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A tumor-immune competition model with delay is considered, which consists of two-dimensional nonlinear differential equation.
The conditions for the linear stability of the equilibria are obtained by analyzing the distribution of eigenvalues. General formulas
for the direction, period, and stability of the bifurcated periodic solutions are given for codimension one and codimension two
bifurcations, including Hopf bifurcation, steady-state bifurcation, and B-T bifurcation. Numerical examples and simulations are
given to illustrate the bifurcations analysis and obtained results.

1. Introduction

In this century, cancer remains one of the most dangerous
killers of humankind; every year millions of people suffer
from cancer and die from this disease throughout the world;
see Boyle et al. [1]. Recently, there has been much interest
in mathematical modeling of immune response with the
intruder (see, e.g., Liu et al. [2, 3], Yafia [4], d'Onofrio et al.
[5, 6], and the references cited therein). In fact, mathematical
models are feasible to propose simple models which are
capable of displaying some of the essential immunological
phenomena. The delayed models of tumor and immune
response interactions have been studied extensively; we refer
to Bi and Ruan [7], Yafia [8], Mayer et al. [9], Yafia [10],
and the references cited therein, which have shown that
various bifurcations can occur in such models. It is interesting
to consider the nonlinear dynamics of the delayed tumor-
immune model.

In 1994, Kuznetsov et al. [11] took into account the
penetration of tumor cells (TCs) by effector cells (ECs) and
proposed a model describing the response of ECs to the
growth of TCs. They assumed that interactions between ECs
and TCs in vitro can be described by the kinetic scheme
shown in Figurel, where E,T,C,T", and E* are the local
concentrations of ECs, TCs, EC-TC complexes, inactivated

ECs, and lethally hit TCs, respectively. Then the Kuznetsov
and Taylor model is as follows:

i—f =c+F(C,T)-d,E-kET+(k_, +k;)C,

ccll—’f = aT(l - thOt) - klET + (k—l + k2) C’
‘;_f = kyET - (k_, +k, + ;) C, M
dar* *
T k;C-d,T",
dE” *
T k,C - d,;E",

where ¢ is the normal rate of the flow of adult ECs into the
tumor site, F(C,T) describes the accumulation of effector
cells in the tumor cells localization due to the presence of the
tumor, d,,d,, and d; are the coefficients of the processes of
destruction and migration for E, EC, and TC, respectively,
a is the coefficient of the maximal growth of tumor, and b
is the environment capacity. Kuznetsov et al. [11] claimed
that experimental observations motivate the approximation
dC/dt =~ 0;therefore, it is reasonable to assume that C ~ KET
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FIGURE I: Kinetic scheme describing interactions between ECs and
TCs.

with K = k,/(k, +k, +k;). Kuznetsov et al. [11] also suggested
that the function F is in the Michaelis-Menten form F(C,T) =
F(E,T) = (fC/(g + T))(f,g > 0). In 2003, Galach [12]
suggested that the function F should be in a Lotka-Volterra
form F(C,T) = F(E,T) = n,ET; then the model (1) can be
reduced to

dx
i c+nxy—mxy—dx,
dy _
dt
where x denotes the dimensionless density of ECs, y stands
for the dimensionless density of the population of TCs, m, =
kk,, m, = kk;, and all coefficients are positive. Set x = x,x’,
y =3yt = (1/myxp)t', xy > 0, y > 0. Replace x with x
and y with y'. Then (2) can be written as

(2)
ay (1 -by) - myxy,

—x—0+nx - mxy — Ox
dt_ y y >

dy _
dr

(3)
ay (1-By) - xy,

where o = s/mzx(z), n=n,y,/myx, m=myy,/myx, 8=
d,/myx,, o =a/m,x,,and 3 = by,.

Mayer et al. [9] and Asachenkov et al. [13] pointed out
that the delays should be taken into account to describe
the times necessary for molecule production, proliferation,
differentiation of cells, transport, and so forth. In fact, the
immune system needs time to develop a suitable response
after the invasion of tumor cells; the binding of EC and TC
also needs time. Therefore, we introduce time delays into the
model of immune response. Integrating models [9-11], we
will consider the model as follows:

dx

E=0+Cx(t—rl)y(t—‘rl)—8x,

Yy (1-pay) - x (=) y (7).

(4)

where { = n—m; if the stimulation coefficient of the immune
system exceeds the neutralization coefficient of ECs in the
process of the formation of EC-TC complexes, then { > 0.
Yafia [4] studied the linear stability of the equilibria and the
existence of Hopf bifurcation for model (4) with 7; = 7, = 0.
Yafia [10] and Gatach [12] obtained similar results as those
of Yafia [4] for (4) with 7, = 0. Recently, Bi and Xiao [14]
give conditions for the properties of Hopf bifurcated periodic
solution and existence of the global Hopf bifurcation for (4)
with 7, = 0.

In this paper, we will consider the dynamical behaviors
of model (4) with 7y = 7, = 7. The rest of this paper
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is organized as follows. In Section 2, the linear analysis of
the model is carried out and local stability of the equilibria
and the conditions of Hopf bifurcation are given. Section 3
is devoted to the analysis of Hopf, steady-state bifurcations,
and B-T bifurcation. Numerical results and simulations are
carried out to illustrate the main results. A brief discussion
and more numerical simulations are given in Section 4.

2. Local Analysis

In this section, we will study the local stability of the equilibria
and the Hopf bifurcations of system

((11—):=0+Cx(t—r)y(t—r)—6x,

d
L= ay(1-foy) - x -yt -).

(5)

It is easy to obtain that system (5) have three equilibria
Py(a/8,0), P,(xy, y;), and P,(x,, ¥,), where

—a (B8 -¢) - VA
xlzz—c,
Ca(B+)+ VA
Y1——2aﬁc >
(6)
—a (B8 -¢)+ VA
xzzz—c,
_a(ps+{) - VA
ST S

A = a*(BS - {)* + 4aflo > 0. It is easy to see that x, < 0.
Because the number of tumor cells or effect cells is positive,
we only consider the dynamical behaviors of the equilibria P,
(tumor-free point) and P, in the rest of the paper.

Let z,(t) = x(t) — x*, z,(t) = y(t) — y*. System (5) can
be written as

zl (t) = ayz, (t) + a2, (t — T)

toz, (t-1)+ 0z, (t-1) 2, (t - 7),
(7)
2 (t) = P12, (t = 1) + Byz, (t) + B3z, (t — T)

—afz () —z, (t-1) 2, (t - 1),

wherea; = =0 <0, o, ={y* >0, oz = {x" >0, B, =
-y" <0,B, =a-2afy", B; = —x" < 0and (x*, y") is the
coordinate of the equilibrium.

It is easy to see that the linear system of system (7) is

z (1) = oz, () + 0,2, (E— 1) + a3z, (t — T),
(8)
Z (1) = Bz, (t = 1) + Boz, (1) + Bz, (t — T),

where «;, «,, a3, B, 3, and f3; are the same as those in (7).
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2.1. Tumor-Free Point. The characteristic equation of system
(8) at the tumor-free equilibrium P is

AA)=(A+9) (x\—oc+ %e_)”> = 0. (9)
Then we have the following results.

Lemmal. (I) Ifa = 0/6, then

(1) Equation (9) has a simple zero root, and all other roots
have negative real parts as 0 < T < 8/0;

(2) Equation (9) has a double zero root, and all other roots
have negative real parts as T = 8/0;

(3) Equation (9) has at least one root with positive real
partsast > 8/o.

(I Ifx < 06, then

(1) all roots of (9) have negative real parts as 0 < T < Ty;

(2) Equation (9) has a pair of conjugate purely imaginary
roots tiw,, and all other roots have negative real parts
asT =1

(3) Equation (9) has at least one root with positive real
partsast > 1.

(I1I) Equation (9) has a negative root -8, and all other roots
have positive real parts as o« > 0 /6.

Proof. A = 01isarootof (9)ifand onlyifa = ¢/8.If 7 = 0,
(9) has two roots A, = —=§ and A, = « — ¢/d. Then there are
three cases: 1) A, = 0asa = 0/8;(2) A, < Oasa < a/d; (3)
A, >0asa > a/d.

We will consider the case 7 > 0 as follows. If « = ¢/8,
7 = §/0, then

AN =21 -a+ %e‘“ - TA%e‘*T +8-ote ™ (10)

hence, A'()L)IA=0 =0, and A"(/\)I)_O =6%/o > 0. Thus A = 0
is the double zero root of (9).

If (9) has purely imaginary roots, then the roots must be
the solution of

AgV)=A-a+ %e*“ = 0. (1)
Assume that A = iw(w > 0) is the root of (11); that is,

o
-0+ 5 coswt =0,
(12)
w — g sinwt = 0;
8 b

that is w* = 0%/8% — «”. Hence (11) has a positive root w, =
V0?/8% — o if and only if « < ¢/8, and the corresponding
critical values are

1 5
Tk:w—{arccos%+2k7r]>, k=0,1,2,.... (13)
+

Using Rouché theorem, we know that conclusions (II)(1),
(I1)(2), and (III) hold.

If0 < 7 < /o, « = 0/8, we can obtain A'O()»)IA:O =
1-(c/8)T > 0, Ay(0) = 0. Noting the continuous of the
function A (1), we know that there is at least a A < 0 such
that Aj(A) < 0. On the other hand, it is easy to see that
limy _, _,Ay(A) = +00; then there exists A < 0 such that
Ay(A) =0.

Differentiating both sides of (11) with respect to 7, we have

dd  A(g/d)e™

dr 1 (o/8)te ™ )

If +6/0, then

A A@/d)e™

- =77 =0. 15
dr |,_, 1-(o/&)7e™ |, (1

Using Rouché theorem, we know that the conclusions of (I)(1)
and (I)(2) are true.
If 7 = 6/0, then

m T @) (ne
M SN s - T

Thus
dr
= sgn {Re < — )
e

di
sgn {Re <E)

}=1>0.
A=0

17)

Hence the conclusion (I)(3) is true.

Noting

di dr
sgn Re<—> ]» :sgn{Re<—> }
{ dr A=iw, da A=iw,
sinw, T }
¢ { (0/9) @
5\2
= 2)b=1>0,
sgn <‘ ( - ) } >

then (II)(3) is proved. Then all the proof is finished. O

Thus the following results can be obtained by Lemma 1.

Theorem 2. (I) If « = 0/9, then

(1) system (5) undergoes a codimension one steady-state
bifurcation at the tumor-free equilibrium Py as 0 < T <
S8/o;

(2) the tumor-free equilibrium P, is a B-T singular equilib-
riumast = §/0.

(I) If x < 0/, then

(1) the tumor-free equilibrium P, is asymptotically stable
as0 <7 <7155

(2) the tumor-free equilibrium P, is unstable as T > T,;

(3) system (5) undergoes Hopf bifurcation at the tumor-free
equilibrium Py as T = 7.

(I1I) The tumor-free equilibrium Py is unstable as « > o/6.



2.2. Positive Equilibrium. If «§ — o > 0, then the positive
equilibrium P, exists. The characteristic equation of system
(8) at the point P, is

A+ pl+gre M +r+le =0, (19)

where
p=-(a-08-2apy,),
=x, - (y,,
r=-0 (oc - 2aBy,),
1=08x, +{y, (a—2aBy,).

(20)

Lemma3. Ifad -0 > 0, B < ad/2(ad — 0), then

(1) all roots of (19) have negative real parts as 0 < T < T(;;

(2) Equation (19) has a pair of conjugate purely imaginary
roots i@, , and all other roots have negative real parts as

!

T =1,

(3) Equation (19) has at least one root with positive real
partsast > T(').

Proof. Noting 8 < ad/2(ad — 0), 1 — 23y, > 0, one has
r+1="Cay, (1-2By,) + dafy, > 0; (21)

thus (19) has no zero root.
If T = 0, then (19) can be written as

M+(p+q)r+r+1=0. (22)
It is easy to see

{y=8+(aB-0)y, >0,
(23)

prq=90-a(l-2By,)+x, -

and then all roots of (22) have negative real parts.
If 7 > 0, weassume that (19) has a pair of purely imaginary

roots A = iw (w > 0); thus
~w” +coswt + qwsinwt +r = 0,
(24)
pw + qw cos wt — Isinwt = 0,
and hence
w4+(p2—2r—q2)w2+r2—12:0. (25)

Noting 7 +1 > 0,7 < 0, then we have r — 1 < 0 and r* - I* =
(r+1)(r—1) < 0. That is to say, (25) has only one positive root

>

) _J—(pZ—zr—cfw¢<p2—zr—q2)2—4(r2—12)
. 2

(26)
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and the corresponding critical value is

Ip@, + q@, (@ -

,_i {arc tan %M + 2k71}

, 1@ - 1) - pad
o if 1(@2 -r) - pq@: > 0; keN.
k= Io@. +a@. (& —

; arc tan%+(2k+l)ﬂ},

w, l(w+ _T) — pquw;

if 1(@2 -r) - pq@: < 0.
(27)

We can also give the following transversal condition:

sgn {Re (%) s }
{R
|

o

20+ p q
R
e( Agh+D)e? T+/\(q)t+l))
sgn Z(w —r)+p —q}

{
sgn {

= sgn

\=i@, }

—2r— ) (p2—2r—q2)

(-2 - ) - (2 - 1)}

=1>0.
(28)

Then all results of this theorem have been proven. O

From Lemma 3, the following theorem can be obtained
directly.

Theorem 4. Suppose that a§ — o > 0, f < a8/2(ad — 0); then

(1) the positive equilibrium P, is stable as 0 < T < T,;
(2) the positive equilibrium P, is unstable as T > 7y;

(3) system (5) undergoes a Hopf bifurcation at the equilib-
rium P, as T = Tk

3. Direction and Stability of the Bifurcations

3.1. Hopf Bifurcation. In the previous section, we know that
system (5) undergoes Hopf bifurcation at the tumor-free
equilibrium P, and positive equilibrium P, under certain
conditions. In this section, we will study the stability and
direction of the Hopf bifurcated periodic solution by using
the center manifold reduction and normal form theory of
retarded functional differential equations due to the ideals
of Faria and Magalhaes [15, 16]. Throughout this section, we
always assume that system (5) undergoes Hopf bifurcations at
the equilibrium P (P, or P,) as the critical parameter 7 = 1,
and the corresponding purely imaginary roots are ticwy.
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Normalizing the delay 7 in system (7) by the time-scaling
t — t/1, then (7) is transformed into

2z (1) = 7oz, () + ay2, (£ 1)

+a3z, (t=1) + 8z, (t = 1)z, (t - )],
) (29)
z () =1 [.8121 (t=1) + Byzy () + B3z, (£ - 1)

—afz; (1) -z, (t- 1)z, (t - 1)].

This scaling is irrelevant for the study of the stability of
the equilibrium but will be crucial for the Hopf bifurcation
analysis.

Let z(t) = {2

o) - We transformed (29) into an FDE in
C([_l) 0]) |:Rz):

z(t)=N()(z)+F(z,7), (30)

where N(¢) : C([-1,0],R?») — RZ F(o) : C([-1,0]R?) —
R?, are given by

_ (o191 (0) + o9, (=1) + a3, (—1)
N@(g)=r (ﬁl(/)l (=1) + B9, (0) + B3, (—1)> ’ ()
31

- o1 (1) 9, (=1)
Fon) =gyt ) g1t D (1)

where ¢ = col(g,, ¢,) € C([-1,0], R?). Let A = {iwy, —iwy}.
Setting the new parameter y = 7—1, then (30) can be written
as

2(t)=N(n)(z) +F(z.y), (32)

where F(z,,y) = N(y)(z,) + F(z,, 7, + 7).
Assume that A is the infinitesimal generator of z(f) =
N(1;)(2,) satisfying A® = OB with

iw 0
B =< % ) (33)

—i(l)k

and A has a pair of conjugate purely imaginary roots +iwy.
Denote that P is the invariant space of A associated with A;
then dim P = 2. We can decompose C := C([-1,0], R?) to
C = PEQ by the formal adjoint theory for FDEs by Hale
[17]. Considering complex coordinates, we still denote C as
([-1,0],C?). Let ® = (®,, ©,) be the bases of P, where

O, =%, @,=0,, 6¢cl[-1,0], (34)
v = (1) isavector in C* and N(1)®@; = iwv.

Choose a basis ¥ for the adjoint space P*, such that
(¥,®) = I,, where (-,-) is the bilinear form on C* x C
associated with the adjoint equation. Thus, ¥ = col(¥,,¥,)
with

—iw T U u
Y,=e *u, ¥,=Y, u=<1>,

5
such that (¥}, ®,) = 1, (¥}, ®,) = 0. Then
1
v=|[ iw, - (oc1 + (xze*“"k) T |,
T 0z %
(36)
1
u=u | iwg— (ocl + oc2e_""’<) T |,
Ti e
and 1/u; = 1+ (1 + Boe )y ((iwy — () + ape*)7)/
T e %) + (ay + 205v,)e k.
Take the enlarged phase space BC, defined as
BC := {go :[-1,0] — C?*| ¢ is continuous on [-1,0),
lim ¢ (6) exiss| .
eirrgfp( ) exists
(37)
The projection 7 : BC — P is defined as
(@ +Xob) =D [(¥, @)+ ¥ (0)b], VoeC, beR%
(38)

thus we have the decomposition BC = PP Ker . Let z, =
Dx+y, x € C?, y € ker(m) N C' = Q', we can decompose
(32) to

%= Bx+¥(0)F(Px+y,y),

iy ] (39)
d—=AQ1y+(I—71)XOF((Dx+y,y),
x
where
I, 6=0;
X, 0)=4" ’ 40
0 (©) {o, -1<6<0. (40)

We write the Taylor expansion as follows:

_ 1 1
YO F(@x+y.y) = fr () + 51f5 (5 39) +hot,
~ 1
(I =m) XoF (®x+ 7,7) = 2 f; (%.7,7)

1
+ §f32 (x,y,7) + ho.t,
(41)

where f,' and f? are homogeneous polynomials in x, y, and
y of degree k,k = 2,3, with coefficients in C* and Ker rr,
h.o.t. stands for higher order terms. The normal form method
implies a normal form on the center manifold of the origin for
(32) which is

1 1
X = Bx + Eg; (x,0,9) + ;g; (x,0,9) + h.o.t., (42)



where g;(x,0,y) and g;(x,0,y) are homogeneous polyno-
mials in x and y, respectively.
From (39), it follows that

f, (x,0,9) = 2% (0) [N (y) (Px) + F (Dx, )] ;  (43)

that is,

1
£ (x,0,y)
2 2
_ 2<é1x1)’+é2x2)’+%0x21 + a5 XX +a02x%> (44)
APy + AyXy Y + AgpX] + @1 X X + Gy0X)

where

iw T
A= —*uly, A, =
Tk Tk

—iw T—
— kT3,

Ay = Tp [ulefziw"(vlvz +u, (—(x,ng - eiZiw"vlvz)] ,
e (45)
ayy = 7 [Guy (Vv +7,v,)

—uy 2afv, v, + vy, +V,)],

2i — — 2 Qiw, — —
oy = Ty [ule LYV, + Uy (—(xﬁvz -e """vlvz)] :

Thus

1 _ . 1 _(2A1xy
g, (x,0,y) = PrOJKer(M;)fz (x,0,y) = (221x2y . (46)

We will compute the cubic terms g5 (x, 0, y) as follows.
Since O(leyz) are irrelevant to determine the generic
Hopf bifurcation, then

() @
2

hence

—1
g; (x,0,y) = Proj, f5 (x,0,0) + 0 (|x| y),  (48)

—1
where f;(x,0,0) = (3/2)[(D.f)u, — (Dy15)95)(x00) +
(3/2)[(Dyf21)u§](x,0,0). In order to obtain g;(x,O,y), we
need to compute f; (x,0,0); that is, Proj][(Dxle)u;](x)O)O),
Proj][(Dxué)g;](x,o,o), and Proj][(Dyle)ug](x,o,o) should be
given; we will compute them as follows.

Firstly, knowing that

2 2
Gy Xy + a11X1 X, + Gy X5 >
bl

- 2, = - 2
gy X] T a11X1 X, + AypX,

f;(x,o,0)=2<

2 1 2 (49)
dyoX1 — A XXy — 402X,
Ly 0) = 3
u, (X, ) = T 1_ 2 — — 2
10y 3%02%1 T a5 XXy — X5
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then

PI’OjI[(Dx 21) u;](x,0,0)

(_%0“11 + %|“02|2 + |a11|2> xfxz
4 3

iwk

2 —
<—§|a02|2 - |a11|2 + “20“11> xlxg (50)

A 3xfx2
=4 _ N
Azx1X)
Secondly, noting (46), we know that g; (x,0,0) = 0; then
Proj][(Dxu;)g;](x,O,O) =0.
Lastly, we will compute Proj; [(D,, le)ué](x,o’o) as follow.

2 2 2 2
Leth = 1y = hygox +hoy0 X5 +hoga Y +hy1oX X5+ hygy X Y+
hgy,%,y. Noting g5 = 0, one has

Mh(x,y) = f; = 2(I - m) X, F (0x, y)
=2(I-m) X, [N (y) (@x) + F (Ox,7;.)] .

(51)
On the other hand, we know that
M;h(x,y)
=D h(x,y)Bx - Agh(x,y)
= D,h(x,y) Bx
=iy + X (L () ( (5 7)) = B (5,7) )
(52)
If y = 0, then
h(x) — D h(x) Bx = 20% (0) F (®x, 1), (53)

7 () (0) - L (1) (1 (x)) = 2F (0x,73.) .
Let

W) =0x+y=0x, +Dx, + y(0)
= e“Fyx, + e 09x, + y(0), (54)

W (0) = Ox = O, x; + O,x, = e%%vx; + e 7,
From

f> (x,9,0)
MT< (W, (D)W, (-1) )
—afW; (0) - Wy (1) W, (1)
_T< (W, (1) W, (-1) )
—afW; (0) - Wy (1) W, (1)
(55)

= 2Tk
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we obtain
i ( W DR ) W DR )
[(D l)h] _5 W, (-1) b (1) =W, (1) h” (-1) = 2a3W, (0) h” (0) (56)
rE 00 LT ( A G C VR4 TACGRY ) ’
W, (D) R (=) = W (1) B2 (=1) - 2a8W, (0) B (0)
A,xx
Proj,|(D, f)) 12 =2( 24172, 57
ro)] [( ny ) uZ:I(x,O’O) <A4x1x§> ( )
where _(“1"'0‘2) a;
C2 — ! bl
A, =1 [ulC (e_iw"vzh}m (=1) + €“*T, 0, (-1) ! l*(“ﬁ“z) —ay |’
B —(ﬁz*'ﬁa)
+e Ryl (1) + €T g (-1))] ol
2
. . C = bl
+ Uy Ty, [—e_’w"vzh}w (-1) - elw"Vzh;OO (-1 2 <C§>
—e_iw"vlh%w (-1) - eiwkvlhgoo (—1)] Ty, —Tse 2% .
Cl Ticb, 2iwg+T o1 fre Tk
— Uy Ty [206[; (Vthlo (0) + 1_/2]’1;00 (0))] . 2™ ' 2iwy—T0 ~Tyorye >k ~Tpoe % ?
(58) —1. ek i+ By +Ti Bye 2k
2iwk—‘rko¢1—1kz.xzefzi“’k T4,
In order to obtain A,, we need to compute h,;,(6), - —Ti e H%k b,
hy00(6). From (53), it follows that 2 ' 2iwy—Ton ~T0e K —roge
—1 e 2% 2w+ Ty By + Ty e 2k
hno =2(0;, D,) <EH> ) (1)
an
Hence
; a
hiyo (0) = L (1) (hyy) = 7% <b1> , (6A; +3A,) X x,
1 g; (x,0,0) = _ _ ) (62)
(59) (6A3 + 3A4) X1%5

hzoo = 2iwhygy = 2 ((Dl’ ‘Dz) (%;) >

hzoo (0) = L (1) (hagp) = 7 (Zi) >

where a; = 2[{(v;v,+v,v,)], by = 2[-2afv, v, — (v, v, +Vv,)],
ay = 2[{v,v,e ], and b, = 2[-aBv] — e Z“*v,1,]. Solving
(59), we can obtain

+Cy,

a5 ap,
h110 :2[_. D, - —,
l(vk l(l.)k

(60)

o)) ag 2iw 6
h,00 :2[—®1+ O, [ +Coe™™,

—iwk —3iwk

G
Cl = Cz >
1

a o
1 _ by ’(ﬁz*ﬁ})
Cl - l*(aﬁocz) —oty
-B

1 —(ﬁz"'ﬁa)

where

Thus, the normal form of system (42) has the form
(6A; +3A,) x*x
ceme (G0) 4 (o T
1%/ 3l (6A3 + 3A4) XX, (63)
+0 (lxl4 + |x| yz) .

Letx) = & —i§y, x, = § +1i§5, & = pcosw,and &, =
p sin w. Then the normal form becomes

p=ryp+rp +0(Vp+|(py)),
@ =-w,—Im(A;)y-Im <A3 + %A‘*) P +o(|(phy)])
(64)

wherer; = Re A;,r, = Re(A; + (1/2)Ay).
Summarizing all above, we have the following theorem.

Theorem 5. The flow on the center manifold of the equilibrium
P aty = 0 is given by (64). Also the following results hold:

(1) the Hopf bifurcation is supercritical if r;r, < 0 and
subcritical if ryr, > 0;
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FIGURE 2: (a) The equilibrium (1.3344, 92.1911) is stable when 7 = 0.2. (b) The oscillation solutions x(t) and y(¢) in terms of time ¢ when
7 = 0.2 < 7,. (c) The oscillation solution x(t) in terms of t when 7 = 0.372892. (d) The oscillation solution y(¢) in terms of ¢.

(2) the bifurcated periodic solution is stable if r, < 0 and
unstable if r, > 0;

(3) the period of the bifurcated periodic solution is
2n 2wy (r,Im(A,) —r Im (A5 + (1/2) Ay))

2
Wy r,w

+O(y2).

p(y)=

(65)

In the following, we will give some simulations to
illustrate the results of Theorems 4 and 5 for model (4).
We cite the parameters in [11], that is, 0 = 0.1181, { =
0.0031, § = 0.3743, « = 1.636, and 3 = 0.002. Then (4)
has a tumor-free equilibrium (0.3155, 0), which is unstable,
and a positive equilibrium (1.33435,92.1911), which is locally
asymptotically stable. We only simulate local properties of the

stable equilibrium (1.33435,92.1911) here in Figures 2(a) and
2(b).

Remark 6. From Figures 2(c) and 2(d), we can see that the
amplitude vibration for x(¢) is much bigger than that of y(t);
also both x(¢) and y(¢) with respect to t are not so smooth.
Then the Hopf bifurcated periodic solution on (x(t), y(t))
plan is not given here. At the same time, we can see that
the dynamical behaviors of the system have been changed
although 7 is small.

3.2. Steady-State Bifurcation. From Section 2, we know that
system (5) undergoes a steady-state bifurcation at the tumor-
free equilibrium Pj as &« = 0/6, 0 < 7 < /0. In this section,
we will discuss the properties of the steady-state bifurcation
by using the center manifold reduction and normal form
theories of retarded functional differential equations.
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At the tumor-free equilibrium P, we write system (5) as
an FDE:

z(t)=N(z)+F(z), (66)
where
~5¢,(0) + 2o, (-1
N((p)zr ¢1()+28§02( ) ,
ag, (0) - 5% (-1 67)

_ (o, (1) @, (-1)
Flg) = T(—oc/sq% ©0) -1 (-1 g, (—1))'

Letting o« = (0/8) + y, then (66) can be written as
. o =
0= N(3) (@) +F ), (68)

where F(z,,y) = N(y)(z,) + F(z,, 7).

Assuming that A is the infinitesimal generator of z(f) =
N(0/6)(z,), then A has a simple zero root. Set A = {0} and
we denote by P the invariant space of A associated with A;
then dim P = 1. We can decompose C := C([-1,0], R?) to
C = PP Q by the formal adjoint theory for FDEs by Hale
[17]. Let P = span(®) be the bases for P, where ® = (3}),
which is a vector in R* satisfying

N(%)d):d)(o). (69)

Choose a basis ¥ for the adjoint space P, where ¥ = (uy, u,),
which is a vector in R?* satistying YN(a/d) = —¥(0). Thus
we can obtain

1
| s _ 1
- <?—0> (2 o)

According to the method of Faria and a similar computa-
tion in the last section, we can obtain

f> (x,0,y) = 2¥ (0) [N (y) (©x) + F (Ox,73)]

) ) ,
- 25/(:_ . [Vgx —~((Bd?) IGo +6/0) x ] _
(71)

Noting
Ker (le) = span {xz, Xy, yz} , (72)
one has

g; (‘x’ 0’ Y) = ProjKer(M%)fZ1 (.X', 0’ Y)

o [s (B 8\, P
—Za/a_f[yg"‘(c—H;)’C]-

Thus, the normal form of system (5) is

. T 1) /382 5\ > 2
x—S/G_T[y;x—<(—O+;>x]+o(x). (74)

Then the following two results are obvious.

Theorem 7. If « = 0/3, 0 < T < §/0, then the tumor-free
equilibrium P, is stable.

Theorem 8. If 0 < 7 < §/o, a = d/8 + y, and y is small
enough, then

(1) the tumor-free equilibrium Py is stable as y > 0 and
unstable as y < 0;

(2) system (5) undergoes transcritical bifurcation at the
tumor-free equilibrium P,

3.3. Bogdanov-Takens Bifurcation. From Theorem 2 we know
that the tumor-free equilibrium P, is a B-T singular equilib-
rium of the system (5) as « = ¢/8, T = §/0. In this section,
we will discuss the bifurcations of the system (5) at P,.

At tumor-free equilibrium P, we can write (5) as an FDE:

z(t)=N(z) +F(z), (75)
where

8¢, (0) +¢Zg, (-1
N((p)z‘r ‘/’1()+25‘P2( ) ’
ag, (0) - 5% (-1) 76)

_ AN
F(p)=7 (—aﬁ(pg 0)=¢; (=D e, (-1) )"

Letaw = 0/8+y,, T = 8/0+7,. Then system (75) can be written
as

z(t) = N(%) (z) +F(z1,7), 77)

where F(z,,y) = N(y)(z,) + F(z,, ),y = (1}).

Assuming that A is the infinitesimal generator of z(t) =
N(c/d)(z,), then A has double zero roots. Set A = {0} and
denote by P the invariant space of A associated with A; then
dim P = 2. We can decompose C := C([-1,0], R?) as C =
PEHQ by the formal adjoint theory for FDEs by Hale [17].
Assume that P = span(®) and P* = span(¥). On the other
hand, we know that A® = ®B, where

B- (8 é) (78)

thatis, N® = ®(0) = ®B, ¥N = -¥(0) = —BY, and (¥, D) =
L.
Let

A':<_8_2 0) B':(O C) (79)
0 1) 0 -1
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From Lemma 3.1 by Xu and Huang [18], we can get

o 0, @
e@={ T T T (50)
¢ ¢

le (x,0,9) =2¥(0) [N (y) (®x) + F (Px,73.) ]

_‘_*[Q x+(§ L >x_<
3 07’11 U)’l 6)/2 2

z[§ x+<§ + ¢ >x—<
0)’11 0)’1 8)’2 2

On the other hand, the basis of Ker(M%) is

'{lyl '2)1
( 102>
>

9, (%,0,7) = Proji o f (%,0,7)

=2(2[é (B2
UY11 0)’1 8)’2 2

Thus, the normal form of the system (5) is

X, = Xy,
(85)
X, = ay X, + ayx, + ble +b,x,x, + h.o.t,
where
1) 1) o
= 2— 5 = 2 — — 5
a 0)’1 a (0)’1 + 5?2)
8 5 (86)
2 o 1
bl —2(24—&), b2=2<—?+§+5>.

From above, we know that the following result can be
obtained with the help of the theories of Xu and Huang [18]
and Chow and Hale [19].

Theorem 9. Assume that « = /8§ + y, T = 6/0 + y,,
b, > 0, and y is small enough; then system (5) undergoes
Bogdanov-Takens bifurcation at the tumor-free equilibrium P,.
Furthermore, on the (a,, a,)-parameter plane, both H and HL

(e (5 nl)

Abstract and Applied Analysis

4 —
¥ (6) = (0 _§C;2‘:9>. (81)
0 2

Using the method of Faria and the last section, we can obtain

L (g Do)

e (5ot

(83)

and then we can obtain

(84)

are located in the area a, > 0, a, < 0 and H is on the left of
HL, where H is Hopf bifurcation curve defined by

H= ‘[ (vv-72)

b
Ly (Y1) = b—2a1 (yp-12) + hotoay (v, 1) > 0]’ »
1
(87)
HL is the homoclinic bifurcation curve defined by

HL = {0 (YI’YZ)
) (Vl’)’z) = //‘( a, (Yl’)’z)> a, (Vl’)’z) (88)

+hot,a (y,7,) > 0} ,

and p is a continuously differentiable function with u(0)
6b,/7b,.

Take the same parameter in last section, that is, 0 =
0.1181, { = 0.0031, § = 0.3743, and § = 0.002; then
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FIGURE 3: The bifurcation diagram of system (5) at the tumor-free
equilibrium P,.

the tumor-free equilibrium is (0.3155,0). From Theorem 9,
we can obtain that the Hopf bifurcation curve is a, =
—1.0955a, and the homoclinic bifurcation is a, = —0.9394;,.
Then on (a,, a,)-parameter plane, the bifurcation diagram of
system (5) at the equilibrium P, is in Figure 3.

4. Discussion

We have studied the nonlinear dynamics of Kuznetsov,
Makalkin, and Taylor’s model with delay, which is a two-
dimensional model of tumor cells and immune system. We
first provided linear analysis of the model with delays at
the possible equilibria, namely, the tumor-free and positive
equilibria, and discussed the existence of Hopf bifurcation
at the equilibria. We investigated the Hopf bifurcation,
Bogdanov-Takens bifurcation, and steady-state bifurcation in
the model. Numerical simulations were presented to illustrate
the theoretical analysis and results.

Our analysis on the existence and stability of the tumor-
free equilibrium corresponds to this elimination process and
on the existence and stability of the positive equilibrium
corresponds to coexistence of the immune system and the
tumor system. Our results on the existence and stability of
the Hopf bifurcated periodic solutions of P, describe the
equilibrium process. When a stable periodic orbit exists,
it can be understood that the tumor and the immune
system can coexist although the cancer is not eliminated.
The conditions for the parameters provide theories basis to
control the development or progression of the tumors. The
phenomena have been observed in some models as dOnofrio
[5], Kuznetsov et al. [11], and Bi and Xiao [14]. In particular,
Bi and Ruan [7] have shown that various bifurcations,
including Hopf bifurcation, Bautin bifurcation, and Hopf-
Hopf bifurcation, can occur in such models. Our results on
the existence and stability of the bifurcated (Hopf, Bogdanov-
Takens, and steady-state) periodic solutions describe rich
dynamical behaviors of P;, which show that the elimination
process is so complex and difficult to control.

1

Finally, we should point out that we have studied the
local dynamical behaviors of P, and P,. As the example
in our paper showed these two equilibria may coexist.
Correspondingly, the system can exhibit more degenerate
bifurcations including Hopf-Hopf and resonant higher codi-
mension bifurcations. It would be interesting to consider
these dynamics of the delayed model.
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