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We give a scheme of approximation of the MK problem based on the symmetries of the underlying spaces. We take a Haar type
MRA constructed according to the geometry of our spaces. Thus, applying the Haar type MRA based on symmetries to the MK
problem, we obtain a sequence of transportation problem that approximates the original MK problem for each of MRA. Moreover,
the optimal solutions of each level solution converge in the weak sense to the optimal solution of original problem.

1. Introduction

The optimal transport problem was first formulated by
Monge in 1781 and concerned finding the optimal way in the
sense of minimal transportation cost of moving a pile of soil
from one site to another. This problem was given a modern
formulation in the work of Kantorovich in 1942 and so is now
known as the Monge-Kantorovich problem.

On the other hand, a big advantage over schemes of
approximation was given in the seminal article [1]; it intro-
duced approximation schemes for infinite linear program;
in particular, it showed that under suitable assumptions the
program’s optimum value can be finite-dimensional linear
programs and that, in addition, every accumulation point
of a sequence of optimal solutions for the approximating
programs is an optimal solution for the original problem.
An example given in this article is the Monge-Kantorovich
mass transfer (MK) problem on the space itself, where the
underlying space is compact.

In [2], a general method of approximation for the MK
problem is given, where X and Y are Polish spaces; however,
this method is noneasier implementation. Later, in [3], a
scheme of approximation of MK problem is provided, which
consists in giving a sequence of finite transportation problems
underlying original MK problem (the space is compact);

nevertheless, a general procedure is given, but the examples
are in a two-dimensional cube and use the dyadic partition
of the cube for approximation. Our objective is to give other
families to approximate this kind of problems, based on Haar
type multiresolution analysis (MRA). The advantage of using
this technique is that we select a multiresolution analysis that
is constructed according to the symmetries of the underlying
space. Therefore, the new schemes of approximation take a
lot of characteristics of the space into consideration. Note
that the dyadic partition of the cube is a particular case of
the MRA type Haar using translations and dilations of the
underlying space.

The MRA is an important method to approximate
functions in different context (signal processing, differential
equations, etc.). In particular, we focus on Haar type MRA
on R”; the constructions of this kind of MRA are associated
with the symmetries of the spaces; thus the approximations
are related to the geometrical properties of the space. In
this construction, the symmetries that we use are general
dilations, rotations, reflections, translations, and so forth; for
more details, see [4-6].

The main objective of this paper is giving a scheme of
approximation of the MK problem based on the symme-
tries of the underlying spaces. We take a Haar type MRA
constructed according to the geometry of our spaces. Thus,
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applying the Haar type MRA based on symmetries to the MK
problem, we obtain a sequence of transportation problems
that approximate the original MK problem for each level of
MRA. Moreover, the optimal solutions of each level solution
converge in the weak sense to the optimal solution of original
problem.

This paper is organized as follows. In Section 2, we
introduce the basic elements of the Haar type multiresolution
analysis and we give some examples of this kind of MRA.
In Section 3, we present the approximation of probability
measures using Haar type MRA. In Section 5, we apply the
Haar type multiresolution analysis to MK problem for each
level of this MRA; thus for each level, this new problem is
equivalent to transport problem. Moreover, we prove that
the optimal solution of MK problems is equal to the limit of
the optimal solutions of underlying transportation problems
when the level of the MRA goes to infinity. Finally, we give an
illustrative example of this method.

2. Haar Type Multiresolution Analysis

We introduce the basic concepts of Haar type multiresolution
analysis, following Grochenig and Madych in [4] and Guo et
al. in [5]. Similar results have been obtained independently by
Krishtal et al. to be published in [6].

Let T be alattice such that T = MZ" forany M € GL,(R).
The classical multiresolution analysis (MRA) associated with
a sequence of dilations {a’} jez = A where |deta| < 1,

is a sequence {V} ;. of closed subspaces of Z*(R™), which

satisfies the following conditions:
(i) Vi € Viy.
(i) Ujez V; = Z2(R").
(iii) M;ez V; = 0}
(iv) V; = Dy sV,

(v) There exists ¢ € V; such that {Ty(p}, y € I, is an
orthonormal basis for V.

Let B be a finite subgroup of GL ,(R) such that |detb| = 1
forallb € Band I' = B(I). The operator generator by the
dilations Dy, b € B, and the translations T), y € I form a
group. The relation

(DCTT) (DbTy) f = chTb'l‘Hyf' (1)

allows us to define the operation to B x I given by

(c.1)-(by) = (cb, b lr+ y) (2)

and we obtain a new group denoted by BI'. The BI'-invariant
spaces are the closed subspaces V of Z*(R") such that
D,T,f € V whenever f € V,b € B,and y € I'. This leads us
to the following version of (v):

(v'') There exists ¢ € V, such that {DyT,¢}, b € Band
y € T, is an orthonormal basis for V.

In consequence, we have the following concept.
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Definition 1. Let A = {a'},., be dilatation set, let B be a
finite subgroup of GL,(R) with |detb] = 1, and let T be
a complete lattice such that I' = B(T'). The multiresolution
analysis associated with the dilation set A and the group B
or AB-MRA is a collection {V};., of closed subspaces of

ZF*(R™), which satisfies conditions (i), (ii), (iii), (iv), and (v").

The classical MRA is considered as an AB-MRA when B
is the trivial group. Note that the space V; is not generated by
the T'-translations of the single scaling function ¢; however,
the relation D,T,¢ = T,,D,¢ and the conditions B(I') = T
imply that the functions D¢, with b € B, are the generators
of V. Also, we have the following set:

= {ajy:yey} (3)

Note that I/ ¢ I/*! and BIV = T.

We consider the scaling function ¢ = Ey,, where y, is
the characteristic function of A ¢ R", E € R, and |¢|, = 1.
The region A satisfies

Udu=R" (4)

a€BT

where intA, NintA, = 0 for « # & and A, is the action
of « = (b,y) on A. In addition, the symbol A’ denotes
the translation and scaling of the region A by « and a’,
respectively. Thus, the function D,;D,T,¢ = |det a| ZEXA{,
is denoted by ¢/. And so we have the following relation:

. Zip _in
¥ ol = detal P E Y gy = et P g5
«€BT a€BI

Finally, we define P/ as the orthogonal projection from
ZHR") to V; which is given by

Pif=) (fol)ol (6)

a€Bl
forall f € Z*(R").
We show some examples of the multiresolution analysis
associated with the dilation set A and the finite group B:

(1) We take a matrixa = g = (1 7!) and the group B =
{b}, 0 <i <7, of symmetries of unit square; thus,

<l 0)
by = 01)
(0 1)
b = 10)
< 1)
27 \1 o
( 1 )
} 0 1

7)

(=)

>
>
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FIGURE 2
and b, = -b,_, for 4 <i < 7. Let A, be the triangular counter-clockwise rotation by 7/3 radians. Consider
region with vertices in (0,0), (1/2,0), and (1/2,1/2); the hexagon with vertices in set

we denote A; = bA forl1 <i < 7.Ifp = 2\/5XA0,
then the system +\/_§ 0 ﬁ +§ _\/_§ +§ 9)
27 )\ 47740\ 47e))

{DyTyp:beB, k ez} (8)

Let A, be the triangle with vertices in (0, 0), (+/3/2,0),
is an orthogonal basis for its closed span V). The space and (V/3/4,3/4). We define A; = p'A, for 0 < i < 5.
V,, is the subspace of ZA(R?), consisting of all square We take ¢ = (1/4) ( 0 3¥§ ) and we define T = cZ2. The
integrable functions that are constant on each Z*- set of all functions that are constant on I'-translates of
translate of the triangles A;, 1 < i < 7. Thus, the triangles A;, 0 < i < 5, is the space V, ¢ Z*(R?).
spaces V; = DV, j € Z, consist of all functions in Moreover, the elements of T translate the center of the
Z*(R?), which are constant in each q*j 72 _translate hexagon to the point of I', and so we have a partition
of the triangles ¢ 'A;, 1 < i < 7, in consequence of R*. Letg = ( \IB ’;/3) and the function ¢ = Ex, ,
Vi C ‘{[jﬂ' Hence, {VJ‘} is an AB-MRA with ¢ as a with E = 4/~/27. The MRA {V.} is obtained by the
scaling function. J

system

Figure 1 is reproduced from Krishtal et al. (2007)

[under the Creative Commons Attribution {quDP.Ty<p 1je€Z,0<i<5, pe F} (10)
License/public domain].

(2) Let B be the group generated by the matrix p = where the spaces V; are q /-dilatation of V, for j € Z.

(1/2) ( \}g _f) This group has order of 6 and is the Figure 2 can be found in [6].



3. Approximation of Measures Using
Multiresolution Analysis

3.1. Absolutely Continuous Measures with respect to Lebesgue
Measures. We consider the following conditions:

(Al) X is a compact subset of R".

(A2) The measure y is absolutely continuous with respect
to A, where A is the Lebesgue measure.

Condition (A2) guarantees the existence of functions f €
PYX), where f is the Radon-Nikodym derivative with
respect to Lebesgue measure A.

In this analysis, we also assume the following extra
condition:

(A3) The functions f also belong in F? (Xp)-

Notice that
feZ' X)nZ*(X)c £*(RY). 1)

Let {Vj} be an AB-MRA on R"; the elements of {Vj} are
given by scaling functions ¢ = E x,, the latice T, finite group

By, and dilatation A = {a{}.

Remark 2. Note that the classical multiresolution analysis of
Haar on #*(R%)isa particular case of AB-MRA on R?, where
the complete lattice is T' = Z°, the group B is trivial, and the
dilation associated is A = {277(1,1)}. In this case, we have
that scaling function is ¢,, where A = [0,1] x [0, 1] is the
fundamental domain associated with the action of I on R?.

We denote by P; the projection from Z*(R") into V,,
which is given by

Pf= ) (fiol)¢l (12)

ae(Bl)/

for all f € Z*(R"). Moreover, if the function f has support
in X, then the above sum is finite, since X is compact.

From now on, we shall only functions with support in the
compact set X and we have LX) ¢ L*R™); that is, each
function f € Z*(X) can be considered in Z*(R"), where
f(x)=0ifx ¢ X.

We know that the AB-MRA is dense in #?(X); thus we
have that

"ij— f"2 — 0, when j — oo (13)
Using the fact that X is compact, we obtain that
[2i1 - £, < A0 Bif - A1, (1)

From the above equation, we define the approximation of
the measure to the level j by

du; = P;f d), (15)

which are measures in X for each j. Now we want to prove
that these measures are probability measures.
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Definition 3. The expectation E with respect to Lebesgue
measure A of function f is defined by

JUE 16)

where f is a Lebesgue measurable function. Also, the con-
ditional expectation of f given A, with A being a Lebesgue
measurable set, is defined by E[ f | A] = E[f - x4l

In particular, the expectation on the Lebesgue measure A
satisfies the following property.

Theorem 4. Consider that j € Z is fixed and f € ZL*(R").
Then E[P;f] = E[f], where P; is the projection of the level j
associated with AB-MRA {Vj}.

Proof. We take f € ZFHR™); now we calculate [E[P]- f1; thus

| ¥ (rebyoian

n
a€BT

Y (fol) JW ¢l dA

a€BT

E[Pf]
(17)

We have that the functions ¢/ = E;X, » Where Al is the
translation and dilation of the fundamental region A and
Ej = /X(A];x)_l/z; this value does not depend on «. From this,
we have that

J P = J Pr = E,_'l- (18)
R" Ay
Using the above equations, we have that
E[P;f] = §r<f’XAL>- (19)
ac

Moreover, using the fact that A{x n Ajﬁ = @ for a # f3,itis clear
that

E[P;f] = <f, D m> ={(fixw) =E[f].  (20)

aeBl

O

As immediate consequence of the previous theorem, we
get the following result.

Corollary 5. We suppose that the measure y on X satisfies
(A1)-(A2); then the sequences of probability measures {y’} C
M™(X) given by (15) converge to y in " and F* sense.

3.2. Non-Absolutely-Continuous Measures with respect to
Lebesgue Measure. Now, we consider that y is a probability
measure on the compact set X, which is unnecessarily
absolutely continuous measure with respect to Lebesgue
measure A. Note that each element of sequence (15) can be
written by

. A(Unal
W (U) = ZM(A{X)u

: (21)
a€BT A (A'Zx)
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for all Borel measurable sets U on X. Moreover, these
approximations are well defined for every measure y on X.

Definition 6. Let {u,;n > 0} be a sequence of probability
measures on a metric space (X, d). We say that p, converges
weakly to ¢ and denote p,—,, p if p,,(f) — u(f)asn — oo
for all bounded continuous functions f on M, where u(f) =

s f e

Theorem 7. Given a measure y on the compact set X, the
sequence of measures {’} on X defined in (21) converge weakly
to measure U.

Proof. Let f : X — R be a continuous and bounded real
function. From the fact that X is compact, we obtain that f is
absolutely continuous function on X; thus, given € > 0, there
exists 8 > 0 such that

— €
o=yl < S implies [f (- F( <5 @)
We take j, € Z such that for all x, y € A/ implies |x - y| < &

for all j > j, and & € BI'. Moreover, we know that there exist
&,,...,a, € Bl such that

Xcl| o, . (23)

In consequence, we obtain the following relations:

| orau-|  raw
uAd, uAd,

= Lgmf d _Lgmf 4’ (24)
r j
|| PRATS M i Eifidk‘

we take an element x/ € Al to obtain the following
relations:

[, rau=] el duer (xd J(al)

m

e

A (AJam)

. u(al)
A(6%,)

Therefore,

f oo f sl [ st

(81,)
(&%)

d)t‘s Lj F-f(x))du  @9)

[ 1r-rGa)]a

=

+

~

[, b sl

5
L P‘(A]lxm)e €
< mZ::1 I:E JA{,m dut )‘(A]‘xm)i JA{W dA] "2
N j “(AJ‘Xm)A j
5 | )
:eZy(A{x ):e uX)=ce€
m=1
(26)
O

4. Discretization of the Monge-Kantorovich
Problem Using Multiresolution Analysis

Let M(X x Y) be the linear space of finite signed on X x Y
and let M" (X x Y) be the set of all nonnegative measures in
M(X xY). Given y € M(X xY), we denote by IT, g and [T,
the marginal of 4 on X and Y, respectively; that is,

IMu(AxY) =7 (4A),
(27)
IL,u (X x B) =, (B)

for all sets A and B, such that v, and v, are measurable,
respectively.

The Monge-Kantorovich mass transfer problem is given
as follows:

MK: minimize (g, c) = ch‘u

subject to: IT,u =, (28)
hp =,
ueM (XxY)

A measure y € M(X xY) is said to be a feasible solution
for MK problem if it satisfies (28) and (g, c) is finite. The MK
problem is called consistent if the set of feasible solutions is
nonempty, in which case its optimal value is defined as

inf (MK)
(29)
= inf {(y,c) : p is a feasible solution for MK} .

It is said that the MK problem is solvable if there is a
feasible solution y* that attains the optimal value. In this case,
p* is called an optimal solution for the MK problem and the
value inf(MK) is written as min(MK) = (u", c).

Note that since v, and v, are probability measures,
a feasible solution for MK is also a probability measure.
Moreover, if ¢ is a continuous function on X x Y and X
and Y are compact subsets on R", then the product measure
Y = v, X v, is a feasible solution. Therefore the MK problem
is consistent, and so the MK problem is solvable in this case.

We assume the following conditions: X and Y are com-
pact subsets of R" and ¢ : XxY — R isabounded continuous
function.



Let {Vj} and {Vj'} be AB-MRA on R" with scaling
functions ¢, = E, x, and ¢, = E, x,, lattices I and I,, finite
groups B, and B,, and dilatations A, = {a{ }and A, = {ag},
respectively. We can obtain a new AB-MRA {Vj*} on R*" with
scaling functions ¢ = ¢, ¢, = E\E; x5 «a,» lattice I = 1"1 x T,,
finite group B = B; x B,, and dilatation {a1 X az} The
projections of these AB MRA to the level j are denoted by
P/, P/, and Q'.

Now we proceed to discretization of the MK- problem
usmg the results of Section 2; then we have that 4/, v] and

v} are the projections to level j of the respective AB-MRA;
thus, using these measures, we obtain the discretization of the
MK-problem in the level j, which is given by

MK’: minimize <g4j,c> = ch//tj

bject to: TIu! = v/,
subject to W= (30)
Ly =),
weM (XxY).
We shall give explicit expressions for the discretization

of the measures and the cost function associated with MK-
problem using the AB-MRA, which are given by

W= Y Wl 9l (),
(ap)e(Br);

with P‘i,;; = <[’" (P{,(x‘Pip> =20

d= Y

(aB)(BD);

¢ g Pla )92 5 ()
e
B <C’ (P{)aq)iﬁ>

with ai = <v1,(p{)“>

with ¢/
2%

j_ i J
1}1 - Z aagol,oc (X) 3

«€(BL),

Z §"2/3

ﬁE(Brz)o

, with bé = <v2,(pil3>

where ¢/ p al P and b, 4 are nonnegative real numbers. Now

we calculate (¢, c); thus
<“j, C> _ <”J"QJ'C+ (QJC)J-> _ <Qjc, ”j>, (32)

and hence, usmg the above equation and the orthonormality
of family {¢7 ,¢] g} We obtain

<.uj,6>= Z _Ci,ﬁ‘#{a,ﬁy (33)
(o, B)E(BT);
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We consider that «; is a fixed element in (Bl"l)é and we
have that A}
then we obtain

y(AJaxR"):J‘ dyj

is the region associated with o; fori = 1,...,7;

ISP
- JRZn XAjl,ai
e Y g0l ()9l () dA () dA(y)
(av,B)€BT 34)
= > | (B, ) 0 @160
(ot,B)€BT R" b Le

: le” (XIR” 'EZXAJ;,B> (y)dr(y) =

Z ‘uaﬁ

Be(BL,);
On the other hand, we have that
M (8h)= [, WA
-, Y aelaw
A i ’
Lo ae(Brl)é (35)
-y a j (B, ) 9410
wcBLY, O o ’

= a;i

From the above equations, we have that the condition
M](Ajl,oci X Rn) = le (Ajl,oc

i
Z M‘xi'ﬁ_a"‘i”

Be(BLL);

) is equivalent to

i=1,...,r. (36)

Analogously, for all the elements S, ..., 5, of (sz)é, we

have that

N —
Z Hop, _bﬁk’ k=1,...,s. (37)

«€(BL),)
Using Theorem 4, we obtain that
S .
VRN N
D M= Za w2k =1 (38)
(e B)(BI; k=1

In summary, we have that the MK’ problem given by (30)
is equivalent to the following problem:

MKD’: minimize Z ,#‘{‘ B C«iﬁ
(e B)€(B),
; . b g -
subject to: Z Mo p = O k=1,...r
Be(BL,);
Z M‘Xﬁk k k=1...s

ous(Bl“l
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Z Mi,ﬁ =

(e.p)e(BI)]

Wa20 V(ef) e D)
(39)

The problem MKD/, given the above system, has a feasible
solution, so we know that ¢ is bounded. Then we have that the
problem MKD/ has an optimal solution; for more details, see
Chapter 10 in [7].

Let y, be the optimal solution of MK problem given in
(28). We use the optimal solution , to induce a sequence of
measures y/ such that y/ = Q/p, (see Section 3.2). Let 5/ be
the optimal solution of MK’ problem given in (30).

For j € Z, we defined the following o-algebras:

:<Ajm>, Vo € BIY
J=(n)s), VBeBI] (40)
97J'=<Af 5)s V(@p)

where (A;);c; denotes the o-algebra generated by the sets A;

with i € I and the lattices BI?, BIZ, and BI” are defined as in
(3).

Definition 8. Let F' be a sub-o-algebra of #, and let X € #'
be a random variable. We say that the random variable X'
is the conditional expectatlon of X with respect to %' and
denote it by E[X | & "lifand only if
() X' e &
(i) X' is &'-measurable.
(iii) [E[X'XA] = E[Xy4], foralla € F'.

e Br/

Remark 9. Given f € ' (X, x X,), we have that
E[f17]=E[Q ()] (41)

There are analogous results for Plj and sz through the
conditional expectations of %7 and 7, respectively.

Proposition 10. Let y be a feasible solution of the MK
problem; then 1 is a feasible solution of the MK D’ -problem.

Proof. We suppose that u satisfies (28). Then we have the
following relations:

M/ (B) = p (ExR") = JE , dul

LJ Z P‘aﬁ‘Pla(X)‘Pzﬁ(J’)d(X)d( )

e(BF

J Z Haﬁ‘Pla(x)J n(Piﬁ (y)d(y)d(x)
E (e

-], T gl (®) e
E wpemn)

7
Z E, dy ‘Pj,a (x)d(x)
L (@B)e(BD)] LmXAzﬁ ' !
J. ) Xni, (x)d(x)
E ger, ﬁG[(Bl")/]a
J. T, [J.A xR" M] (E{)Z Xnl, (x)d(x)
= (B)
(42)

where [(BI‘)] = {(a,B) € (BI‘)] : «is fixed} and E a
measurable set. Similarly, we obtain that szj (E) = vé(E).
Therefore the result is as follows. O

Remark 11. If y, is an optimal solution of the MK problem,
then y/ is a feasible solution of the MKD’-problem.

Proposition 12. Given E € F}{ and F € F/Té, one has
7 (ExR") = u(ExR"),
v (B) = v (B)

. (43)
7 (R"x F) = 4 (R" x F),
V] (F) = v, (F),

where u and 1/ are feasible solutions of the MK and MK’
problems, respectively.

Proof. Let Al be a generator element of o-algebra F7. Then
M (81) = (81) = o] (81)

=My (8%) = (A x R')

u (8 x RY) = "

In above equation, we use the fact that v{ (E) = v,(E) for all
E € %/ in consequence qj(Ex[R") = u(ExR") forall E € 9/7{
Analogously, we have that #/(R" x F) = u(R" x F). O

Definition 13. Let (X, T) be a topological space, and let F
be o-algebra on X that contains the topology 7. Let . be
a collection of measures defined on &. The collection ./ is
called tight if, for any € > 0, there is a compact subset K, of
X such that, for all measures 4 € 4, |u|(X \ K,) < €, where
|| is the total variation measure of p.

Proposition 14. Consider the sequence {n}} of probability
measures, where 1. is the optimal solution of MK’ for each
j € Z. Then there exists a subsequent {5/} and a probability
measure 1, such that W — u, weakly. Moreover, the
probability measure 1, is an optimal solution of MK.

Proof. We know that X, and X, are compact sets, provided
that the measures {u} are tight for each j € Z. Now, using



Prokhorov’s Theorem (for details, see Chapter 1in [8]), there
exists a subsequence {/"} of {¢/ } and a probability measure

1, such that y/» — 5, weakly.
Notice that p/» is an optimal solution of MK/"; thus, we
obtain
Il = V{"’
(45)

Ll =)

Using the Theorem, we have that IT, y/ — v, and T ul» — v,
weakly. From this fact, it is clear that #, is a feasible solution
of MK.

Now, we consider y, as the optimal solution of MK. from
Proposition 10, we have that yi/ is feasible solution of MK/, It
follows that

<r]f;,c> < <y1,c> ; (46)
taking the limit when j — oo, we have
(Har€) < (pharc) - (47)
On the other hand, #, is a feasible solution of MK; then
(tsr) < (M.€) (48)
which completes the proof of the theorem. O

5. An Illustrative Example of This Method

In this section, we present an example of the ideas presented
in the previous section. Let C be the square with vertices in

the points
(b3
22 22

and let H be a hexagon with vertices being in set

(LSS
2 4 4 4 4

We consider the function ¢ : Cx H — R defined by ¢(x, y) =
lx — y||2. We claim to solve the following problem:

(. ¢)

Mp=21,

MK minimize:

subject to:
(51)
Lu =2,

peM (XxY)

where A, and A, are the normalized Lebesgue measures to C
and H, respectively; that is, A, (C) = A,(H) = 1. We consider
the following AB-MRA on Z*(R?):

1) {Vlj}, where the fundamental regionis A; = [0, 1/2] x
[0,1/2] and the scaling function @; = 2X0.1/21x[0,1/2>
the lattice is I, = Z?, the finite group B, is the trivial
group, and the dilation A, = {277(1, D}
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FIGURE 3

(2) {sz }, where the scaling function ¢, = Ex, , with A,
being the triangle with vertices in (0, 0), (+/3/2,0),
and (V/3/4,3/4) and E = 4/+/27; the lattice is I, =
CIZZ, where ¢; = (1/4) (2 3*35 ); the finite group B, is
the rotation group of a regular hexagon with vertices
in the unit circle; the scaling is given by A, = {a'},

1 —\/§>'

wherea:(\5 )

We denote by C/ and T/ the squares and the triangles asso-
ciated with level j of the multiresolution analysis presented
above. Since c is a continuous function in each pair of sets
(C/,T)), we have that C|C£},xT,{ is approximated to c(x),, y,),
where x/ and y/, are the centroids of C/, and T/, respectively.

In particular, we present a discretization of MK problem
given by (51) for the level j = 2; the graphical description of
the process of discretization is given in Figure 3 (which was
generated using Mathematica 11.1.0).

Using {Vlf } and {VZJ }in C and H, respectively, notice that
C is the union of congruent squares {C,}°*  with disjoined
interiors. Similarly, the hexagon H is the union by congruent
equilateral triangles {T2}’°,, with disjoined interiors. Note
that M(C2,) = 1/64 and M(T?2) = 1/96.

In consequence, a discrete approximation for the problem
defined in (51) is as follows:

MKD?: minimi 2 2
: minimize Z Z“xm Vi

m=1n=1

2 9
*Pn

96
1

subject to: Z/’lfn,n =% ™= 1,...,64

n=1

(52)

64
>, =L a=1...9
m=1 " 64

16 24

z Z.ufn,n = 1’ fn,n 2 0

m=1n=1

Vm=1,...,64, n=1,...,96.

The optimal solution of this linear programming problem is
4.02996. In Table 1 we present the solution for some levels.
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TABLE 1
Level Solution
MK 4.037306413676646
MK? 4.029959684992724
MK? 4.026748275774876

6. Conclusions

The application of the Haar type multiresolution analysis
(MRA) to the problem of Monge-Kantorovich allows us
to obtain a discretization scheme for this problem at each
level of the MRA; moreover, this MRA is based on the
symmetries of the underlying space. This is an advantage
because it provided us a natural method of discretization
based on the geometry. Each level of the MRA induces a
soluble finite linear programming problem. So, we obtain a
sequence of optimal solutions of these transport problems
and this sequence converges weakly to the optimal solution
of the original problem.
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