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We consider the Dirichlet initial boundary value problem atu'"“" —div(|Vul?® V) = a(x, £)ul™?, where the exponents p(x,t) >
1, g(x,t) > 0, and m(x) > 0 are given functions. We assume that a(x, t) is a bounded function. The aim of this paper is to deal with
some qualitative properties of the solutions. Firstly, we prove that if ess sup p(x, ) —1 < essinf m(x), then any weak solution will be
extinct in finite time when the initial data is small enough. Otherwise, when ess sup m(x) < essinf p(x,t)—1, we get the positivity of
solutions for large . In the second part, we investigate the property of propagation from the initial data. For this purpose, we give a
precise estimation of the support of the solution under the conditions that ess sup m(x) < essinf p(x,t)—1and either q(x,t) = m(x)
or a(x,t) < 0 a.e. Finally, we give a uniform localization of the support of solutions for all f > 0, in the case where a(x,t) < a, < 0
a.e. and esssup q(x,t) < essinf p(x,t) — 1.

1. Introduction

This paper is devoted to studying qualitative properties
of nonnegative weak solutions for the following doubly
nonlinear parabolic problem with variable exponents

w = At = a6 t) [ul ™y in Q= Qx(0,T),
Piu=0 on 0Q x (0,T), )
b (x,u(x,0)) = b(x,u,(x)) in Q,

where Q is a bounded domain of RY, N > 1, with
smooth boundary 0Q, b(x,u) = lu|™™®~1y and A peptt is

defined as
A ppu = div (|V1/t|p(x’t)_2 Vu) . (2)

The exponents p, g, m and the coefficient a are given
measurable functions. It will be assumed throughout the
paper that these functions satisfy some specific conditions.

Problems of this form appear in various applications; for
instance in models for gas or fluid flow in porous media
([1, 2]) and for the spread of certain biological populations
([3]). Our motivation to study problem 9 with variable
exponents is the fact that it is considered as a model of
an important class of non-Newtonian fluids which are well
known as electrorheological fluids, see ([4]). It appears also
as a model in image restoration ([5]) and in elasticity ([6]).
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It is well known that solutions of problems such as &
exhibit various qualitative properties, which reflect natural
phenomena, according to certain conditions on p(x,t),
q(x,t), m(x), a(x,t), and u,, (see for example [7-13] and the
references therein). Among the phenomena that interest us
in this work is the finite speed of propagation, which means
that if p, > 0 is such that supp(u,) < B(xy, py), then
supp(u(x,t)) < B(xy, p(t)), for any t € (0,T), where p(t)
is a positive function which depends on p,, (i.e., solutions
with compact support). This property has various physical
meanings; for instance, in the study of turbulent filtration of
gas through porous media, a solution with compact support
means that gas will remain confined to a bounded region of
space, (see [14]).

The phenomenon of finite speed of propagation was
investigated by Kalashnikov in [15]. He considered, for N = 1,
the equation 0b(u)/dt — Au = 0 in R X (0,00) and, under
specific conditions, proved that if the initial condition u,
has a compact support, then the condition J0+(1 /b(s))ds <
+00 is necessary and sufficient for solutions to have compact
support. This result was extended by Diaz for N > 1, in
[16]. Later, in [17] Diaz and Hernandez considered the doubly
nonlinear problem with absorption term 0b(u)/0t — A pUt
[u]97 ' = 0, in RY x (0, 00), where b(u1) = |u|™ 'u. Under the
assumption that u, has a compact supportand 0 < g < p—1,
they proved that any solution has a compact support for all
t > 0. This result was obtained by the construction of a local
uniform super-solution. Let us recall that the finite speed of
propagation phenomenon has been studied by many authors
in the last decades, (see [18-21]).

Besides, extinction and nonextinction are also important
properties for solutions of evolution equations that have
attracted many authors in the last few decades. Most of
them focused on equations with constant exponents of
nonlinearity, (see [22-26]). For example, Hong et al., dealt
in [27] with the homogeneous equation v, — A ju™ = 0, in
Q x (0,00), where p > 1 and m > 0. They proved that the
condition 1 < p < 1+ 1/m is necessary and sufficient for
extinction to occur. Moreover, Zhou and Mu ([28]) studied
the extinction behavior of weak solutions for the equation
with source term u,—A ,u”" = Auf,in QA% (0, c0), where p > 1,
m,q,A > 0and m(p — 1) < 1. They proved that g = m(p — 1)
is a critical extinction exponent.

Otherwise, it is worth noting that problem 2 has been
treated by Antontsev and Shamarev in several papers. In
[29, 30], they proved the existence of weak and strong
solutions. Moreover, under certain regularity hypotheses on
m(x), p(x,t), and under the sign condition a(x,t) < 0
a.e, they studied properties of finite speed of propagation
and extinction in finite time in [9, 10]. Their results were
established by using the local energy method. Here, we shall
use the so-called method of sub- and supersolutions to extend
some of the results in [9, 10]. To the best of our knowledge,
there are few results concerning the study of qualitative
properties for parabolic equations with variable exponents by
using this method. Furthermore, we shall also extend to the
parabolic case some of the results by Zhang et al. in [31], where
radial sub- and supersolutions for some elliptic problems with
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variable exponents are constructed, and some of the results by
Chung and Park in [22] and by Yuan et al. in [27], to variable
exponents case. In fact, we shall exploit their arguments
in our parabolic problem setting with less conditions on
the exponents p(x,t), q(x,t), and m(x) and the coeflicient
a(x,t).

The present paper is organized as follows. In Section 2,
we introduce some basic facts about the variable exponents
spaces. In Section 3, we give assumptions and general def-
initions; then, we establish a comparison principle which
ensures the uniqueness of solutions. In Section 4, we inves-
tigate the extinction and nonextinction properties for the
solution of 2. Finally in Section 5, we study the property of
finite speed of propagation.

2. Preliminaries

In this section we give some elementary results for the
generalized Lebesgue spaces LF*)(Q)) and Sobolev spaces
WhPE(Q), where Q is a bounded set of RY (N > 1) with
smooth boundary. For more details, see ([11, 32, 33]).

C.(Q)={p:a—[p.p']

©)
C (1,00); p is a continous function} ,
where
p" =supp (x),
x€Q)
(4)
p =inf p(x).
x€Q

For any p(x) € C,(Q), we introduce the variable exponent
Lebesgue space as follows:

(@) = {u: 0
—> R, u is a measurable function, J-Q lu (x)|P ) dx (5)
<oo].
endowed with the Luxemburg norm

u(x)

px)
ol 00 = inf {A > o,j dx < 1} )
Q

Proposition 1 (see [11, 32, 33]).

(i) The space L¥ ©(Q)isa separable and reflexive Banach
space, and its conjugate space is L1¥(Q), where
1/p(x) + 1/q(x) = 1. Moreover, for any u € LY (Q)
and v € L19(Q), we have

1 1
uvdx‘s<—+—) u v . 7
N ot JwalMiar O
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(ii) Let p,, p, € C,(Q) be given such that p,(x) < p,(x)
for any x € Q then LP**)(Q) is continuously embedded
into L™ (Q).

Proposition 2 (see [11, 32, 33]). Let
p(u) = J P dx, Vue LY (Q). (8)
Q

Then, we have

@ lullpy,0 < 1= 1>1) & p(u) < 1(= 1;> 1)

(%),

I +

. . P P
(i) min (el o0 Il o) < pa) < max (Jull, o

P
ol )

(i)l o — 0 < pa) — Olul,pwa —
00 & p(u) — oo.

Now, we define the variable Sobolev space WP (Q) as
follows:

WP Q) = {u e LFY () [VulfY e L' (@)}, (9)
endowed with the norm
Il @y = Nl o0 + 1Vl pi - (10)

We say that p € C, (Q) satisfies the log-Holder condition in
Qif
Vx, y € Q,
|x—y| <1, (11)

lpx) - p(y)] < w(|x -y,

where w satisfies

lim sup w (7) In (%) < 00. (12)

T—0"

Proposition 3 (see [11, 32, 33]).

1) WP (Q) isa separable and reflexive Banach space.

(ii) If p(x) satisfies the log-Holder condition (11), then the
space C*°(Q) is dense in WEPX)(Q). Moreover, we can
define the Sobolev space with zero boundary values,
WOI’P(x)(Q) as the completion of Cy°(Q), with respect
to the norm ||. [lyy1.pe0 (-

Next, let m(x) > 0 and p(x,t) > 1 be given functions.
For T > 0 fixed, we denote Q = Q x (0,T). Let m € c’(Q),
we assume that p(x,t) € C,(Qy) satisfies the following log-
Holder condition in Qr,

Y(x,1),(y.7) € Qp,

such that |(x,1) - (5, 7)| = \llx—y|2 +t-1]* <1,

(13)

3
we have
lp (e, t) = p (. 7)| < w(|(x,) = (3,7)]» (14)
where w satisfies
. 1
lim sup w (7) In (;) < 00. (15)

T—0"
For every fixed t € [0, T'], we introduce the following Banach.

Vv (Q)

(16)
= {u e L") n Wy (Q) : [Vul € PV ()}

endowed with the norm

lully, ) = Il 1,0 + 1VUll g0 - (17)

We denote by W(Qy) the following Banach space,
W (Qr) = {u e L™ (Qy) « [VulP™)
(18)
eL'(Qp), u(,t) eV, (Qae t € (0,7},

endowed with the norm

lullwiay = llmernar + 1VUllpn.q; - (19)

We denote by W'(QT) the dual of W(Qy).

3. Assumptions and Results

Throughout this paper we assume that the coefficients and the
exponents of nonlinearity satisfy the following conditions,

there exist positive constants pi, qt,
m* and a; such that, for any (x,t) in Qg

1<p <pt)<ph,

(20)
0<q <q(xt)<q,
0<m <m(x)<m,
la(x,t)| < ay,
and the initial data v, satisfies
Uy € L (Q), uy=0ae. in Q. (1)

Now, let us state the definition of weak solutions for the
problem 2.

Definition 4. We say that u(x, t) is a super-(sub)solution of &
on Qy if
(1) u € L°(Qr) NW(Qy) and (3/0t)b(x, u) € W' (Qr).
(2) for every nonnegative test function ¢ € W(Qy) and
(0/ot)p € W’(QT), we have
J </>ib (%, 1) + |VulPD2 vy Ve dx di
Qr ot
(22)
> (<) J a (x, 1) [ul2=0 u¢ dx dt.
Qr



(3) b(x,u(.,0)) = (L)b(x,uy) ae. in Q, and u > (<)
0 on 0Q x (0, 7).

A function u is a weak solution of & if it is simultaneously a
supersolution and a subsolution.

The following result concerning the local existence of
weak solutions of problem & is established in [29].

Theorem 5. Let m € C°(Q), p(x,t) satisfies the log-Holder
condition in Qp (14), and let conditions (20) and (21) be
fulfilled. Moreover, we assume that

()

and the exponents m, p satisfy one of the following conditions

eLF (Q), with some > 1, (23)

(1) p is independent of t, and m(x) > 0 in Q,
) p(x,t) > 1, m(x) > 1, and [V(1/m(x))| € LPZ)(Qy),
(3) p(x,t) > 1, m(x) > 0, |V(1/m(x))| € LP*D(Qy), and

1>

+m(x) in Q. (24)

p(x1)

Then, the problem P has at least one nonnegative weak solu-
tion in Qp+, with

T* =sup {0 : u(H)lgn < 00, Vt € (0,0)}.  (25)

Moreover, for small T the solution satisfies the estimate

At

letll o0 < ||u0||00’9e , telo,T]. (26)

with a constant A depending only on the data.

The following comparison principle is essential to prove
uniqueness and qualitative properties of nonnegative solu-
tions.

Proposition 6. Let u (respectively v) be a subsolution (respec-
tively supersolution) of P, with the initial datum u, (respec-
tively v,), satisfying (21). We assume that (0/0t)b(x,u),
(0/0t)b(x,v) € LI(QT), and that conditions (20) are fulfilled.
Ifeither a(x,t) < 0 a.e. in Qp, orm" < q~, then we haveu < v
a.e. in Qr.

Remark 7. Note that the comparison principle is true for weak
solutions u with (9/0t)b(x, u) € LI(QT) NW'(Qy) and recall
that in the papers [29, 30], the authors gave some conditions
on the data of problem 2 in order to ensure that this class of
solutions is nonempty.

Proof. We consider the test function ¢, = sign, (11— v), where

1, ifs>y,

sign, ()= 12, if |s| <7, (27)
n
0, ifs<-g
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and # > 0 is small. It is easy to see that

qbn (s) — sign* (s) asn—0, (28)
where sign,(s) = 1,if s > 0, and sign,(s) = 0, if s < 0.
Moreover, we claim that for all u,v € W(Q,) the function

(pr](u —v) € W(Qyp). Indeed, we observe that for all s € R,
I(/)r](s)l < 1. Then, by Proposition 2

[0 @ =9, 010, <€D (29)
On the other hand, we have

Vo, (u—v) PED e dt
LGSR
T

0

T
= J J |Vg[>,7 (u— v)|p(x’t) dxdt
{lu—vl<n}

0

T
+ J J |ng,1 (u-— v)'p(x't) dxdt
{u—v>n}

(30)
T plxt)
+ |ng,1 (u - v)| dxdt
0 J{u—v<—y}
_ JT | F P e
0 J{lu-vi<n} n
<C(n) <J [Vul P& 4 |Vu|P(x’t)) dx < 0.
Qr
Hence, from Proposition 2 we get
[V, -] peengr <O (D

Therefore, combining (29) and (31) we deduce the claim. On
the other hand, from Definition 4, we obtain

5}
'[QT 3 (b (x,u) —b(x,v)) (/),]dx dt
+ J (1Y Vo — |9y PED2 vy) Vg, dxdt - (32)
Qr
< J. a(x,t) (|u|q(x’t)_1 u — |y v) ¢,dxdt.
Qr
Due to a monotonicity argument, we have
J (|Vu|‘l’(x’t)_2 Vu — |Vy|PD 2 Vv) V$,dxdt >0, (33)
Qr

then

d
J.QT 3 b (x,u) —b(x,v)) qbndx dt
(34)
< J a(x,t) (|u|q(’c’t)_1 u — |y v) ¢, dxdt.

T
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By Lebesgue’s dominated convergence theorem, we have

n—0

lim JQT % b (x,u) —b(x,v)) ¢r,dx dt
(35)
= J 2 b, u)-b(x,v), dxdt.
Qr ot

Now, we can write

J a(x,t) (Iulq(x’t)_1 u — |y v) ¢, dx dt

Qr

= JQT a(x,t)

. Jl % (|su +(1 =)y 17 (su 4+ (1 - s) v)) (36)
0
1

-(/),]dsdxdtzj a(x,t)J q(x,t)

Qr 0

. (|su +(1—s) v A=y - v)) ¢,dsdx dt.

1

5
Then, from (34) and (35), by letting # — 0, we obtain
0
J — (b(x,u)-b(x,v),dxdt < J a(x,t)
Q Ot Qr
1
. J q(x,t)|su+(1-5s) v|q(x’t)_1 (37)
0
(u—-v), dsdxdt.
Hence, if a(x, t) < 0 a.e. in Qy, it follows that
d
J — (b(x,u) - b(x,v)),dxdt <0. (38)
Qr ot

Then, by Gronwall’s lemma we deduce the desired result.
Now, we continue the proof without any sign condition on
a(x,t). From (37), by using m* < q~ and the Lebesgue’s
dominated convergence theorem it follows that

J % (b(x,u) -b(x,v), dxdt <ayq" J J lsu + (1 — ) |70 gy 4 (1= ) v @ (u = v), dsdx dt
Qr

Qr JO

T

~ 1
< J (o, + Mg, )™ H Isu+ (1— ) V" @ (u - v)+ds] dx dt
Q

0

1
< Clim J J s+ (1= s) "™ (- v) ¢,ds dx dt (39)
Qr

n—0 0

1
<Clim | ——| [
n—0Jo, m(x) Jo

9 lsu+ (1= s) ™ (su+(1-3s)v) ds] ¢, dxdt

< E_ J b (x,u) —b(x,v)), dxdt,
m-Jor

where C is depending on the supnorms of « and v. Hence we
deduce from Gronwall’s lemma that

J b (x,u)-b(x,v), dx
? (40)
<e J (b (x,u(x,0)) = b (x, v (x,0))), dx,
Q

which allows us to conclude the result. O

Definition 8. We call u(x, t) a strong solution of &, if u is a
weak solution and satisfies

0 1
ab(x, u) € L' (Qp). (41)

4. Finite Time Extinction and Nonextinction

This section is devoted to studying extinction and positivity
properties for nonnegative solutions of problem &, without

any sign condition on the coefficient a(x,t), and according
to the ranges of p(x,t), q(x,t), and m(x). The proof of the
results is based on the construction of suitable sub- and
supersolutions and on the use of the preceding comparison
principle given in Proposition 6.

4.1. Finite Time Extinction. We state and prove our main
extinction result.

Theorem 9. Let u be a strong solution of . Assume that m* <
q,p"-1<m, supQTIVp(x, Bl < oo and |uglls, is small
enough. Then, there exists a finite time T, such that for all t >
T,

u(x,t) =0, ae x€Q. (42)
Proof. We consider the following function

v(x,t)=k(T1—t)i1n(l+x1+---+xn) (43)



6
where
I= su x|+ x|+ 2,
Wil bl (44)
Juolle, )"
h (kln(Z) ’ (45)
and
U 16
- m- — p+ + 1’ ( )

where k > 0 will be specified later. Our goal is to prove that v
is a supersolution of & and by comparison principle, we can
thus deduce the result. Firstly, we shall show that

veL” (Qp) NW(Qp),

a mix
T @ ew' (Qp), (47)

VT > 0.
Forall x € Qand t > 0, we have
k(T, = t)* In(l+x; +-+-+x,) <kT{In(2]) < 0o, (48)

and

k(T, -t)*NY* KT*N'/?
[Vul = (T -1) < L < 00, (49)
I+x + - +x, 2

which implies that v € L*(Q;) N W(Qy). Moreover, we have

9~ _am () (kIn (4%, +-+ +x,))"
ot (50)
(T _ t)ocm(x) 1’
then
‘ agvm(x)
‘ (51)
< am'kK™ max {TI“M_I, Tf‘mi_l} (In D)™,
and hence (3/9t)v™™ ¢ L®(Qp). Due to the embedding
0 !
L2 (Qr) = (L' (Qr)) = W' (Qr), (52)
we get that (3/0t)v™™ € W'(Qp).
On the other hand, it is clear that v(x, 0) > |lull, > uy(x),

fora.e. x € Q, and v(x,t) > 0, for all x € 0Q), t > 0. Next, we
prove that

0
Evm(x) A vz alnt) VIO in Q. (53)

Since |a(x, t)| < ay, it suffices to prove that

0 m(x) A

5" T BpanYZa V%, in Qp. (54)
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By simple calculations, we obtain
A A2 e
pen? = Niz2 I+x + - +x,

X |: (P(x’f)_l)N

I+x, 4+ +x,

S, op k(Tl—t)le/2
_Z_ln A NS S

~ 0x; [+x++x,
1 (RNt
TN\ T4 x 4+ x,

[Heeuy SUBLAN

I+x,+ - +x, I+x 4+ +x

—sup Vo

R
= )P(x,t)

-

(I+x; 4+ +x,
- sup vk (r,)’]
Qr

(k (1, - o))" N2

- |07

(I+x; 4+ +x,

gl
We set
e o]l
S=(p = 1) - sup [Vl 170 (56)

IfsupQT|Vp| = 0,thenS = p~ -1 > 0. Otherwise, since [[t1|l s,
is small enough, then we can assume that [ull,, < (p~ -
1) ln(2)/supQT|Vp|, to deduce that S > 0.

Now, we are looking for conditions on k to get (54).

Thanks to (50) and (55), it is sufficient to have

#x,)" (1, - )

am (x) (kIn (I +x; + -+ .

) (57)
>a, (k(T, - t){In(1+x, + --+x,,))qx’ ,
and
(k{12  o
) S > 2am (x)
(L+x, +--+x,)0" (58)

. (k In (l +xX, + xn))"‘(x) (Tl _ t)im(x)—l

As [lugll, is small enough, we can assume also that [|u|l., <
kIn(2). Then it yields T} < 1, which implies that (T} —¢), < 1.
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Sincea = 1/(m™ — p* + 1)and g~ > m", thus (57) and (58)
reduce to

(T, - t)im(x)_1 (txm (x) (kln (I +2x; +-+-+ xn))m(x)

(59)
—a (kln (l x4+ xn))q(x,t)) >0,
and
_ ppen-1) kPD-1 N P0/2
(Tl t)+ oD S
(l+x1 +...+xn) N
(60)
—2am (x) (kIn (1 +x, +- -+ xn))"“x)) -
which are satisfied if
JaCot-mx) am” (In(2))" o
a, (In (2))T
and
KMO-plot)+l SN? /2 )

" 2amt 2P (In (2)™

By setting E = SN? 2/2am*(21)’ (In(2]))" and F =
ocm_(ln(Z))m+ /oy (ln(21))q+, we can choose k such that

k = min {(E)l/(mi_l’*“) (E)l/(m+—p’+1) (F)l/(q*_"p)
(63)
(E a0}

Therefore, we get the desired result. O

Next, we will mention an extinction result where there is
no condition between the ranges of p(x,t) and m(x).

Proposition 10. Let u be a strong solution of P. Assume that
m~ > q" and a(x,t) < —¢c < 0, supQTIVp(x, t)] < oo and
lulloo is small enough. Then, there exists a finite time T, such

that for allt > T,
u(x,t)=0, ae xe€Q. (64)

Proof. We consider the same supersolution v(x, ) as in the
proof of Theorem 9 but we choose here k = 1, which means

viot)= (T, - ) In(l+x +- +x,) (65)

where
= ( sup  {|xy| + -+ x|} + 2 (66)

[ alleg \ 6
n=(hs) 7
and
B 1

o= e (68)

We have already shown in Theorem 9 that —A (. ;v > 0. We
claim that

%vm(x) > a (x, 1) ul™, (69)

by using the same lines as in the proof of Theorem 9. Since
cfr < m~, it is therefore sufficient to have

(Tl — t)otq(x,t) (C (ln (l Fx et xn))q(x,t)

+

(70)
—am(x)(In(l+x, +---+ xn))"‘(")) 50,
which is satisfied if we choose
+ mt
L a2 o

(In )T

Consequently, by the comparison principle we deduce the
extinction of solution in finite time. O

4.2. Nonextinction of Solutions. The following theorem deals
with the positivity of weak solutions.

Theorem 11. Let u be a strong solution of P and u, not
identically zero. Assume that m* < q , m" < p -1, and
supQTlv p(x,t)| < co. Then, there exists a finite time T, such
that forallt > T,
u(x,t) >0, ae xe€Q. (72)
The method of proof is inspired from [27], where the
constant exponents case is treated. However, some difficulties
arise in the construction of subsolutions due to the fact that
the exponents are variable. The proof of this theorem is
divided into two lemmas. In the first lemma, we show by using
a comparison function that the support of weak solution is
nondecreasing with respect to time. In the second lemma, we
show that the solution is positive locally in Q; then, by a finite
covering argument, we deduce the result.

Lemma 12. Let u be a strong solution of . Assume that m* <
q~ and the initial condition u,, is nontrivial. Then

suppu (.,s) C suppu(.,t), (73)
forall0 <s <t

The proof of Lemma 12 follows the same lines as that
of lemma 4.2 in [22], where the constant exponents case is
studied. For completeness, we shall give it here.

Proof. The argument used here is based on a comparison
function with which we show that the support of solution is
increasing. For that we consider w an arbitrary set which is
a nonzero measure subset of () such that inf, . u, # 0. We
divide the proof in two cases, firstly we treat the case where



m~ > 1 and then the case where m™ < 1.If m~ > 1, we
consider the following function:

vy (x, 1)
. 1/(m*-q7)
_ (5”‘ 14 (q_—m+)a1t) ! , in wx (0,00), (74)
0 on dw X (0;00),

where 8 = min{inf ., 1, 1}. It is clear that v, € L®(Qp) N
W(Qr), and it is easy to verify that

@) oW Q). 09

On the other hand, by direct calculations we get

&VT = —am"VT. (76)
Hence
w10V -
m' -1 1 q
% — =g, (77)
1 at 171

Since m(x) > 1 and v,(x,t) < 1 for all x € w, t > 0, it follows
that

0 m(x) —A

ot 'L plenV1 — a(x.1) v <o,

(78)
xX€w, t>0.

Moreover, from the definition of v;, we have v,(x,0) < u,
almost everywhere in w, and v,(x,t) = 0 for all, x € Ow,
t > 0. Thus, by comparison principle we conclude that for
any arbitrary w where inf ., 1, > 0, the weak solution of &
satisfies

u(x,t) >0 a.e x€w, and all £ > 0; (79)
and the result follows in this case.

If m* < 1, we consider the following function:

v, (x,1)
- 1/(m*—q)
<8m+’qi + walt> , in w x (0,00) (80)
- m
0, on dw X (0; 00)
where § = minf{inf, ., u,, 1}. By the same argument used

previously we obtain that v, € L*(Qp) N W(Qy), and

(0/ot)v, ) ¢ W'(Qr). Moreover, by direct calculations we
get

o
0 i+ am W (81)

S
ot 2 m-

since m" < 1and v,(x,t) < 1 forall x € w, ¢t > 0. Hence

d
&vz( D 4 a I <o, (82)
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Therefore, we have

0 m(x) q(x.t)
=V, —A,pva—alat)vy, T <0,
ot P (83)

xX€w, t>0.

Thus, by the same argument used previously we deduce our
result. O

Lemma13. Under the same assumptions of Theorem 11, let the
initial condition satisfies inf cp (.. Uy # 0, for some 0 < r <
R < 1/2. Then, there exists T,, > 0, such that for anyt > T,

u(x,t) >0, ae x€Bp(xy), (84)
where Bp(x,) = {x € Q: |x — x,| < R}

Proof. We consider the following function:

v (x,t) = krS M () HP V7 (x,1), (85)
where
/(-1
H(x,t) = 1_(|xl/;xol) i
§E @) . (86)
S(t) = rM* + AakPr't, 0<t< Ty,
and
RN _ e
r,-X-r" (87)
P okPry

where k and « are positive constants small and large enough,
respectively, y is a positive constant such that

p -
pr-1
and A, y, 3 are positive constants and will be determined later.
By direct calculations, we get

m'), (88)

Y=

vyl = krp R OF ; S O

_ (89)
(=l )
Si/A (t) >
and
%wm(x) - -m (X) o_“kﬁ+m(x)ry+m(x)s—zxm(x)//\—l (t)
CHTOTDI 0y 4 () 2
. kﬁ+m(x)ry+m(x)s—zxm(x)//\—l (t) (90)

L g -D/y)- (x £)

|x _x0| p/(p-1)
' ( SUX (1) ) '
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We can see easily that H(x,t) < 1 a.e. in Bg(x,) X (O,TP).
Then, by using (88) we obtain

yel® (BR (%) x (0, Tp))

NW (Bg (x,) x (0,T,)),

(o1

and

g m(x) 00
AR L (BR (x0) x (O,Tp)) o)

— W' (Bg (x0) x (0,T,)).

Moreover, from the definition of ¥ we have

v (x,0) = kHY "7 (x,0) < k < uy (x)
(93)
a.e. x € Bg(x,).

Since for all ¢ € [0, T,],
s (1) < 8" (1,) = R, (94)

then H(x,t) = 0 on 0Bg(x,) x [0, TP], which implies that
y(x,t) = 0 on 0Bg(x,) x [0, TP]. Now, let us show that

0 m(x)

5V Ay ¥ —a (1) yi™) <o,

(95)
in By (x) X (0, TP)'

To do so, it suffices to show that

0 m(x)

(x,t)
5V T By ray™ <0,

(96)
in By (x) % (O,Tp).

Using (89), we obtain by simple calculations

(N_HM)
p -1

|lep(x,t)—l

+ vy n (|9y)
' iap (x,8) X; = X,

0x;  |x— x|

o plut-1
Z 7 (97)

.<P“y—1 _ 1)(;’:1)1{‘ (x,1)

. <|x—x0| )Mp_l) (p(x,t) - 1)
Su/A (t) Su/A (t) :
WesetC, = (N-1+(p"-1)/(p”-1),u= supQTPIVp(x, B,
and

G (X, t) -m (X) o_“kﬁ+m(x)ry+m(x)s—zxm(x)//\—l (t)
(98)
CHPOG@TD (o gy

To get (96), by (90) and (97) it suffices to have

P— |x _ xOl )P/(P—l) »
G(x, -3 H' (x,
oo (a Y ( SUA(t) et (99)

>0,

ey
o) 23—l [is—«m)m o

|x - x0| y
100
Ix X l 1/(p~-1) plx,t)-1 (100)
Cg(pT-D/y-1 _x,
' ! ( SUA (1) ) ,
_ -
G(x,t) 2 3a, [krs—rx/A () HP DY (, t)]q ¢ o
and
14 Sl//\ (t) g
/(p~=1) )
|x - xol )1 A
| T ®  (102)
( Sl//\ (f) u :
1/(p~-1)
o gy (B
' - t)( SUX (2) )

Now, our goal is to choose the constants y, A, and f in order
to verify each of the inequalities above. Firstly, let us show the
inequality (99). Since « is large enough and R < 1/2, we have

In (27" -D/P"R)’
from which we get
1 (Pi—l)/Pi R lx — xol
(E) > m > Sl//\(())' (104)
Then, it yields
|x— x | p/(p -1
H(x,t)z( - 0) ’
SUA (1) (105)
in By (x) % (O,TP).
Therefore, we have
e NP /D) -
“_P_<|951Axo|) H_l(x,t)z_’xx—p—
y \SYA (@) Y (106)

>0,
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50 (99) is satisfied. Next, to get (100) and (101), we use the fact
that s(t) < 1and H(x,t) < la.e.in By(x,)x (0, TP). By setting

-1
V:min{§+_1(p__l—m+),q__m+})
B=min{p -1-m",q —-m"}

» (107)
A=max{<<o¢+ = )(p+—1)—ocm_>,
p -1
alq - m)}.
and using « large enough, so that

« > max {Z 3C1_, 3—6_11]» , (108)

om~ mo

where

s |(5)(5) )

we obtain the inequalities (100) and (101). Finally, to get the
inequality (102), it suffices to have

(5

which reduces to

1) s (0) > ,uker_, (110)

(Eq)zys (111)

Since k is small enough, the last inequality holds, which
means that the inequality (102) is satisfied and allows us
to deduce inequality (96). Then, we obtain by comparison
principle, for each t € [0, Tp],

K(T)e™ V2 (c(t) + k (R

u(r,t) =
0)
where r = |x|,
___ P
p—1-m* (115)
M = max{l’ Iuolloo} >
a
A= —
(m_)2 (116)
M\ M(p*—1-m
)= — prolmmie) 117
«0=(g@m) ° w7
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u(x,t)2y(x,t) ae x€Bg(xg). (112)

Therefore, the result follows from Lemma 12. O

Proof of Theorem 11. The proof is similar to that of Theorem
1.2, in [27], and we omit the details here. O

5. Finite Speed of Propagation Property

In this section we shall give precise estimates for the of
support of the solution of %, depending on the size of
the support of u,. Let us emphasize that each estimation is
obtained under a sign condition on a(x,t) and depending
on the range of the exponents p(x,t), q(x,t), and m(x).
As in [21], the proof is based on the construction of local
supersolutions and on the use of the comparison principle.

Concerning the construction of supersolutions, we shall
proceed as in [31].

Note that under some conditions on the data, if a(x, t) is
positive, then the solutions will blow up in finite time (see
[10]). For that it requires to construct a supersolution defined
locally in time, which means in (0,T) for any T < T*, where
T* is the maximal existence time. We denote QO = QN
B(0, R).

Theorem 14. Let u be a strong solution of P. Let 0 < R < +00
be such that supp uy C Qg. We assumem™ < p~ — 1, q(x,t) =
m(x), and supQT|Vp(x, t)| < co. Then, for anyt € (0,T), there
exists a unique compactly supported solution of P such that

suppu(t,.) C {x €eQ: x| < p(t)} , (113)
where p(t) will be specified in the proof below.

Proof. The idea of the proof is to construct a suitable super-
solution % with compact support which is not necessarily
defined in the whole Q. Then, by the comparison principle,
we deduce directly that {(x,?) € Qp : u = 0} C {(x,t) € Qp:
u = 0}, and the result follows. For all t € (0,T), we define
u(x, t) as follows

-r))%, RSr<R+ﬂ =p(t)
(@ k (114)
TZR‘?‘T
and
K (T)

p*1-m)  (118)

>

m—)Le—(m’+1)/\T(p+—l—m’)

(k(@-1)(p* - 1)+ 1)kt tap'!

with sufficiently small € > 0.
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Firstly, we denote Q? = (Q\ Qg) x (0, 7). It is clear that
HeC! (Qﬁ) and by direct calculations, we have

i—m(x

e =(m" +1)m(x))tu )+ am (x)

] (K (T) e(m*+1)/u)’"(") (119)

(c(®) +k(R—=r) O (@)
Thus, it follows that

0 —m(x)

T L®(Q7) c W' (Q7). (120)
Moreover, from the definition of % we have
U (R,0) =M = |lu|, = uy. (121)
Next, we will show that
9 _m(x) m(x) R
&u =Dyt a(x,t)u on Q. (122)
Since |a(x, t)| < ay, it suffices to show that
oum™ . —mi®) "
Frai T T on Q. (123)

Using the hypothesis p* > m™ + 1, we have ¢'(t) > 0 for all
t € (0,T). Then, from (119) and (116) we obtain

gﬁm(x) > (m™ + 1) m(x) A"

ot (124)
mix)

—m(x)

>a,u™™ +m(x) \u

Due to the last inequality, it remains to prove that

A i+ m() A" 2 0. onQf.  (125)
We have
g—z = —akK (T) "™ ™M (c (1) + k (R - 1r))*"" l’;—| (126)
and
Vi = akK (T)e™ DM (c(t) +k(R-r)* . (127)
We set
vy () = akK (T) ™ M, (128)
Then
Ayl = (c (t) + k(R — 7))@ VP00
vy ()P0 (129)

Jk(@-1)(p(xt)-1)—h(x1)],

1
where
h(x,t)=In(c@t) +k(R-1))(c(t) +k(R-71))
(N-1)
_I)Zax Ix| |: ]
Nop x
+;a_i|x7llln (vr (t)):| (c(t) +k(R-71))

(130)

N
- nzaa—P% In((c® +k®R-r)"")

i=1 i| |

(e +kR-mN""(ct) +kR-r)"
a_px

(N-1 o x
(a—-1)+ < i + 25, >l In (vT)> (c(®)

+k(R=-m""(c(t) + k(R 1),

for all n > 3. By straightforward considerations, (bound-
edness of different functions), there exist positive constants
A, B > 1such that, forall t € (0,T) and R < r < p(t),

NI
Za| n (@) +k®-r)")
1

(e +kR-r)""(@-1)|<A
(131)

(N-1)

‘( ™ Za B vﬂm>@w
+k(R-r)"" <B.
Thus
Ih(x,t)] < (A+B)(c(t) +k(R-r) "

(132)

<((A+B) (@) +k®R-m")"
In this case we have k(r — R) < c(t), and from (118), we can
choose k small enough, so that c(t) is also small for all ¢ ¢
(0, T), whence we have

(A+B)(c(t) +k(R-1)"" <, (133)
for sufficiently small € > 0, which implies that

< (c(t) + k(R - )@ Dp-D-1

(o )

(k@-1)(plet)-1)+e").

A (xt

(134)
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Set W(x,t) = k(a — 1)(p(x,t) — 1) + €', Now, to get (125) it
suffices to have

(c () + k (R — 7))@ DECODT () 1))PED 7Ly (1 g

< (@) +kR=r)"" m(x) (135)

/\K x) (m™+1)Am(x)t

Since ¢(t) + k(R — r) is small enough then, from the value of
« and K(T'), we obtain that

(c () + k (R~ )l DpEsD=D
(136)

< (c(t) + k(R - r))*m™

>

and

- (x,t)—-1
(akk (1) e D)’ W )
(137)

<m (X) 1K (T)m(x) e(m7+1)/1m(x)t

which implies (125). Therefore we deduce the desired result.
O

Theorem 15. Let u be a strong solution of P. Let 0 < R <
+00 be such that suppu, C Q. We assume m*™ < p~ — 1,
supQT|Vp(x, t)| < 0o, and a(x,t) < 0. Then, for anyt € (0,T),
there exists a unique compactly supported solution of P such
that

suppu(t,.) C {x €eQ: x| < p(t)} , (138)
where p(t) is specified in the proof above.

Proof. We consider the same supersolution u(r, ) as in the
proof of Theorem 14 and we just need to prove that

ou"™ _ —q(x,t) R (139)
e Aypi=a (x,t)u on Qr,
where Q? = (Q\ Qg) x(0,T). Since a(x, t) < 0, it is sufficient

to prove that

o™
ot
Combining the same lines as in the previous theorem and

the comparison principle in Proposition 6, we conclude the
result. O

(140)

- R
—Apptt 20 on Q.

Finally, we state the following result on uniform localiza-
tion of the support of solution.

Theorem 16. Let u be a strong solution of P. Let 0 < R <
+00 be such that suppu, C Qp. We assume g* < p~ — 1,
supQT|Vp(x, t)| < oo, and a(x,t) < a, < 0. Then for any
t € (0,00), there exists a unique compactly supported solution
of P such that

suppu (t,.) C {x eQ: x| < Rl} (141)

where R, is positive constants determined in the proof below.

Abstract and Applied Analysis

Proof. In order to get the desired estimation of the support
of the solution, we define a suitable local supersolution
associated with the stationary problem related to . Let M =
max{|[tl e > 1} We define # as follows:

K(R,-7)* R<r<R,
u(r)= (142)
0 r >Ry,
where r = |x|, and
M (143)
(R, -R)™

where R, — R < land > 1 is a constant that will be
determined hereafter. It is easy to verify that 1 € C 1(Qéﬁ) for
any T > 0, where Q? = (Q\ Qg) x (0, T). Concerning initial
condition, we have %i(R,0) = @i(R) > M > u,. Now, let us

show that
- (at) 2 - A pepnti 2 a(x,t) TEA (x,t) € Q?' (144)
We have
557” = oK (R, - ) H (145)
and
|Vil] = aK (Rl - r)“_l . (146)
Then
A . 7= (aK)P(x,t)_l (R _ r)(a—l)(P(X,t)—l)—l
plx) ! (147)
Ta-1(plet)-1)-H(x1)],
with
H (x,t)
N op x;
=(x-1)(R,-7r)In(R, - r —_——
(R =)o (R =) ) 5003 (148)

—(Nr_1+ ap| In (Ka ))( ).

By straightforward considerations, there exists a constant A >
1 such that, for every r with R < r < R;, we have

l@-D(pxt)-1)-H(xn[ <A (149)
Hence, we get
Ap(x,t)a < A(“K)P(x’t)_l (Rl _ r)(a—l)(P(X,t)—l)—l ) (150)

Now, in order to obtain the inequality (144), we need to show
that

A penil < —a (x,1) (@ (). (151)
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To do so, we just need to get

A(K)PED (R, = p)@D(pLen-D-1

(152)
< —a, (K1Y (R, - r)aq(x’t) ,
Due to the fact that R; —r < R, — R < 1, (152) holds if
(-1 (p(x,t)-1)-1-ag(x,t) >0,
(153)
AqPEOT P01
Then, it is suffices to take
= —p_
p-1-q (154)
a, = —Aaf T'KFTIT
to complete the proof. O

Remark 17. As in [20, 21], we can assume in this section that
Qis a set of RV, not necessarily bounded.
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