:J'I Ajcos(/\jt)+Bjsin(/\jt)dt

T @& b 1-n°

i (I“ cos (/\jt)) (x)
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x* 1
:A0<F(l+oc) - F(2+oc))

£23 A (X By 1o (A28 — By (-12))

=1
+2) AB; (" Eypyq (-A35°) = Epara (13)).

=1
(38)

Now, we assume the theorem true for a given n and we will
prove that it is valid for n + 1. From (25)

dt, (39)

1 Jl B (t)

- T L aon e

B (%)

applying (8), (19), and (20) and the above equation we get the
result. O

4, Evaluation by Certain Dirichlet Series

For the proof of the following theorems one proceeds as in
Balanzario [10], using Theorem 8 and (16).

Theorem 9. Let {f;} be a sequence of complex numbers of
period T, so that f;,r = f; forall j € N. Let Bg(x), {S,},
and A be as in Theorem 8. Suppose ne is par and fr_; = f;
for each j € {1,2,. 1} and suppose na is impar and
frej= fjforeach] € {1 2,. — 1} and fr = 0. Then

no—1 (Zﬂj)k

i"“(f’ &% Th C“(%“"“”))
(2n)”“<z ﬁ”“%“( )

(40)

AO 4 N mna

- memzlﬁm I'(1+ nax)
n-1
Y(n k)
ZI‘(1+(n k) )gg (0)>
where
VS | I nom k
ﬁnl = 5;;2;]} CoS <'—E{— —-27rn15;),

(41)

1 &

no

Ve =7z 2.mB
Tm:l
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m

Theorem 10. Assume the notation of Theorem 10. If na is
impar and fr_; = f; for each j € {1,2,...,T — 1} and if nac is
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parand fr_; = —1}and fr =0,

then

—fjforeach j € {1,2,.

© B. no Ak .
Z—] <—fj + Zgo,r(“x (2;3) sin(E (no — k)))

k=0
(2m)"™ i e ()
2 mzltum n T
(42)
T mx
zm + (n k)a)‘%k (0)>
where
na 1 z . [ nam k
o= T,;fk sm(T - 2nm?> )
(43)

Z mk no

Finally, some examples are given.

Example 1. As the first example, we consider ZB,(x) be of
period one such that %g(x) = x7? for 0 < x < 1. Let
a=1/2,n=2T =871 =A; =-1,A; = A, = 1, and
Ay, = A, = Ag = Ag = 0. Applying Theorem 9, we get

e

5/2

7_[2
—Z(5—3\/§), (44)

where F,(z) is the Fresnel sine integral given by
|5 sin(rt* /2)dt.

Example 2. Here is another example of Theorem 9. Let % (x)
be of period one such that % (x) = x cos(mx) for 0 < x < 1.
Leta =2,n=1T=10,A, =A, =A; =4, =As = A, =
Ag =Ag =1,and As = A, = 0. Then

|
wla

(¢2(5_ ) \2(5+45)) B

2

s
+%(27—2\/§).

Example 3. Let B;(x) be of period one such that % (x) =

xl/zsin(ﬂx) for0 < x < l.Leta = 1/2,n = 2, T = 8,

A =A;=A; =1, =1,and A, = A, = Ay = 0. By applying
Theorem 10, we obtain
< [ Fs(+/4j+2) Fs(\4j—-2
(s( ]+ )_ s (V4) )>)‘j=g(\/§

i+ @j-1)”

where F.(z) is the Fresnel cosine integral and |F, is the
hypergeometric function defined by

I'(a+k)
T'(a)

X k
le(a;b,c;z):Z (@), =

= (B)x (O K (@) =

(47)
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