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We establish a fixed point theorem with w-distance for nonlinear contractive mappings in complete metric spaces. As applications
of our results, we derive the existence and uniqueness of solution for a first-order ordinary differential equation with periodic
boundary conditions. Here, we need not assume that the equation has a lower solution.

1. Introduction and Preliminaries

The main purpose of this paper is to obtain the existence
and uniqueness of solution for a periodic boundary value
problem. This topic has been considered in [1-11] and the
references therein. A powerful tool to solve the problem is the
fixed point theorem in partially ordered metric spaces. On the
existing research results, admitting the existence of a lower
solution is necessary. In this paper, we establish a fixed point
theorem for w-distance contraction type maps in complete
metric spaces without partially ordered structure. From this,
we obtain some results on the existence and uniqueness for
ordinary differential equations. We will see that the assump-
tion of the existence of a lower solution can be removed. In
particular, we also show that under assumptions of a recent
result in [10] the equation has a unique zero solution.

In this note, we consider the following periodic boundary
value problem:

u' (1) = f(tLu),
u(0) =u(T),

where T' > 0 and f: I x Ris a continuous function.

iftel=1[0,T];
€]

Definition 1. A lower solution for (1) is a function « € cl(n)

such that
o (1)< f(ta(t) fortel,

a(0) <a(T).

)

Let X = C(I) be the set of all real continuous functions
on a closed interval I. We endow X with the norm

Juel = max u ()], 3)

for all u € X. Obviously, this space is a Banach space and the
norm induces a complete metric on X as follows:

d(wv) = u=vl=maxju@®-v©Ol. ()

forall u,v € X.
Let & denote the class of those functions 8 : [0,00) —
[0, 1) which satisfy the condition

B(t,) —1

Let & denote the class of the functions ¢ : [0,c0) — [0, c0)
which have the following properties:

implies t, — 0. (5)

(i) ¢ is increasing;
(ii) for each x > 0, ¢(x) < x;
(i) B(x) = ¢(x)/x € &.

For example, ¢(t) = put, where 0 < p < 1, ¢(t) = t/(1+1),and
¢(t) =In(1 +¢t) arein .

Recently, Amini-Harandi and Emami [4] proved the
following existence theorem.
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Theorem 2 (see [4, Theorem 3.1]). Consider problem (1) with
f:IxR — R continuous and suppose that there exists A > 0
such that for x, y € Rwith y > x,

0<f(ty)+Ay-[ft.x)+Ax] <Ap(y-x), (6)

where ¢ € of. Then the existence of a lower solution of (1)
provides the existence of a unique solution of (1).

Then, Caballero et al. [6] also give an existence theorem.

Theorem 3 (see [6, Theorem 3.2]). Consider problem (1) with
f:IxR — Rcontinuous and suppose that there exist A, > 0
with

A 1/2
o< <M> )

T(eM+1)
such that for x, y € Rwith y > x
0< f(ty)+dy=[f &%)+ Ax] <ay(y - %) ¢ (y - x),
(8)

where ¢ € of. Then the existence of a lower solution of (1)
provides the existence of a solution of (1).

Very recently, Hussain et al. [10] obtain the following
result.

Theorem 4 (see [10, Section 3]). Consider problem (1) with
f:IxR — R continuous and suppose that there exists A > 0
such that for x, y € C(I)

|f (&, x (@) + Ax )|+ |f (£ y @) + Ay (1)

)

< op

In (5o (X O]+ [y O] +1),

where 0 < a < 1 and p > 1. Then the existence of a lower
solution of (1) provides the existence of a solution of (1).

Remark 5. If we take x(t) = y(t) = 0(¢t) = Oforallt € I in the
condition (9), then we deduce that

f(6O@®) =0 Vtel. (10)

This means that 6(t) is a solution of (1) (of course, a lower
solution of (1)). In Section 3, we will show this fact again; see
Remark 17.

Now, let us recall the concept of w-distance, which was
introduced by Kada et al. [12].

Definition 6. Let X be a metric space with metric d. Then a
function p: X x X — [0, 00) is called a w-distance on X if
the following are satisfied:

(wl) p(x,2) < p(x, ) + p(y,2), forany x, y,z € X;

(w2) for any x € X, p(x,-) : X — [0,00) is lower semi-
continuous; that is, p(x, y,) < liminf, _, p(x, y,),
whenever y, € X and y, — y;
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(w3) for any € > 0, there exists § > 0 such that p(z,x) < §
and p(z, y) < 8 imply d(x, y) < .

Let us give some basic examples of w-distances (see [12]).

Example 7. Let (X, d) be a metric space. Then the metric d is
a w-distance on X.

Example 8. Let X be a normed space with norm | - ||. Then
the function p : X x X — [0, co) defined by

p(xy) = lxl+y| a1

for every x, y € X is a w-distance on X.

Example 9. Let X be a normed space with norm | - ||. Then
the function p: X x X — [0, co) defined by

p(xy) =yl (12)

for every x, y € X is a w-distance on X.
We also need the following example in Section 3.
Example 10. Let X = C(I) be endowed with the norm
Jull = max fu 1), (13)

forallu € X. We easily deduce that the function p : XxX —
[0, 00) defined by

p (% y) = max (Ix ()] + |y ()]) (14)
for every x, y € X is a w-distance on X.
The following lemma has been proved in [12].

Lemma 11. Let X be a metric space with metric d and let p
be a w-distance on X. Let {x,} and {y,} be sequences in X, let
{a,} and {B,} be sequences in [0, 00) converging to 0, and let
x, ¥,z € X. Then the following hold.

(i) If p(x,, ¥) < &, and p(x,,2z) < B, foranyn € N, then
y = z. In particular, if p(x, y) = 0 and p(x,z) = 0,
then y = z.

(i) If p(x,, y,) < &, and p(x,,, z) < B, foranyn € N, then
{y,} converges to z.

(i) If p(x,, x,,,) < v, for any n,m € N with m > n, then
{x,} is a Cauchy sequence.
2. Fixed Point Results with w-Distance

We are now ready to state and prove our main theorem.

Theorem 12. Let (X, d) be a complete metric space and let p
be a w-distance on X. Let f : X — X be a map and suppose
that there exists 3 € 9 such that

p(fx. fy) < B(p(x9) p(xy), (15)

forall x,y € X. Then f has a unique fixed point z in X and
p(z,z) =0.
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Proof. Starting with an arbitrary x, € X, we construct by
induction a sequence {f"(xy)} in X. Put x,, = f"(x,),n =
1,2,...

Applying the condition (15) with x = x,, and y = x,,,,, we
have

P (xn+1’xn+2) = p(fxn’ fxn+1)
< ﬁ (p (xn’ an)) P (xn’xn+1) (16)
< p (xn’ xnﬂ) .

Therefore { p(x,,, x,,,,)} is a decreasing sequence and bounded
below and hence lim,, _, ., p(x,, X,.,;) =1 > 0.

Let us prove that r = 0. Assume that r > 0. From (15), we
obtain

P (xn+1’ xn+2)

p(xn’xnﬂ) n=12,.... (17)

< ﬁ(p (xn’xn+1)) <1,

Taking limit when n — 0o, the above inequality yields
lim, , B(p(x,,x,,1)) = 1, and since § € A this implies
r = 0. Thus lim, _, . p(x,,x,,;) = 0. Analogously, it can be
proved thatlim, _,  p(x,.,x,) = 0.

Now, we show that

p(x,,x,) — 0 asm>n— oo. (18)
Suppose that this is not true. Then there exists ¢, > 0 for

which we can find subsequences {xnk} and {xmk} of {x,} with
my > ;. > k such that

P (%% ) 28y k=1,2,.... (19)

By the triangle inequality and the condition (15), for every
k eN,

P (xnk’ xmk) < P (xnk’ xnk+1) + P (xnk+1>xmk+1)
+ p (xmk+1’ xmk)
sp (x"k’x"k+1) + ﬁ (P (x"k’xmk)) p (x”k’xmk)

+p(xmk+l>xmk)' ( )
20

From this, we obtain

1= B(p (xnoxm,))

s p(x"k’xmk) ’ [P (x’lk’x”k“) +p(xmk+1’xmk)]

< s(;l ' [p (xnk’xnkﬂ) + p(xmkﬂ’xmk)] .
(21)

Letting k. — o0 in the above inequality, using lim,, _, ., p(x,,,
X,41) = 0and lim,, _, . p(x,,,;,x,) = 0, we deduce that

lim ﬁ(P (x”k’xmk)) =L (22)

k— 0o

But since f € & we get limy _, o, p(x,,,X,, ) = 0. Thisis a
contradiction and hence we have shown that (18) holds.

From (18) and Lemma 11(iii), it follows that {x,} is a
Cauchy sequence in X. Since (X,d) is a complete metric
space, there exists a z € X such thatlim, , x, = z.

Next, we prove that z is a fixed point of f. To the end, we
prove that lim,, _, ., p(x,,2z) = 0 and lim,, _, ., p(x,, fz) = 0.
Let ¢ > 0 be given. Using (18), there exists n, € N such that
p(x,,x,,) < eforallm > n > n,. Lettingm — oo, by (w2)
we have p(x,,z) < liminf,, | p(x,,x,,) < eforalln > n,.
This means thatlim, _, . p(x,,z) = 0. Applying the condition
(15) with x = x,, and y = z, we have

p(xn+1’fz) = p(fxn’ fZ) = ﬁ(p (xn’z))p(xn’ Z)
<pl(x,z).

23)

Due to lim, _, . p(x,,z) = 0, it follows that lim, _, . p(x,,,
fz) = 0. According to Lemma 11(i), we obtain fz = z; that
is, z is a fixed point of f.

To prove the uniqueness of the fixed point of f, let us
suppose that y is another fixed point of f. Using the condition
(15), we get

P (X5 ¥) = p (fx f) < B(p (x5 ) P (%, ¥)
<p(xny).

Therefore {p(x,, y)} is a decreasing sequence and bounded
below and hence lim,, _, ., p(x,,, ¥) = s > 0. Suppose that s >
0. Using the condition (15), we have

24)

P (anrl’ y)
p (%)

Taking limit when n — oo, the above inequality yields
lim, , o B(p(x,,y)) = 1, and since § € B this implies
s = 0. Then lim, _, p(x,,y) = 0. Combining this and
lim, ,  p(x,,z) = 0, we get by Lemma 11(i) that y = z.
Finally, we prove p(z,z) = 0 when z is a fixed point of f.
Applying the condition (15) with x = z and y = z, we obtain

p(z.2) = p(fz fz) < B(p(z.2) p(z.2)  (26)

and hence (1 — B(p(z,2))) - p(z,z) = 0. Now that € %, it
follows that p(z, z) = 0. L]

<B(p(x,y) <1, n=12,.... (25

The following corollary is immediate result from Theo-
rem 12 and Example 7.

Corollary 13. Let (X,d) be a complete metric space. Let f :
X — X be a map and suppose that there exists 3 € B such
that

d(fx. fy) < B(d(x y))d (x. ) (27)
forall x,y € X. Then f has a unique fixed point z in X.

3. Application to Ordinary
Differential Equations

Now, we prove some results on the existence of solution for
problem (1).



Theorem 14. Consider problem (1) with f continuous and
suppose that there exists A > 0 such that for any x, y € R

[f(Ey)+ Ay = [f 60+ Ax][ <A (ly - x[),  (28)
where ¢ € of. Then there exists a unique solution for (1).

Proof. Problem (1) can be rewritten as

u () + Au(t) = f(tu®)+Au(t), iftel=[0,T];

u(0) =u(T).
(29)

Using variation of parameters formula, we can easily deduce
that problem (1) is equivalent to the integral equation

T
u(t)=J Gt,s) [f (s u(s) +Mu(s)]ds,  (30)

0

where
MTHs0)
T 1 0<s<t< T,
G (t, S) = ee)t(s—_t)l (31)
T 0<t<s<T.

Define F : C(I) — C(I) by
T
(Fu) (t) = J Gts)[f (s,u(s)) + Au(s)] ds. (32)
0

Note that if u € C(I) is a fixed point of F then u € C'(I)isa
solution of (1).

Now, we check that hypotheses of Corollary 13. Consider
the space X = C(I) with the metric

d(xy) = |x -yl =max|x®) -y ®]. @33
Then by (28) for any u,v € X,

d (Fu, Fv) = max|(Fu) () - (Fv) ()]

T
< ma}xj G(t,s) |f(t,u(s)) + Au(s)
te 0

~[f v (s) + v ()] ds

T

< max L G(t,s) Ap (|u(s) — v(s)]) ds.
(34)

As the function ¢(x) is increasing, we obtain
T

d (Fu,Fv) < maIxJ' G(t,s)Ap (lu(s) —v(s))ds
te 0

T
<A (d (u,v)) - maXJ G(t,s)ds
tel Jo
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1
=A@l ) MGy

" ( le/\(T+s—t):|t . leA(st)]T>
A 0o A ¢
:A¢(d(u V)) ; . l(e)‘T_ 1)
’ AT—-1 A

$dwv)
d (u,v)

=Bdw,v)dw,v).

=¢(du,v) = d (u,v)

(35)

From Corollary 13, we see that F has a unique fixed point. [J
Remark 15. Clearly, we see that the condition (6) of Theorem
2 implies the condition (28) of Theorem 14. In addition,
Theorem 14 need not assume the existence of a lower solution
for (1). Hence this result is an improvement of Theorem 2.

Theorem 16. Consider problem (1) with f continuous and
suppose that there exists A > 0 such that for any x, y € R

| @2+ Ax| + [f (6 3) + | <A (Ixl + ), (36)
where ¢ € of. Then there exists a unique solution for (1).

Proof. Problem (1) is equivalent to the integral equation

T
u(t) = J G(t,s) [ f (s,u(s) + Au(s)] ds, (37)

0
where G(t, s) is the same as (31). Define F : C(I) — C(I) by
T

(Fu) (t) = j G(t,s)[f (s,u(s) + Au(s)] ds. (38)

0
Notice that if u € C(I) is a fixed point of F then u € C'(D) is
a solution of (1).

Now, we check that hypotheses of Theorem 12. Consider
the space X = C(I) with the metric

d(xy) = x =yl =maxjxO-y®].  (39)

We take a w-distance on X = C(I) by p(x,y) =
max,;(|x(t)| + |y(t)]); see Example 10. Using the monotene
property of the function ¢(x) and condition (36), for any
u,v e X,

p (Fu,Fv) = rrtlee}x(I(Fu) O+ 1(Fv) (D)
T
< rrggx(L G(t,s) (| f (tu(s) + Au(s)|

Hf tv(s) + v ()]) ds>
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T
< n;la}xj G (t,5) AP (lu ()] + |v(s))) ds
e Jo

T
<A (p(u,v))- max L G(t,s)ds

=29 (p ) 5

B ~o(p(wv)
=¢(pw,v) = o)

=B(pw,v) pwv).

: P(U) V)

(40)

From Theorem 12, we deduce that F has a unique fixed point.
O

Remark 17. Let 0 < a < 1 and p > 1. If we denote

1 a
_ __ 41
. (/ln(zp_ltp o1, (41)

then ¢ € & and ¢(¢t) < In(t + 1). Thus Theorem 4 is a
sepical case of Theorem 16. However, from Theorem 12 we get
plu,u) = max,;2lu)]) = 2|lull = 0 if u is a solution of
(1). This means u(t) = 0 for all t € I. In other words, the
unique solution for (1) from Theorem 16 (in particular, from
Theorem 4) can only be a zero function.

¢ (t) =

Theorem 18. Consider problem (1) with f continuous and
suppose that there exist A, > 0 and p > 1 with

AT\ 1/p
o< (M) (42)

TP~1 (P — 1)

such that for x,y € R
[f(Ey)+ Ay = [f 60 +Ax][ <ag(ly-x[),  (43)
where ¢ € of. Then there exists a unique solution for (1).

Proof. Problem (1) is equivalent to the integral equation

T
u(t) = J G(t,s)[f (s,u(s) + Au(s)] ds, (44)

0
where G(t, s) is the same as (31). Define F : C(I) — C(I) by

T
(Fu) (t) = .[0 Gt s)[f (s,u(s)) + Au(s)] ds. (45)

Notice that if u € C(I) is a fixed point of F then u € C'(I) is
a solution of (1).

Now, we check that hypotheses of Corollary 13. By (43),
foranyu,v € X,

d (Fu, Fv) = max|(Fu) (t) - (Fv) (1)]

T
< me&xJ’ G(t,s) |f (t,u(s)) + Au(s)
te 0

~[f (v (s) + v ()] ds

T
< ntlng’ G(t,s)ap (Ju(s) —v(s)])ds

0

T
= amax J G(t,s)p(Ju(s) —v(s)])ds.
tel Jo
(46)

Using the Holder inequality in the last integral, we get

T
j G () (lu (s) — v (s)]) ds

0
< (LT G(t, s)Pds>1/p< LT d(ju(s) —v (s)|)qu>l/q,
(47)

where g > 0 with 1/p + 1/q = 1. The first integral gives us

T t T
J G(t,s)Pds = J G(t,s)Pds + J G(t, s)Pds
0 0 t

tepA(T+s—t) T ep)t(s—t)
[ g [

0 (A —1)P (e - 1)°
~ ep)LT -1
AT

As the function ¢(x) is increasing and o < ( p)t(eAT - 1?/
TP (eP* — 1))V, from (47) we obtain

T 1/p
<J G(t, s)Pds>
0

x (LT B(lu () - v(s)|>‘1ds)l/q]

PAT _ p, T 1/q
< “<—p;(en _ll)p) (], ottu—viyias)

|

pA(e - 1) Ve T\
= TP (ePVT - 1) ' (pA(eAT _ 1)1))

T4 ¢ (d (u,v))

d (Fu, Fv) < amax
tel

1/p
) TV (- v])



¢ (d (u,v))
d(u,v)

=pdwv)dWw,v).

=¢(duv)) = ~d (u,v)

(49)

From Corollary 13, we deduce that F has a unique fixed point.
O

From Theorem 18, we obtain the following result when we
take p = 2.

Corollary 19. Consider problem (1) with f continuous and
suppose that there exist A, « > 0 with

1/2

AT
o< <M> (50)

T(eM+1)
such that for x, y € R

lf(ty)+y=[fGx)+Ax]| <ad(ly—x]), (51

where ¢ € of. Then there exists a unique solution for (1).

Remark 20. From [6, Remark 3.3], we see that if ¢ € &/, then
@(x) = \/x¢(x) € o. The condition (8) of Theorem 3 implies
the condition (51) of Corollary 19. In addition, Corollary 19
need not assume the existence of a lower solution for (1). Thus
Corollary 19 is an improvement of Theorem 3.

Remark 21. We easily check that ¢(x) = +In(x?+ 1) and
¢(x) = Vx?/(x? + 1) are in . Therefore the condition of [8,
Theorem 3.1], [11, Theorem 25], or [7, Theorem 3.2] implies
the condition (51) of Corollary 19. In addition, Corollary 19
need not assume the existence of a lower solution for (1).
Thus Corollary 19 is an improvement of [8, Theorem 3.1], [11,
Theorem 25], and [7, Theorem 3.2].
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