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For each x, € [0,27) and k € N, we obtain some existence theorems of periodic solutions to the two-point boundary value
problem u” (x) + Ku(x - %) + g(x, u(x — x,)) = h(x) in (0, 2) with u(0) — u(2m) = u'(0) — ' (27) = 0 when g:(0,2m) xR - R
is a Caratheodory function which grows linearly in u as |u| — oo, and h € L'(0,27) may satisfy a generalized Landesman-
Lazer condition (1 + sign(f)) IOZH h(x)v(x)dx < jv(x)>0 g;(x)|v(x)|1‘ﬁdx + L <0 g;(x)Iv(x)P‘ﬁdx for all v € N(L)\{0}. Here N(L)

denotes the subspace of LY(0,27) spanned by sin kx and coskx, -1 < 3 < 0, gg(x) = liminf, ,(g(x, wu/lul'#), and gl}(x) =

(x

liminf,_,_(g(x, w)u/ul'P).

1. Introduction (H) there exist constants -1 < f < 0,1, > 0, and

a,b,c,d € L'(0,27), a,b > 0 and a(x) < 2k + 1

Let x, E [0,27) and k € N be fixed. We consider the following for a.e. x € (0,27) with strict inequality on a positive
two-point boundary value problems: measurable subset of (0,27), such that for a.e. x €
ull (x) + kzu (x _ xo) +g (x’u (x _ xO)) =h(x) (0,27r) and all u > )
in (0,27), (1) c() Jul P < g(ou) <a(x)|ul+b(x); (4)
u()—um) =u (0)-u (27) =0,

and for a.e. x € (0,2m) and all u < -,

u (%) + Ku(x) - g (xu(x-xy)) = —h(x)

u(0) —

where h € LY(0,27) is givenand g : (0,27) xR —» Risa
Caratheodory function; that is, g(x, u) is continuous in u €
R, for a.e. x € (0,2m), is measurable in x € (0,2m) for all
u € R, and satisfies, for each r > 0, the fact that there exists
an a, € L'(0,27) such that

n 0,21, ) AUl -b@ < gew <d@lul s )
u@m) =u (0)-u (27) =0, (G) there exist constants -1 < f < 0,7, > 0, and
a,b,c,d € L'(0,27), a,b > 0 and a(x) < 2k — 1
for a.e. x € (0, 27r) with strict inequality on a positive
measurable subset of (0,27), such that for a.e. x €
(0,2m) and allu > r,,

c(x) [ul™® < g(xu) <alx)|ul+b(x); (6)
lg (x,u)| < a, (x) (3)

for a.e. x € (0,2m) and all [u] < r. Concerning the growth and for a.e. x € (0,2m) and all u < -,
condition of the nonlinear term g to (1) and (2), we assume

that

—a(x)|ul —b(x) < g(x,u) <d (x) |ulF; )
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respectively, and a generalized Landesman-Lazer condition

0<J g5 () v ()] dx
v(x)>0
(8)
| g ax
v(x)<0

for all v € N(L)\{0}, may be satisfied. Here N(L) denotes
the subspace of L'(0,27) spanned by sinkx and coskx,

B € R, gi(x) = liminf, . (g(x,u)u/lul'F), and g(x) =
liminf, | (g(x,uw)u/|ul 1=). Under assumptions and either
with or without the Landesman-Lazer condition

Jznh(x)v(x) dx < J gg [v(x)|dx
0

v(x)>0

%)
+ J go lv(x)|dx
v(x)<0

for all v € N(L)\{0}, the solvability of the problem (1) has
been extensively studied if the nonlinearity g(x,u) has at
most linear growth in u as [u| — oo (see [1-13] for the case
x, = 0and [14-16] for the general case) or grows superlinearly
in u in one of directions 4 — 00 and 4 — —oo and may be
bounded in the other (see [8, 17] for the case x, = 0 and [14]
for the general case when k = 0). Based on the well-known
Leray-Schauder continuation method (see [18, 19]), we obtain
solvability theorems to (1) (resp., (2)) when g(x,u) satisfies
(H) (resp., (G)) and either (8) with -1 < 8 < 0 or (9) with
B = 0 is satisfied, which extends the results of [15] for the
nonresonance case, and has been established in [9] for the
case x, = 0 and g(x,u) grows sublinearly in u as [u] — oo
with -1 < B < 1. Unfortunately, it is still unknown when
k e N, g(x,u) grows linearly in u as |[u| — oo and the
assumption of (8) is replaced by

Jznh(x) v (%) dx = 0
0

+ 1-B
< L(M G Fdx  (10)

+ J gg (x) |v(x)|lfﬁ dx
v(x)<0

for all v e N(L)\{0} with B > 0. In the following we
will make use of real Banach spaces LP(0,2m), C[0,27]
and Sobolev spaces W21(0,27) and H'(0,27). The norms
of LP(0,27), C[0,2r] and H'(0,27) are denoted by
lull;z, llullc and [lull, respectively. By a solution of (1), we
mean a periodic function u : R — R of period 27r which
belongs to W>'(0,27) and satisfies the differential equation
in (1) a.e. x € (0, 2m).

2. Existence Theorems

For each v € W>1(0, 277) with v(0) — v(27) = V' (0) = v'(271) =
0Oand k € N, we write v = Yo Pjv, V = ¥, P;v, and
vh= Yoo 2k Pjv. Here P;v denotes the projection of v on the
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eigenspace of d*/dx* spanned by sin jx and cos jx for j € NU
{0}. Just as an application of [11, Lemma 2] or [1, Lemma 2.2],
we can modify slightly the proof of [15, Lemma 1] to obtain
the next lemma.

Lemmal. Let k € N U {0} and I be a nonnegative LY0, 27)-
function such that for a.e. x € (0,27), I'(x) < 2k+1 with strict
inequality on a positive measurable subset of (0, 27). Then there
exists a constant Ky > 0 such that

2
|, @) -7
. (u” (x) + K*u (x=xy)+p(x)u(x- xo)) dx (1)
2
> Ky [
whenever p € LY(0,27) with 0 < p(x) < I'(x) for ae. x €
(0,27) and u € W»(0,2m) isa periodic function of period 27
with u(0) — u(2m) = u' (0) - u'(27) = 0.
Proof. Just as in [20, Lemma 1], we can modify slightly the

proof of [11, Lemma 2] or [1, Lemma 2.2] to obtain the fact
that there exists a constant K; > 0 such that

2
j (@ @) - (¥ + p(0) @ (x)) dx

0
v rﬂ (K +p) @) - (@ () dx (12
0

2
2 2K, [}y

whenever p € L'(0,27) with 0 < p(x) < T(x) for ae.
x € (0,2) and u € W>'(0, 27r) with u(0) — u(27) = u'(0) -
u'(27) = 0. Let us extend u(x) and p(x) 27 periodically in x
to all of R and then use the same notations for the periodic
extensions as for the original functions. In this case, we have

[ @ (0)Pdx = ["(@ (x - x,))*dx and

2n
[ 0+ (R 4 p ) x)]
2n 2
c(u(x—xy) —u(x))dx = L (ﬁ' (x)) dx

2”—’ —I 1 2” 2
_ L 7 ()7 (x - x)dx + 5 L (¥ +pw)
. [(ﬁ (x - xo))2 — (@ (x))* - (@ (x - xo))z] dx
1 2
+5 JO (K +p )

[ (3 = x0) + 7 (x = %) — 1 () dx
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> L” (@ (x)) dx - % Ln @ )
+ (ﬁ' (x- xo))2 dx + % LG (k2 +p (x))
) [(ﬁ (x - xp))° = (@ (x))* = (@ (x — xo))z] dx

2m
+ % JO (k2 +p(x))

.[g(x_xo)+ﬁ(x—x0)—ﬁ(x)]2dx2

. rﬂ (@ (x))2

0

N —

— (K + p () (@ (x)* dx + 5

[ we-e

(1 (x - x,)) dx + % LG (K +px)

1

(1 (= x0))" = (& (- x0)) e 5

2
2 - 2 1 2 )
| @) dxe s [ @pe0)

N (x = xp) + 1 (x - xp) — 1 (x)] dx

(k2 +p(x))

(13)

Since Jozn(ﬁ(x))zdx = _[Ozn(ﬁ(x—xo))zdx, p(x) > 0fora.e. x €
(0,27), and [} 7(x)@(x) = 0 for all v,w € W>(0,27) with
v(0) = v(27) = v'(0) = v/ (27) = 0 and w(0) —w(27) = w'(0) -
w'(27) = 0, we have [ (@ (x))* — (K + p(x))(@(x))*dx = 0

and
1 2 - 2 1 2 )
_EL (u (x)) dx+EJO (k +p(x))
i (= xg) + 11 (x = x0) — 5 (x)] dx > —=

2

2 - 2 1
J (u (x)) dx+5

0

.Jznkz [@(x-x) +i(x—x)-a(x)] dx  (14)

0

= % [— rﬂ (ﬁ’ (x))2 dx

0

1

K LZ” (1 (x - x,))? dx] 1

2

i (x)]2 dx > 0.

e rn [ (x — x,) -

0

Combining (12) with (13), we have

[ @) -

. (u" (x) + Ku (x = x0) + p (x) u (x — x;) ) dx

21
= % L (# (x-x)) = (€ + p ) (15)

(i (x - xg) dx + % LZ” (¥ +p )

2

H'(xq,x¢+27)

2
1 L
2 Ky ] = K -

O

Lemma 2. Let k € N and T be a nonnegative L0, 27)-
function such that for a.e. x € (0,27), I'(x) < 2k—1 with strict
inequality on a positive measurable subset of (0, 27). Then there
exists a constant K, > 0 such that

JZn (ﬁ (x—x,) — @i (x))

0

.(uH (x)+k2u(x)—p(x)u(x_xo))dx (16)

2
L
2 Ko [

whenever p € LY(0,27) with 0 < p(x) < I'(x) for ae. x €
(0,27) and u € W> 1(0 27) is aperzodchunctzon of period 27
with u(0) — u(2m) = 4/ (0) — u'(2m) = 0. Here v = ZO<]<kP v
andv = ijk Pjvfor each v € W>1(0, 27t) with v(0) — v(27) =
V(0) =v'(2n) =

Theorem 3. Let k € NU {0} and g : (0,27) x R — R
be a Caratheodory function satisfying (H). Then for each h €
LY(0,27) problem (1) has a solution u, provided that either (8)
with =1 < 3 < 0 or (9) with 3 = 0 holds.

Proof. Let « € R be fixed and 0 < o < 2k + 1. We consider
the boundary value problems

u (%) + Ku(x = x) + (1= ) au (x = x;)

+tg(xu(x—x))=th(x) in (0,27), (17)

u(0)—u@n) =u (0)-u (2n) =

for 0 < t < 1, which becomes the original problem when
t = 1.Since 0 < a < 2k + 1, we observe from Lemma 1
that (17) has only a trivial solution when t = 0. To apply the
Leray-Schauder continuation method, it suffices to show that
solutions to (17) for 0 < t < 1 have an a priori bound in
H'(0,27). To thisend, let : R — Rbea continuous function



such that 0 < 0 < 1, O(u) = 0 for |u| < ry, and O(u) = 1 for
|u| > 2r,. We define e(x) = max{a,o(x),b(x), [c(20)], 1d(x)]},
gy (6, u)

min {g (c,u) +e(x) [ul™®, a(x) u} Ow) ifu=0 (18)
- max {g (x,u) —e(x) Iul_ﬂ, a(x) u}@(u) if u<o,

and g,(x,u) = g(x,u) — g,(x,u). Then g;, g, : (0,21) xR —
R are Caratheodory functions, such that for a.e. x € (0,2m)
andu e R, u#0

0< <a(x), (19)

gl (X, u)
u
|92 (e, w)| < e (x) |ul P +e(x). (20)

If u is a possible solution to (17) for some 0 < ¢t < 1, then
using (19), (20), and Lemma 1, we have

0= rﬂ (m(x)—(x—x,)) [u” () + Ku (x - x,)
0
+(1=t)ou(x - xy) +tg; (6 u(x—x;))

+tg, (x,u(x—x,)) —th (x)] dx

(21)
> K, || (el Nl + el + WAl ) (e
lale) 2 K, Jut [, ~ € (luld + 1) (il
+ )

which implies that

[ < (ke + 1) (e + )
! (22)

< Cy (Ilullgp + )

for some constants C;,C, > 0 independent of u. It remains
to show that solutions to (17) for 0 < t < 1 have an a priori
bound in H' (0, 27). We argue by contradiction and suppose
that there exists a sequence {u,} of periodic functions with
period 27 and a corresponding sequence {t,,} in (0, 1) such
that u,, is a solution to (17) with ¢t = ¢, and |lu,|;p = n for
all n. Let v, = u, /llu, |l then v, lgp = 1 foralln € N, and
by (22) we have "Vi"Hl — 0asn — o00. Since ||[v,[l;p =1
and [Pl < Ivullep + 1yl for all n € N, we have a
bounded sequence {P,v,} in H' (0, 27). For simplicity, we may
assume that v,, converges to vin H (0, 277) for some v € N(L)
with vz = 1. In particular, v, — v in C[0,2m]. Clearly,
V(- — x5) € N(L) and [|[v(- = xg)lgp = [vllgp. It follows that
u,(x) — oo for each x € R with v(x) > 0, and u,(x) —

—o0o0 for each x € R with v(x) < 0. Since Iozn u:l'(x)Pkun(x -
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Xo)dx + jOZﬂ kzun(x)Pkun(x — xy)dx = 0 and ||Pkun(.)||iz =

1Pt (- — xo)lliz, we have

2m 2m
J u!! (x) P, (x — x) dox + J Ku, (x - x,)
0 0

2

- Pau, (x — x,) dx = J u! (x)
0

2m
- Pau, (x — x,) dx + J Ku, (x)
0

- Pau, (x — x,) dx

2m )
+ kK {u, (x —x¢) —u, (x

[, 5 Dy (= 50) =0, 0] @

- Pau, (x — x,) dx

2
= |7 Ry (- x0) -, )

0
- P, (x — x,) dx

2
= |7 R (Bt (x = x0) - B, (0]

0

- Peu,, (x — x,) dx > 0.

Multiplying each side of (17) by P.v,(x — x;), and then

integrating them over [0,27] when u = u, and t = t,, we
get

2
] g, (- x0)) By, (- ) dx
0

2
u, (x = x¢) v, (x — x,) dx

<(1-t,)a
| y

2
v, [ g (nn, (- x0)) By, (- ) dx
0
2n
<t, J h(x) Py, (x - x,) dx.
0
By (19) and the assumption of -1 < 3 < 0, we have

g1 (xs Uy, (x - xO)) kan (.X - 'xO) ”un"€P

_ 9 (x,u, (x = x,))

u, (x—xo) Uy, (x_xO)PkVn (x_xo)

g1 (%1, (x = xp)) (25)
t, (x = %)

el =

-1 - -1
o [, G = x0) = Paan, (e = x0) ' = 5

ca (%) [ (x = x)]” 5

for a.e. x € (0,2m). Combining (22) with (25), we get that
g1 (%6, u,(x — x0)) Py, (x — x0)||un||fll is bounded from below
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by an L'(0, 27r)-function independent of n. By (20) and the
assumption of -1 < 8 < 0, we have

|95 (6, th, (% = X)) P (3¢ = %0)| 14

< [e (x) |t (x = x0)|_[; te (x)] |Pev, (x = x)|
(26)

Notally < [e [ (= x0) [+ e ()]
By, (6 - %)

for ae. x € (0,2m), In particular, g,(x,u,(x

X)) Py, (x — xo)IIunIII";1 is bounded from below by an
L'(0,27)-function independent of n, which implies
that g(x,u,(x — x))Pv,(x - x0)||un||fll is also so,
Jv(x—xg):o liminf, | g(x, u,(x —x,))Pv,(x - xo)llunllz1 dx =
0, and

9 (%1, (= x0)) Pt (3 = ) [

9o (xx0)) 1, (x - x0)
o (e x0) @7)

) P, (x — xo) sgn (u,, (x - x;))
|Vn (X - xO)lﬁ

for all n € N with u,(x — x;) # 0. Here sign(w) = 1 ifw > 0,
sign(w) = 0if w = 0, and sign(w) = -1 if w < 0. Applying

Fatou’s lemma to the integral JOZ " g, u,(x — x0))Pv,(x —

x)llu, 1P dx, we have

| gebe-m) P g
v(x=x0)>0 v(x—x,)<0
v (x- x0)|17ﬁ dx
g (6w, (x - xg)) uy, (X - Xo)
= J lim inf =
Y(x—x,)>0 "0 |un (x — xo)l
o B () sgn (e x0))
e [V, (x = o)
o gt o)
v(x—x)<0 M0 |un (x — x0)|

Py, (x = Xo) sgn (u, (x — %))
- lim 3 dx
e |V (3 = xo)|
= J lim infg (x, u, (x — x,)) Pev, (x — %)
v(x—x0)>0 n—eo

ol dx

+ J lim infg (x, u, (x — x5)) Pev,, (x — x;)

(x—x4)<0 n—eo

5

ol dx
= J lim infg (x, u, (x — x5)) Pev, (x — xp)

v(x—x0)>0 n—eo
ool dx
+ J lim infg (x,u, (x — x¢)) Pev, (x — x)

v(x—x4)<0 n—eo

B .
. L dx + J 1 ,u, (x -
bkl s [ lim o, (5= x0)

- P, (x = x) ““n"fp dx

2
= J lim infg (x, u, (x — x,)) Pev, (x — %)

0 n—-o00

B 2

Dol i < tim inf | g (o, (=)
P, (x - x) Hun"gl dx < (1 +sign (B))

2
. J h(x)v(x - x,) dx,

0
(28)

which is a contradiction when either (8) with -1 < 8 < 0 or
(9) with 3 = 0 is satisfied. Hence, the proof of this theorem is
complete. O

By slightly modifying the proof of Theorem 3, we can
apply Lemma 2 to obtain an existence theorem to (2) when
condition (H) is replaced by (G) and either (8) with -1 < 8 <
0 or (9) with 3 = 0 is satisfied, which has been established in
[20] for the case x, = 0 when (9) with 3 = 0 is satisfied and
in [9] for the case x, = 0 when (8) with 8 = —1 is satisfied.

Theorem 4. Let k € N and g (0,2r) x R — R be
a Caratheodory function satisfying (G). Then for each h €
LY(0,27) problem (2) has a solution u, provided that either (8)
with =1 < 3 < 0 or (9) with 3 = 0 holds.
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