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We introduce the triple hierarchical problem over the solution set of the variational inequality problem and the fixed point set of a
nonexpansive mapping. The strong convergence of the algorithm is proved under some mild conditions. Our results extend those

of Yao et al,, Iliduka, Ceng et al., and other authors.

1. Introduction

Let C be a closed convex subset of a real Hilbert space H
with inner product (-,-) and norm || - . We denote weak
convergence and strong convergence by notations — and —,
respectively. Let A be a nonlinear mapping. The Hartman-
Stampacchia variational inequality [1] is to find x € C such
that (Ax, y — x) > 0,Vy € C. The set of solutions is denoted
by VI(C, A). f: C — Cis said to be a p-contraction if there
exists a constant p € [0, 1) such that || f(x) = f(»)I < pllx -
yl,Vx, y € C. Amapping A : H — H is said to be monotone
if (Ax — Ay,x - y) 20,Vx,y € H . AmappingA: H - H
is said to be a- strongly monotone if there exists a positive real
number « such that (Ax— Ay, x—y) > allx - yIIZ,Vx, yeH.
A mapping A : H — H is said to be -inverse-strongly
monotone if there exists a positive real number 8 such that
(Ax — Ay,x — y) = BllAx — Ay|*,Vx, y € H. A mapping
A : H — H is said to be L-Lipschitz continuous if there
exists a positive real number L such that [|Ax — Ay| < L||x -
yl,Vx, y € H. A linear bounded operator A is said to be
strongly positive on H if there exists a constant y > 0 with the
property (Ax, x) > yl|x|*, Vx € H. A mapping T : C — Cis
said to be nonexpansive if |[Tx — Tyl < |lx — yl,Vx, y € C.

A point x € C is a fixed point of T provided Tx = x.
Denote by F(T') the set of fixed points of T; that is, F(T) =

{x € C: Tx = x}. If C is bounded closed convex and T is a
nonexpansive mapping of C into itself, then F(T") is nonempty
(see [2]).

We discuss the following variational inequality problem
over the fixed point set of a nonexpansive mapping (see
[3-16]), which is said to be the hierarchical problem. Let
a monotone, continuous mapping A : H — H and a
nonexpansive mapping T : H — H.Find x € VI(F(T), A) =
{x € F(T) : (Ax,y — x) > 0,Vy € F(T)}, where F(T) # 0.
This solution set is denoted by E.

We introduce the following variational inequality prob-
lem over the solution set of variational inequality problem
and the fixed point set of a nonexpansive mapping (see [17,
18]), which is said to be the triple hierarchical problem. Let
an inverse-strongly monotone A : H — H, a strongly
monotone and Lipschitz continuous B : H — H, and a
nonexpansive mapping ' : H — H. Find x € VI(E,B) =
{x e E:(Bx,y —x) 20,Vy € E}, where E := VI(F(T), A) #
0.

In 2009, Yao et al. [19] considered the following two-step
iterative algorithm with the initial guess x, € C which is
chosen arbitrarily:

Xps1 = (xnf (xn) + (1 - “n) Tyn’

1
yn:ﬁnsxn+(l_ﬁn)xn: Vn =0, ()
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where «,,, 8, € (0, 1) satisfies certain assumptions. Let S, T
be two nonexpansive mappings and let f : C — C be
a contraction mapping. Then, they proved that the above
iterative sequence {x,} converges strongly to fixed point.

Next, Iiduka [17] introduced a monotone variational
inequality with variational inequality constraint over the
fixed point set of a nonexpansive mapping; the sequence {x,,}
defined by the iterative method below, with the initial guess
x, € H, is chosen arbitrarily:

In = T('xn - AnAlxn) >
(2)

Xpp1 = Yo — O, AL Y, Y20,

where &, € (0,1] and A,, € (0, 2] satisty certain conditions,
A, : H — H is an inverse-strongly monotone, A,
H — H is a strongly monotone and Lipschitz continuous,
and T : H — H is a nonexpansive mapping; then the
strongly convergence analysis of the sequence generated by
(2) is proved under some appropriate conditions.

In 2011, Yao et al. [20] studied the hierarchical problem
over the fixed point set. Let the sequences {x,,} be generated
by these two following algorithms:

implicit algorithm x, = TP-[I — t(A — yf)]x,, Vt €
(0,1)

explicitalgorithm x,,,, = 8,x,,+(1-,)TPc[I-eo, (A-
yf)lx,, Vn = 0.

They illustrated that these two algorithms converge strongly
to the unique solution of the variational inequality which is
to find x* € F(T) such that

(A-yf)x",x-x") >0,

where A : C — H is a strongly positive linear bounded
operator, f : C — H is a p-contraction,and T : C — C
is a nonexpansive mapping satisfying some conditions.

Very recently, Ceng et al. [21] studied the following new
algorithms. For x, € C is chosen arbitrarily, they defined a
sequence {x,} by

Vx € F(T), (3)

Xn+1

= PC [Any (“nf (xn) + (1 - an) an) + (I - /\n.uF) T‘xn] >

Vn=>0,
(4)

where the mappings S, T are nonexpansive mappings with
F(T) # 0. Let F C — H be a Lipschitzian and
strongly monotone operator and let f : C — H be a
contraction mapping satisfying some appropriate conditions.
They proved that the proposed algorithms strongly converge
to the minimum norm fixed point of T'.

In this paper, we consider a new iterative algorithm for
solving the triple hierarchical problem over the solution set
of the variational inequality problem and the fixed point set
of a nonexpansive mapping which contain algorithms (1) and
(4) as follows:

Yn = PC [ﬁnsxn + (1 - ﬁn) xn] >
Xny1 = y/\n(/) (xn) + (I - An!’iF) Tyn’

(5)
Vn >0,
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where the mappings S, T are nonexpansive mappings with
F(T) # 0. Let F : C — H be a Lipschitzian and strongly
monotone operator, and let ¢ : H — H be a contraction
mapping satisfying some mild conditions. Find a point x* €
F(T) such that

(I-8)x",x-—x"y>0, VxeF(T). (6)

This solution set of (6) is denoted by Q := VI(F(T),S).
The strong convergence for the proposed algorithms to the
solution is solved under some appropriate assumptions. Our
results improve the results of Ceng et al. [21], Iiduka [17], Yao
et al. [19], Yao et al. [20], and some authors.

2. Preliminaries

Let C be a nonempty closed convex subset of H. There holds
the following inequality in an inner product space ||x + y|* <
||x||2 +2(y,x + y),VYx,y € H. For every point x € H, there
exists a unique nearest point in C, denoted by P.x, such that

- Pexl < |x-y]. vyec. @

P is called the metric projection of H onto C. It is well known
that Py, is a nonexpansive mapping of H onto C and satisfies

(x = y, Pox = Pey) 2 |Pox - Poy[, (®)

for every x, y € H. Moreover, Pox is characterized by the
following properties: Pox € C and

(x = Pox,y — Pox) <0, 9)

Ix = y|* = | = Pox|]” + |y - Pex], (10)

forall x € H,y € C. Let B be a monotone mapping of C
into H. In the context of the variational inequality problem
the characterization of projection (9) implies the following:

ueVI(C,B)y &= u=P-(u—-ABu), A>0. (1)

Itis also known that H satisfies the Opial’s condition [22]; that
is, for any sequence {x,} ¢ H with x, — x, the inequality
liminf, | llx, — x| < liminf, | llx, — vl holds for every
y € Hwith x # y.

Lemma 1 (see [23]). Let C be a closed convex subset of a real
Hilbert space H and let T : C — C be a nonexpansive
mapping. Then I — T is demiclosed at zero; that is, x, —
x and x,, — Tx,, — 0imply x = Tx.

Lemma 2 (see [24]). Let {x,} and {y,} be bounded sequences
in a Banach space X and let {3} be a sequence in [0, 1] with
0 < liminf, _, B, < limsup,_, B, < 1. Suppose x,,.; =
(1-B,)y,+P,.x, for all integersn > 0 and lim sup,, _, .. (1,41 —
Yl = %, — x,1) < 0. Then, lim,, _, |y, — x,|l = 0.
Lemma 3 (see [10]). Let B: H — H be [3-strongly monotone
and L-Lipschitz continuous and let u € (0,2/L*). For A €
[0,1], define Ty : H — H by T)(x) := x — AuB(x) for all
x € H.Then, forallx, y € H, |T)(x)-T,(»)| < (1-A7)[x—yl

hold, where T := 1 — \|1 — u(2f — uL?) € (0, 1].
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Lemma 4 (see [25]). Assume that {a,} is a sequence of
nonnegative real numbers such that

[ < (1 - yn) a, + 871’ Vn =0, (12

where {y,} ¢ (0,1) and {8,} is a sequence in R such that

@) 2221 VYn = 005

(i) limsup,, _, o (8,/y,) < 0or Y02 18,] < co.

Then lim a, =0.

n—-00"n

3. Strong Convergence Theorem

In this section, we introduce an iterative algorithm of triple
hierarchical for solving monotone variational inequality
problems for x-Lipschitzian and #-strongly monotone oper-
ators over the solution set of variational inequality problems
and the fixed point set of a nonexpansive mapping.

Theorem 5. Let C be a nonempty closed and convex subset
of a real Hilbert space H. Let F : C — C be k-Lipschitzian
and n-strongly monotone operators with constant k and n > 0,
respectively, and let ¢ : C — C be a p-contraction with
coefficient p € [0,1). Let T : C — C be a nonexpansive
mapping with F(T) # 0, and letS : H — H be a nonexpansive
mapping. Let 0 < u < 2n/x* and 0 < y < T, where

\J1 = u(@2n — px?). Suppose that {x,} is a sequence

generated by the following algorithm where x, € C is chosen
arbitrarily:

T=1-

Yn = PC [ﬁnsxn + (1 - ﬁn) xn] >
Xp+1 = yAn(/) (xn) + (I - /\muF) Tyrv

(13)
Vn >0,

where {B,},{A,.}, € (0, 1) satisfy the following conditions:

(C1): B, < kA

(C2): lim A A

noootn = 0, lim
[e.9] A _ .
Zn:O n = 09

n An—l)/An) =0,

n—»oo((

(C3): lim,, _, o (B, = B1)/By) = O.

Then {x,} converges strongly to x* € Q, which is the unique
solution of another variational inequality:

((MF—yp)x",x —x") >0, VxeQ, (14)

where Q) := VI(F(T),S) + 0.

Proof. We will divide the proof into four steps.

Step 1. We will show that {x,} is bounded. Indeed, for any
x* € F(T), we have

Iy~

= [P RS+ (1- B) %] - Pox'|

< [B,Sx,+ (1~ B)x, - x°]

=B, (55, - S7) + (1= B,) (- x°) 4 B, (857 - x°)]
< Bulls, — "+ (1 B) e =] + B, o™ — ']

< -]+ Bulsx” - 7.

(15)
From (13), we deduce that
[EE|
= [lyAud (x,) + (I = A, uF) Ty, — x|
= [yA, (@ (x,) =@ (7)) + (I = A,uF) (T, - x7)
+A, (v (x7) - uFx") |
(16)

< VAl (x) =& (7)) + (T = A,0F) | Ty, = x7]|
+ A v (x7) — pEx"|

< P [, = %7 + (1= A7) [y = X7
+ A [lye (x") - uEx"|.

Substituting (15) into (16), we obtain

s = %7
< yPA, %, = 7|
+ (1= A0) {l = 7| + By 5™ = x|}
+ Ay (x°) = uEx"|
< ypA, o, = x| + (1= A7) [lx, = x|
+ B llSx” = x| + A Iy (x7) — uFx”|
<[1=2, (T =yp)l o, = 7| + kA, 2" =27 (17)
+ Ay v (x7) = uEx"|
<[t=2, (z=yp)] %, — 7|
+ A (R [Sx7 = x| + Iy (x7) - uFx"]))

1
TP

< max{“xn—x*” +

x(kllsx” =%+ g (") - |



By induction, it follows that

e =71

Smax{”xo—x ||+ o
(18)

< (k[[Sx" = x| + [y (x7) - uEx"[) } ,
n>0.

Therefore, {x,} is bounded and so are {y,}, {Ty,}, {Sx,},
{p(x,)}, and {FT (y,,)}.

Step 2. We will show that lim, _, llx,, — Tx,| = 0. Setting
v, = B,Sx, + (1 - B,)x,, we obtain

1V, = v
= [1B.Sx, + (1= Bo) %, = Bue1S%01 = (1= By X
= || By (Sx = Sx,1) + (By = Baer) SXn
+ (1= Ba) (e = %01) + (But = Ba) % |
< B ln = et + 1B = Baca | (1560t + [0
(1= o) [ = x|

< e = s+ 1Bs = B (USca |+ s )
(19)

which implies that

19 = Y-l = 1Pecvs = Pevii|
6 an - anlll

< ”xn - xn—l" + |ﬁn - ﬁn—ll (stn—lll + "xn—lll) .
(20

It follows from (13) that

It = .l
= || YAug (x) + (I = AuF) Ty = YA, 16 (%1
(I =M, uF) Ty, "
= 72 (¢ () = b (xumt)) + (A = At 19 (%01)
+ (I = AuptF) Ty, = (I = Ay y iF) Ty |
< YA [ = x|+ A = A | v (16 G
+ (T = AuF) Ty, = (I = AuuiF) Ty,
+ (I = AutF) Ty = (I = Ay tF) Ty |
< YpA % = X |+ A = At [l ()|
+ (U= 40) |9 = s + (A = At | [T,
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< VP %0 = x|+ [ = A

x (v ¢ (ep- ) + 1 |[F Ty, )

+ (1= 2,7) {1 = Xt | + B = B

X (1S [ + -1 D}

<[1=2, (z=yp)] % = |

A= A (2 G| + | F Ty )

+ 1By = Bua | (IS + 2001
= [1= A, (v = yp)] % = %cal

An_Anf n "~ Pn-
(Rl [t

n n

< [1 _An (T_ YP)] "xn - xn—l“

|/\n - An—1| k |ﬁn - /3n—1|
+< Lo TR

o
(1)

where M, is a constant such that

sup (18 )+ BT (5 + D} < M.

Hence, conditions (C2) and (C3) allow us to apply Lemma 4;
then we get

nll)ngo "xn+1 - xn" =0. (23)
By (21), we get
||xn+1 B xn”
An
||xn B xrﬁl”
< (1=, (r - yp)] Po el
+ |An B An—ll;— |ﬁn - ﬁn—llj\/I1
”xn B xn—lu
=[1-A,(r - yp)] T
n—-1
+ [1 -2 (T _ YP)] ||x7l — xn—lu _ ”xn B xn—l" (24)
! Ai’l /\n—l
+ |An B /\nfll):' |ﬁn B ﬁn—l'Ml
||xn B xn—l”
< (12, (r - yp)] Pl
n-1
1 1 1
+ An "xn - xn—l" /\_n ‘A_n - /ln,l

|)Ln - /‘n—1| + |[;n - ﬁn—ll ]

+ M\, e
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Using the conditions (C2) and (C3), we can apply Lemma 4
to conclude that

”xn+1 B xn" —

n

lim
n—oo

0. (25)

By (13), we compute
%1 = Tyl = Y200 (%) + (I = A, uF) Ty, = Ty,
= [yAu® (x,) + Ty = ApFTy, = Ty,|  (26)
< A llye (%) = uFTy, |-

From the condition (C2), we note thatlim,, _, . l|lx,,; =TIl =
0. At the same time, from (13), we also have

"yn - xn" = nPC [ﬁnsxn + (1 - ﬁn) xn] - Pan”
< [1BuSx, + (1= Ba) % = x| 27)

< B, [|Sx, = x| -

By the conditions (C1) and (C2), we note that lim
x,| = 0. Consider

n—>oo||yn -

“)’n - Tyn" = “yn - xn“ + “xn - xn+1||

(28)
+ %01 = Ty — 0.
From (23), (26), and (27), we obtain
nli_,néo “yn - Tyn" =0. (29)
We set v, = 3,Sx, + (1 — f3,)x,,; then we get
Iy = vall = [Py = vl
(30)

< an—vn” — 0, asn-— oo.

From (13), we have
”Tyn - Txn” = "TPC [ﬁnsxn + (1 - ﬁn) xn] - TPan“
< [|BuSx, + (1= Bo) X, = x| (31)

< B, ||an - xn“ .

By the conditions (Cl) and (C2) again, we note that
lim,, _, ,IITy, — Tx,|l = 0. Consider

”xn - Txn" < “xn - yn“ + ”yn - Tyn" + "Tyn - Txn" _)( 0.
3

From (29), lim
0, we obtain

X, = ¥,ll = 0,and lim,, | | Ty, -Tx,|l =

n—»oo"

Jim %, = Tx,|| = o. (33)

Step 3. We will show that limsup,, _, . (uFx" — y(x*), x,, —
x™) < 0. Rewrite (13) as

Xn+1 = YAn(/) ('xn) + (I - ”AWF) Tyn

—Vnt :anxn + (1 - ﬁn) Xn-

(34)

We observe that

Xn = Xn+1

= X, — YA, (x,)
= (I = pA,F) Ty, + vy = BuSx, = X, + X,

= A, (uF - y$) x,,
= ApttFx, = (I = pA,F) Ty, + (I - pA,F) y,
= (I = pA,F) y, + v, + B, (1= 9) x,

= Ay (WF = y$) x, + At (Fy, = Fx,,) + (¥, = T¥,)
— UAGE (3 = Ty) + (v = y) + B (I = ) x,,

= Ay (UF = y$) x,, + Ayt (Fy,, = Fx,) + (3, = Tv,,)
= AGE (3 = Ty) + A (0 = Ty)
= A (U= Tyu) + (V= ) + B 1 = 8) x,,

= Ay (UF = y$) x,, + A p (Ey, - Fx,)
+ Ay (I = pF) (9, = Ty) + (1= A,) (9 = T,)
+ (V= ) + B, (I = 8) x,,

(35)

Set

z,= 2" >0, (36)

We note from (35) that

z, = (uF = y¢) x, + u(Fy, - Fx,) + (I = uF) (y, - Ty,)
1-1,

)

(yn - Tyn)

+/\Ln(vn—yn)+§—:(1—8)xn.

n

(37)
This yields that, for each x™ € F(T),

(2, %, — ")
= <([’1F_ y(p) X Xy _x*> +“<(Fyn _Fxn)’xn _X*>
+{(I = pF) y, = (I = pF) Ty, x,, = x7)

1-1,

)

<yn - Tyn’ Xy — X*)

n

+ Ai(vn—yn,xn—x*) + f—:((I—S)xn,xn—x*)

n



= ((uF —yp) x",x, - x7)
+ ((uF - y¢) x,, — (uF = yp) x", x,, — x")
+Au<(Fyn _Fxn)’xn _x*>
+{(I = pF) y, = (I = uF) Ty, x, - x")

1-

)

An * 1 %
<yn_Tyn’xn_x >+A_<Vn_yn’xn_x >

+ %((I -8)x,,x,—x").
(38)
In view of (38), ((uF — yP)x,, — (UF — pP)x*,x,, — x*) is

nonnegative due to the monotonicity of uF — p¢. From (38),
we derive that

<Zn’xn_X*> 2 <(HF_Y¢)x*’xn_x*>
+[4<(Fyn_Fxn)’xn_x*)
+{(I = uF) y = (I = uF) Ty, %, — x7)

L1,

<yn _Tyn’xn _x*>

n

1 *
+A_n<vn_yn>xn_x )
B

3 ((I=98)x,,x,—x").

n

(39)

Since (29) implies [|[(I-uF) y,—(I-uF)Ty,| — 0,asn — oo,
from (25), then we get z, — 0. Using (C1) and (30), ||y, —
x,l — 0,asn — oo and {x,} is bounded. We obtain from
(39) that

limsup((uF - y$) x", x, —x") <0, Vx" € F(T). (40)

Since the sequence {x,} is bounded, we can take a subse-
quence {xnj} of {x,} such that

lim sup ((uF - y¢p) x*, x,, — x*)
n—00
) ) (41)
= lim sup((uF - y¢) x", x, —x7)

j— oo

and x,, — X.From (33), by the demiclosed principle of the
nonexpansive mapping, it follows that X € F(T'). Then

lim sup{(uF - y¢) x", Xy, = x")
j—oo

(42)
= ((uF —yp)x",x—x") < 0.
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Step 4. Finally, we will prove x,,,;, — x*. From (13), we note

that

n+1

Iy = %7 1" = IPclBuSx, + (1 = B)x,] = Pox”[
< 1BSx, + (1= Bx,] - x|
< 1B, (Sx, = $x°) + (1= B,) (, - x7)
B, (5x" = x|

< "ﬁn (an_sx*) +(1 _Bn) (xn_x*)nz (43)

+2B,(8x" —x", y, — x")
< ﬁn”xn - ‘x*"2 + (1 - ﬂn) "xn - ‘x*"2
+2B,(Sx" - x",y,—x")

< e = I+ 2B, f15x" = %"l = <"1
Using (43), we compute

s = %"
= YA p(xn) + (I = L uF)Ty, - x|
= |yAa (¢ (x,) = ¢ (x7))
+ (I = A pF) Ty, = (I = A, uF) x"
F(I=ApF) %" = X"+ yh,0 ()|
= [vAa (¢ (x,) = ¢ (x7)) + (I = A,pF) (Ty, = x7)
A, (y9 (x7) — uFx")|*
< IPA($(x,) — $(xT)) + (I = A uB)(Ty, - x|
+ 24, (y$ (x7) = pFx", x,1 — X7)
< Y905, 96 + (1= A7 Ty, - 5
20, (y (") = WFx", Xy = x°)
+2(yA, (¢ (x,) = ¢ (x7)), (I - wA,F) (Ty, - x7))
PPN =%+ (1= 20,7+ 077 [ - 27
+ 24, (y (x7) = uFx", x,0 = x7)
+2pA,(¢ (x,) = ¢ (x7), (I = pA, F) Ty, — (I - pd,,F) x7)
= VPN =[P+ (120,74 077 [ - 27
+ 24, (y$ (x7) = pFx", x,p1 = X7)
+ 2P, (¢ (%) = @ (x7), (Ty, = x7) = A, F (Ty, = x7))
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= VPN fx, I + (1= 20,7+ 2077 [, - |
+2X, (¢ (x7) — uFx", x,0 = X7)
+2yA, (b (x,) = ¢ (x7), Ty, — x7)
= 2pA, (¢ (x,) = ¢ (x7), A, F (Ty, - x7))

2y (1 -2A, T+ /\irz)

<y P’ A%, -
x {lxs = x"I" + 2B, Isx* = x| |y, = %"}
+ 24, (v (x7) = uFx", = x7)
+2ppA, [x, = x| Ty, - x7
= 2yppd, [x, = <" | |F (Ty, - 7))

[1 - An (ZT - AnT2 - Anyzpz)] "xn -x" "2

IN

+ 26,4, 81" = x| [y, = 27|
20,0 () — BEX g — X7)
+29pA [x, = x| Ty, - x7
= 2yppd;, x, = <" |E (Ty, - x")]-
(44)

Since {x,}, {T'y,}, and {FTy,} are all bounded, we can choose
a constant M, > 0 such that

1
su
,,25 2t - A, - A2 p? (45)

x L2yppx, = x" | IF (Ty, = x7)|} < M.
It follows that
[%ne1 = x7|° < [1 -1, (21 -\, - /\nyzpz)] %, — x|
+1, (21 -1,7 = 1,9%p%) 5,
(46)

where

P 2¢,
"2t - A1 - Ay2p

3 8% ==l = %7

2
T A2 = Ay

77 (VO (xT) —HF 2 = 27)

2 . .
* - A T2 — A yzpz)’P"xn_x Ty, = x|
n n

— A, M,
(47)

Now, applying Lemma 4 and (35), we conclude that x,, —
x". This completes the proof. O

Corollary 6. Let C be a nonempty closed and convex subset
of a real Hilbert space H. Let F : C — C be k-Lipschitzian

and n-strongly monotone operators with constant k and n > 0,
respectively. Let T : C — C be a nonexpansive mapping with
F(T) # 0,andletS : H — H be a nonexpansive mapping. Let
0<u<2n/x*and0 <y < 1, wheret = 1-1/1 — u(2n — px?2).
Suppose {x,,} is a sequence generated by the following algorithm

X, € C arbitrarily:
Xny1 = (I - An!"F) TPC [ﬁnsxn + (1 - Bn) xn] , Vn 2(0’ )
48

where {f,},{A,,} € (0, 1) satisfy the following conditions (C1)-
(C3). Then {x,} converges strongly to x* € Q, which is the
unique solution of variational inequality:

(I-uF)x",x-x") >0, VxeQ, (49)

where Q := VI(F(T),S) + 0.

Proof. Putting ¢ = 0 in Theorem 5, we can obtain the desired
conclusion immediately. O

Corollary 7. Let C be a nonempty closed and convex subset of
areal Hilbert space H. Let ¢ : H — H be a p-contraction with
coefficient p € [0,1), and let T : C — C be a nonexpansive
mapping with F(T) # @ and S : H — H a nonexpansive
mapping. Suppose {x,,} is a sequence generated by the following
algorithm, x, € C, arbitrarily:

Yn = PC [ﬁnsxn + (1 - ﬁn) xn] >
Xpt1 = /\n¢ (xn) + (1 - An) Tyn’

where {f,},{A,,} € (0, 1) satisfy the following conditions (C1)-
(C3). Then {x,} converges strongly to x* € Q, which is the
unique solution of variational inequality:

(50)
Vn >0,

(I-¢)x",x-x") =20, VxeQ, (51)

where Q := VI(F(T),S) + 0.

Proof. Puttingy = 1, y = 2, and F = I/2 in Theorem 5, we
can obtain the desired conclusion immediately. O

Corollary 8. Let C be a nonempty closed and convex subset
of a real Hilbert space H. Let T : C — C be a nonexpansive
mapping with F(T) # 0 and letS : H — H be a nonexpansive
mapping. Suppose {x,,} is a sequence generated by the following
algorithm, x, € C, arbitrarily:

Xnt1 = (1 - An) TPC [ﬂnsxn + (1 - ﬁn) xn] >

where {8,},{A,.} € (0, 1) satisfy the following conditions (C1)-
(C3). Then {x,} converges strongly to x* € F(T), which is the
unique solution of variational inequality:

Vn >0, (52)

(I-8)x",x—x"y>0, VxeF(T). (53)

Proof. Putting ¢ = 0in Corollary 7, we can obtain the desired
conclusion immediately. O



Corollary 9. Let C be a nonempty closed and convex subset of
areal Hilbert space H. Let ¢ : H — H be a p-contraction with
coefficient p € [0,1), and let T : C — C be a nonexpansive
mapping with F(T) # @ and S : C — C a nonexpansive
mapping. Suppose {x,,} is a sequence generated by the following
algorithm, x, € C, arbitrarily:

Xn+1 = /\nxn + (1 - An) T [ﬁnsxn + (1 - ﬂn) xn] >

Vn >0,

(54)

where {f,},{A,.} € (0, 1) satisfy the following conditions (C1)-
(C3). Then {x,} converges strongly to x* € F(T), which is the
unique solution of variational inequality:
(I-8)x",x—x"y>0, VxeF(T). (55)
Proof. Putting P, = I in Corollary 7, we can obtain the
desired conclusion immediately. O
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