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In the recent paper (B. Samet, C. Vetro, and P. Vetro, Fixed point theorems for a-y-contractive type mappings, Nonlinear Analysis.
Theory, Methods and Applications, 75 (2012), 2154-2165.), the authors introduced the concept of a-admissible maps on metric
spaces. Using this new concept, they presented some nice fixed point results. Also, they gave an existence theorem for integral
equation to show the usability of their result. Then, many authors focused on this new concept and obtained a lot of fixed point
results, which are used for existence theorems. In this paper, we not only extend some of the recent results about this direction but
also generalize them. Then, we give some examples to show our results are proper extensions. Furthermore, we use our results to
obtain the existence and uniqueness result for a solution of fourth order two-point boundary value problem.

1. Introduction and Preliminaries

Fixed point theory contains many different fields of mathe-
matics, such as nonlinear functional analysis, mathematical
analysis, operator theory, and general topology. Historically,
the study of fixed point theory has developed in two major
branches: the first is fixed point theory for contraction or
contraction type mappings on complete metric spaces and
the second is fixed point theory for continuous operators on
compact and convex subsets of a normed space. Recently,
there has been a lot of activities in the first branch and several
fundamental fixed point results have been extended and
generalized by many authors in different directions. In this
paper, we mention some important of them and give some
new fixed point results. Also, we support our results by giving
a lot of nontrivial examples. First, we give some notations,
which will be used in this paper. Let y : [0, 00) — [0,00) bea
function. For convenience, we consider the following proper-
ties of this function:

(v,) v is nondecreasing,
(v,) lim,,_, y"(¢) =0 forallt > 0,
(y3) w(t) <tfort >0,

(ys) vy is continuous,
(ye) v is upper semicontinuous from the right,

(v;) Yoo, ¥"(t) < oo forany ¢ > 0.

In the light of the above properties, the following hold: if
y, and v, satisfied, then y; holds. If y, and y; are satisfied,
then y, holds. If y; and y; are satisfied, then y, and y, hold.

Denoted by ¥ the family of functions v : [0,00) —
[0,00) satistying v, and y,, which is called comparison
functions in the literature (see [1]), by @ the family of
functions ¥ : [0,00) — [0, 0o0) satisfying v, and v, which is
called (c)-comparison functions in the literature (see [1]), and
by Y the family of functions y : [0,00) — [0, 00) satisfying
Y5 and . Now, we give some examples showing the relations
between the sets @, ¥, and Y. First, it is clear that ® ¢ .

Examplel. Lety : [0,00) — [0,00) be defined by w(t) = At,
where A € [0,1), and theny € D NY.

Example 2. Let y : [0,00) — [0,00) be defined by y(t) =
t/(1+t),andtheny e ¥ NY,buty ¢ O.
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Example 3. Lety : [0,00) — [0, 00) be defined by

y(t) = - 5 1
-, >,
2 18 3
and then y € @, buty ¢ Y.
Example 4. Let y : [0,00) — [0, 00) be defined by
#; 0<t<l1
y (1) = 5 (2)
—, t>1,
3
and theny € ¥, buty ¢ DUY.
Example 5. Lety : [0,00) — [0, 00) be defined by
t
1_+t’ 0<t<l1
y®=1q] (3)
—, t>1,
2t

and then y € Y, buty ¢ V.

In their recent paper, Samet et al. [2] introduced the
notions of a-admissible and «-y-contractive mappings and
then gave some fixed point results for such mappings. Their
results are closely related to some ordered fixed point results.
Then, using their idea, some authors presented fixed point
results for single and multivalued mappings (see, e.g., [2-6]).

Definition 6 (see [2]). Let (X, d) be a metric space, let T be
aself-mapon X,y € ®,andletar : X x X — [0,00) be a
function. Then T is called a-y-contractive whenever

a(xy)d (TxTy) <y (d(xy)) (4)
forall x, y € X.

Note that every Banach contraction mapping is an «-y-
contractive mapping with a(x, y) = 1 and w(t) = At for some

A€ [0,1).

Definition 7 (see [2]). T is called a-admissible whenever
a(x, y) > 1 implies a(Tx, T'y) > 1.

There exist some examples for a-admissible mappings in
[2]. For convenience, we mention here one of them. Let X =
[0,00). DefineT : X —» Xanda : X x X — [0,00) by
Tx = y/xforallx € Xand a(x,y) = ¢ forx > y and
a(x, y) = 0 for x < y. Then T is a-admissible.

Theorem 8 (see [2]). Let (X,d) be a complete metric space
andletT : X — X be an a-admissible and o-y-contractive
mapping. If there exists x, € X such that a(x,, Tx,) = 1 and
T is continuous, then T has a fixed point.

Thefollowing theoremsare a generalization of Theorem 8.
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Theorem 9 (see [3]). Let (X, d) be a complete metric space and
letT: X — X be an a-admissible mapping satisfying

a(x,y)d (Tx,Ty) <y (M (x, y)) (5)

forall x,y € X, where y € ® and
M (x, y)

=maX{d(x,y)>d(x>Tx)’d(y’T)’)’ (6)

d(x,Ty) +d(y,Tx)}.
2

If there exists x, € X such that a(x,,Txy) = 1 and T is
continuous, then T has a fixed point.

Theorem 10 (see [4]). Let (X,d) be a complete metric space
andletT : X — X be an a-admissible mapping satisfying.
Assume that

x,y€X, a(x,y)21=d(Tx,Ty)
(7)
<y (m(xy)),
where v € O and
m (x, y)
d(x,Tx) +d(y,Ty)
=max {d(x,y), 5 , ®)

d(x,Ty)+d(y,Tx)}.
2

If there exists x, € X such that a(xy,Tx,) > 1 and T is
continuous or X is regular, then T has a fixed point.

For the sake of brevity, we will say that X is regular
whenever, for any sequence {x,,} in X with a(x,, x,,, ;) > 1 for
alln e NU {0} and x, — xasn — 00, we have a(x,,, x) > 1
for all n € N U {0}.

The aim of this paper is to extend and generalize the
above results. Note that, in these theorems, the function v
belongs to the class ®; that is, y is (c)-comparison function.
Also, in Theorem 10, the contractive condition is used with
m(x, y). In this paper, we give three existence results. In the
first result, the contractive condition (7) will be generalized
to almost contraction case. Here we take v € @, but we use
M(x, y) instead of m(x, y). In the second result, we take y in
W, which is a wider class of ®. And in the third result, we take
y in Y, which is a different class of ®. Also, we present some
uniqueness theorems and some supporting examples.

2. Existence Results

Our first result is almost contraction version of fixed points
of a-admissible mapping. We can find detailed information
about almost contractions in [7-12].
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Theorem 11. Let (X, d) be a complete metric space and let T
be an a-admissible mapping. Assume that

a(x,y)21=d(Tx,Ty) <y (M(x,y))

+Lmin{d(y,Tx),d (x,Ty)}
9

holds for all x, y € X, wherey € @, L > 0, and M(x, y) as in
Theorem 9. Also, suppose T is continuous or X is regular and
there exists x, € X such that a(x,, Tx,) = 1. Then T has a
fixed point.

Proof. Letx, € X such thata(x,, Tx,) > 1. Define a sequence
{x,} in X by

x,=T"xy =Tx,_, (10)

forallm € N. If x, = x,,,, for some n € N, then x, is a
fixed point for T and result is proved. So, we suppose that
X, # X, foralln € N. Since T is a-admissible mapping
and a(x, Txy) > 1, we deduce that a(x,, x,) = a(Tx,, T2x,).
Continuing this process, we get a(x,,x,,,) = 1foralln €
N U {0}. Now by (9) with x = x,,, y = x,,,,, we get

d (xn+1> xn+2) =d (Txn’ Txnﬂ)
< 1// (M (xn’xn+1))
+ L min {d ('xn+1’ Txn) > d (xn’ Txn+l)}
=y (M (xn’ xn+1))
+ L min {d (.xn+1; xn+1) > d (-xn7 Txn+l)}

= l// (M (xn"xn+l)) >

(11)
where
M ('xn’ xn+1)
= max {d (xn’ xn+1) > d (xn’ Txn) > d (xn+1’ Txn+1) >
d (xn’ Txm—l) ;’ d (xn+1’ Txn) } (12)

) d (% X12) }

= max {d(xn>xn+l)>d(xn+l’xn+2 > 2

= max {d (xn’ xn+1) N (xn+1’ xn+2)} .

Ifd(x,,15 X,4,) = d(x,,, x,,,,) for some n € NU {0}, then from
(11), we have

d (xn+1’ xn+2) < 4 (M (xw xn+1))
=V (max {d (xn’ xn+1) .d (xnﬂ) xn+2)})
=y (d (xn+1’ xn+2))

<d (xn+1’ xn+2) >

(13)

which is a contradiction. Thus d(x,,, ;, X,,,,) < d(x,,x,,,,) for
all n € N U {0} and so from (11), we have

d ('xn+1’ xn+2) < 1// (d (xw xn+1)) . (14)
By induction, we have

d (X1 Xp42) < ‘/’Wr1 (d (x0> 1)) (15)
for all n € N U {0}. Now, for each m,n € N, m > n, we have

m—1
d (%, %x,,) < Z d (X Xper1)

k=n

m—1
< Yy (d(xpn). 6
k=n

Therefore, {x,} is a Cauchy sequence in X. Since X is
complete, there exists z € X such thatlim, ,  x, =z If T is
continuous, then we have

Tz = lim Tx, = lim x,,, = z. (17)
So, z is a fixed point of T. Now, suppose X is regular. Since
& (% Xpi1) 2 1 (18)
foralln e NU{0}and x,, — zasn — 00, then we have
a(x,z)>1 (19)
for all n € N U {0}. From (9) we have

d(x,,1,Tz) =d(Tx,,Tz)

<y (M (x,,2))

+Lmin{d(z,Tx,),d (x,Tz)}  (20)
=y (M (x,,2))

+ Lmin{d(2,%,,,).d (x,, T2)}

where
M (x,,z) = max {d (x,,2),d(x,,Tx,).d(z,Tz),
% [d(x,,Tz) +d(z, Tx,,)]}
— max {d (x,02)»d (X, X11) »d (2, T2),

1
314 (6, T2) +d (2,0 |
< max {d (x,,2),d (%, %p01),d (2, T2),
% [d(x,,z)+d(z,Tz) + d(z,xnﬂ)]} .
(21

Now, suppose d(z,Tz) > 0. Taking into account (15) and

lim,_, x, = z, there exists n, € N such that d(x,,z) <



d(z,Tz)/2 and d(x,,x,,;) < d(z,Tz)/2 for all n > n,.
Therefore we have

M (x,,z) < max {d (x,,2),d (%, Xp41)d (2, T2),

% [d(x,,2) +d (2, T2) +d (2, xn+1)]}

<d(z,Tz)
(22)
for all n > n,. Now, from (20), we obtain
d(x,41,T2) < v (d (2, TZ))
(23)

+Lmin{d(z,x,,,).d (x,,Tz)}
for all n > n,. Lettingn — oo in the last equality, we get that
d(z,Tz) <y (d(z,Tz)) <d(z,Tz), (24)

which is a contradiction. Therefore d(z, Tz) = 0 and so T has
a fixed point. O

Remark 12. In Theorem 11, if we take L = 0, then we obtain
an extension of Theorem 10. Even if L = 0, we can extend
Theorem 10 by taking the function y from ¥ and taking
M(x, y) instead of m(x, y) as follows.

Theorem 13. Let (X, d) be a complete metric space and let T
be an «-admissible mapping. Assume that

a(x,y)21=d(Tx,Ty) <y (M (x,y))  (25)

holds for all x,y € X, where v € Y and M(x,y) as in
Theorem 11. Also, suppose T is continuous or X is regular and
there exists x, € X such that a(xy, Tx,) > 1. Then T has a
fixed point.

Proof. Let x, € X such that a(x,, Tx) > 1. As in the proof of
Theorem 11, we can construct a sequence {x, } in X and we can
obtain (15) if the consecutive terms are different (otherwise,
T has a fixed point). Now we show that {x,} is a Cauchy
sequence. Let ¢ > 0. Taking into account (15), there exists
1y € N, such that d(x,, , x, ;) < &€ — y(e). Therefore we have

M (xno, xn0+1) = max {d (xno, xnnﬂ) ,d (xno, Txno) ,

d (xn0+1’ TanJrl) >

% [d (xno’ Tx”0+1)

+d (00T, ) |

= max {d (xn[,’ xno+1) ’d (xn0+1’ xn0+2)}
< max{e -y (e),y (e~ v (e)}

=e-vy(e)
(26)
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and so from (25)

d (%, %, 12) < d (%, %, 1) +d (%, 1%, 12)
<e-y(e)+d(Tx,,Tx, )
ce-y@+y(M(xy%,) @
se-y@E+y(e-y(e)
<e-y(e+yle) =e

Again using (25) we have

d (%5 %, 13) < d (%5 %, 1) +d (%, 1%, 13)
<e-y(e)+d(Tx,,Tx, .,) (28)
<e-y (&) +y (M (%, %,12))

where
M (3 02) = max {d (3 %,12) (3, T, ),

d (xn0+2’ Txno+2) >

% [d (xno, Txn0+2)

+d (xn0+2, Txno)] }

= max {d (xno, x,,0+2) ,d (xno,xnoﬂ) ,

d (Xn0+2’ xno+3) >

% [d (xno’ xn0+3)

+d (xn0+2’ xn0+1)] }

(29)

smax{s,s—vl(ﬁ))vfz (e-w (),

[d (xno’ xno+3)

ry(e-y@)]}

N | =

< max {s, % [d (xno, xn0+3) + v (s)]} .
Ife < (1/2)[d(x,,, x, .3) + y(&)], then, from (28), we have
d (xno’x”0+3) <ée- l//(e) + u/ (% [d (x”o’xn0+3) + W(e)]>

<e-w(e)+ % [d (xno,xn0+3) + 1/1(8)]
(30)



Abstract and Applied Analysis

and so
ld(x , X )<s—w(£). (31)
2 ny> **ny+3 2
Therefore, we have
1
5 [d (xno’ x"0+3) Ty (8)] <& (32)

which is a contradiction. Thus, € > (1/2) [d(xno, xn0+3) +y(e)]
and so, from (28), we have

d (xno, xno+3) <e. (33)

By continuing this way, we can obtain
d (x,,o, xn0+k) <e (34)
for all k € N. Now let m,n € N with m > n > n;, and then
d(x,,x,)<d (xm, xno) +d (xno,xn) <2  (35)

that is, {x,} is a Cauchy sequence in X. The rest of the proof
can be made as in the proof of Theorem 11. O

In the following theorem we take the function y from Y
instead of V.

Theorem 14. Let (X, d) be a complete metric space and let T
be an a-admissible mapping. Assume that

a(xy)z1=d(TxTy) <y (M(xy))  (36)

holds for all x,y € X, where y € Y, and M(x,y) as in
Theorem 11. Also, suppose T is continuous or X is regular and
there exists x, € X such that a(xy,Tx,) = 1. Then T has a
fixed point.

Proof. Let x, € X such that a(x,,Tx,) > 1. As in
the proof of Theorem1l, we can construct a sequence
{x,} in X and we may assume that x, # X,
for all n € N. For the sake of brevity we put
d, = d(x,,x,,,). Since T is an a-admissible mapping,
we can obtain as in the proof of Theorem 11 that

dn+1 = d (xn+1’xn+2)
= d (wa Txn+1)
< V/(M (xn’xn+1))
= V/ (max {dw dnH}) .

Therefore, it should be d,,, < d,, for all integer n > 0 and so,
from (37), we have

(37)

dn+1 < W (dn) < dn' (38)

Consequently, the sequence {d,} of positive numbers is
decreasing and bounded below. So, there exists A > 0 such
that lim,, , . d, = A. We claim that A = 0. Suppose to the

contrary that A > 0. Using the fact that y is upper semi-
continuous from the right function, we get from (38)

A =limsup d,,,; <limsup v (d,) <y (M) <A (39

n—oo n
which is a contradiction. Hence, we conclude that A = 0; that
is,
Jim d, = lim d (%> Xp1) = 0. (40)

Now, we prove that the sequence {x,} is Cauchy in X.
Suppose, to the contrary, there exists ¢ > 0 such that

d (xmk’ x"k) 26 (41)

where {xmk} and {xnk} are subsequences of {x,} with m; >
n, > k for all k € N. Moreover, m,, is chosen as the smallest
integer satisfying (41). Thus, we have

d (xmk_l, xnk) <e. (42)

By the triangle inequality, we get

e< d(xmk,xnk)
(43)
<d (xmk,xmk,l) +d (xmk,l,xnk) <d,, t+e

Letting k — 00 in above inequality and using (40), we get
that

lim d (xmk, xnk) = (44)

k— 0o

Now letk, € Nbesuchthatd, <eandd,, <eforallk >k,
Then

d (xmk’ x"k) <M (xmk’ x”k)
| (43)
<d (X, %, )+ 3 (d,, +dy)

for all k > k. Using (40) and (44) and letting k — o0 in
(45), we get

lim M (xmk,xnk) =& (46)

k— oo

Since M(x,,,x,) > ¢ forall k € N and y is upper
semicontinuous from the right function, we deduce that

lim sup y (M (%, %, ) < ¥ (©). (47)
On the other hand, for each k € N, we have
e<d (%%, )
< d (%0 Xy 1) + A (X410 % 41)
+d (%, 11 %,, ) (48)
=d,, +d(Tx,,,Tx, ) +d

My

< dmk + V/ (M (xmk’x”k)) + d"k’
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e <limsup y (M (xmk,xnk)) <y(e) <g (49)
n—00
which is a contradiction. Thus {x,,} is a Cauchy sequence in X.
Since X is complete, there exists z € X such thatlim
z. If T is continuous, then we have

n~>ooxn =
Tz = nlLrIgoTxn = nangoxn+1 =z (50)

So z is a fixed point of T. Now, suppose X is regular and
d(z,Tz) > 0. We first note that

d(z,Tz) <M (x,,z),

| (5)
Jim M (x,,2) =d (2, Tz);
hence by the upper semicontinuity of y, we get
limsup v (M (x,,2)) < v (d (2, Tz)). (52)
n—o00
On the other hand, since X is regular,
o (%, xp0) 2 1 (53)

for all integer n > 0 and x, — zasn — 00, then we have
a(x,z)>1 (54)
for all integer n > 0. Thus, from (36), we have
d(x,1,Tz) =d(Tx,,Tz) <y (M(x,,z)), (55)
and taking limit supremum, we get

d(z,Tz) <limsup y (M (xnil,z))

<y (d(z,Tz)) (56)
<d(z,Tz),

which is a contradiction. Therefore d(z, Tz) = 0 and so T has
a fixed point. O

3. Uniqueness Results

In this section, we consider some properties to obtain the
uniqueness of the fixed point in the above theorems. For this,
we denote the set of fixed points of T by Fix(T').

Theorem 15. Assume that all hypotheses of Theorem 13 hold.
Also suppose

Vx,y € Fix (T), there exists u € X such that
(57)
a(xu) 21, a(y,u) =1,

holds, then the fixed point of T is unique.

Proof. Suppose z and w are two fixed points of T, and then
there exists u € X such that a(z,u) > 1 and a(w,u) > 1.
Since T is an a-admissible mapping, then

a(z,T"u) > 1, a(w, T"u) > 1 (58)
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for all n € N. Therefore
d(zT"'u) =d(Tz,T""u)
<y (M (z,T"u)) (59)

<y (max {d (2, T"u),d (z, T"+1u)}) :

Without loss of generality, we can assume d(z, T"u) > 0 for all
n. Therefore from (59) we have (note it should be d(z, T"u) >
d(z, T"" ). Otherwise we obtain a contradiction from (59))

d(z,T""u) <y(d(zT"u) < < y" (d(zw). (60)

Lettingn — oo in the above inequality, we have T"u — z.
Similarly, we can obtain T"u — w and so z = w. O

Remark 16. The condition (57) is not sufficient to obtain the
uniqueness of the fixed point in Theorem 11.

Example 17. Let X = [0, 1] with the usual metric. Define T :
X — Xanda: X xX — [0,00) by

x5, x€|0

)
L4
11
Tx =10, xe -,-) (61)
14’3
[1
1, X € —,1],
3

and a(x,y) = 1. Then, it is clear that T is a-admissible
mapping and X is regular. Also, there exists x, € X such that
a(xg, Txy) = 1. Now, we show that (9) is satisfied with y(t) =
t/2 and L = 10. For this, we consider the following cases.

Casel. If x,y € [0,1/4), then
d(Tx,Ty) = |x2 - y2|

<=5l

(M (x,y)) + Lmin {d (y, Tx),d (x, Ty)} .
(62)

Case 2. If x, y € [1/4,1/3), then d(Tx, Ty) = 0.

Case 3. If x, y € [1/3,1], then d(Tx, Ty) = 0.

Case 4. If x € [0,1/4) and y € [1/4,1/3), then
d(Tx,Ty) = X2
< min {x,y - xz}

<y (M(x,y))+Lmin{d(y,Tx),d (x,Ty)}.
(63)
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Case 5. If x € [0,1/4) and y € [1/3,1], then
d(Tx,Ty) =1-x

<=(y-x)+10 min{l—x,y—xz}

< N

<

(M (x,y)) + Lmin{d (y,Tx),d (x,Ty)}.
(64)

Case 6. If x € [1/4,1/3) and y € [1/3, 1], then
d(Tx,Ty) =1
<

(y —x)+10 min {1 - x, y}

<

< N

(M (x, y)) + Lmin{d (y, Tx),d (x,Ty)}.
(65)

Therefore, all conditions of Theorem 11 are satisfied and so T
has a fixed point. Although the condition (57) of Theorem 15
is satisfied, the fixed point of T is not unique.

In the following, we give a uniqueness theorem by adding
some conditions in Theorem 11.

Theorem 18. Assume that all hypotheses of Theorem 11 hold.
Also suppose for all x, y € Fix(T), there exists u € X such that
a(x,u) > 1 and a(y,u) > 1 and

a(x,y)>1=d(Tx,Ty)

<y, (M (x,y)) + L, min {d (x,Tx),d (y, Ty)}
(66)

holds for all x, y € X, wherey, € Yand L, > 0, then the fixed
point of T is unique.

Proof. Suppose z and w are two fixed points of T, and then
there exists u € X such that a(z,u) > 1 and a(w,u) > 1.
Since T is an a-admissible mapping, then

a(z,T"u) > 1, a(w, T"u) > 1 (67)
for all n € N. Therefore from (66)
d (z, T"“u) =d (Tz, T"“u)
<y, (M (2, T"u))
(68)
+ Ly min{d (z,Tz),d (T"u, T""'u)}
<y, (max{d (z,T"u),d (z, T""u)}).

Without loss of generality, we can assume d(z, T"u) > 0 for
all n. Therefore we have

d(zT"'u) <y, (d (2 T')) < -+ <yl (d (zw). (69)

Lettingn — oo in the above inequality, we have T"u — z.
Similarly, we can obtain T"u — w and so z = w. O

4. Some Corollaries and Example

Corollary 19. Let (X,d) be a complete metric space and T :
X — X be a-admissible. Assume that

a(x,y)21=d(Tx,Ty)

<y (d(xy)) + Lmin{d(y,Tx),d (x Ty)}

holds for all x, y € X, wherey € ® and L > 0. Also, suppose T
is continuous and there exists x, € X such that a(x,, Tx,) > 1.
Then T has a fixed point.

(70)

Corollary 20. Let (X, d) be a complete metric space and let T
be self-map of X. Assume that

d(Tx,Ty) <y (M(x,y)) + Lmin{d (y,Tx),d (x, Ty%il)

holds for all x, y € X, wherey € O, L > 0, and M(x, y) as in
Theorem 9. Then T has a fixed point.

Corollary 21. Let (X, d) be a complete metric space and let T
be self-map of X. Assume that

d(Tx, Ty) <y (d(x,y)) + Lmin{d (y,Tx),d (x, Ty)}
(72)

holds for all x, y € X, wherey € ® and L > 0. Then T has a

fixed point.

Corollary 22. Let (X,d) be a complete metric space and let

T:X — X bea-admissible. Assume that
a(x,y)>1=d(Tx,Ty) <y (d(x, y)) (73)

holds forall x, y € X, wherey € ¥ (ory € Y). Also, suppose T
is continuous and there exists x, € X such that a(x,, Tx,) > 1.
Then T has a fixed point.

Corollary 23. Let (X, d) be a complete metric space and let T
be a self-map of X. Assume that

d(Tx,Ty) <y (M (x, 7)) (74)
holds for all x, y € X, wherey € ¥ (ory € Y), and M(x, y)

as in Theorem 9. Then T has a unique fixed point.

Corollary 24. Let (X, d) be a complete metric space and let T
be a self-map of X. Assume that

d(Tx,Ty) <y (d(x, y)) (75)
holds for all x, y € X, wherey € ¥ (ory € Y). Then T has a
unique fixed point.

Example 25. Let X = [0, 1] with the usual metric. Define T :
X — Xanda: X xX — [0,00) by

1
x2, X € [0’4_1]
Tx =
5x -1 1
> xE(_,l],
4 4 (76)

0, otherwise

(x(x,y) _ {1, X,y € [O,i] u {1}



for all x,y € X. Then, it is clear that T is a-admissible
mapping and T is continuous. Also, «(1,T1) > 1. But,
although «(1,1/4) > 1, we cannot find any y € @ satisfying
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a(11r7) = 2w (2 ) =y (m() =y (M(x)).
(77)
Therefore, Theorems 10 and 9 cannot be applied to this
example. Now, we show that (9) is satisfied with y(t) = t/2

and L = 4/3. Let a(x, y) > 1, and then x, y € [0,1/4] U {1}.
We have to consider the following cases.

Case 1. If x, y € [0, 1/4], then
d(Tx, Ty) = |«* - y*| < % |x - ]

)) + Lmin{d (x,Ty),d (y, Tx)}.
(78)

<sy(M(x,y

Case 2. If x € [0,1/4] and y = 1, then
d(Tx,Ty)zl—xZS%(l—x)+l

(x,y)) + Lmin{d (x,Ty),d (y,Tx)}.
(79)

<y (M

Therefore, all conditions of Theorem 11 are satisfied and so T
has a fixed point in X.

5. Applications

In this section, we apply Corollary 22 to the following fourth
order two-point boundary value problem:

Yty =fty®),
y(0)=y(1) =y (0)

which describes the bending of an elastic beam clamped
at both endpoints. In [I3], using an ordered version of
Geraghty’s fixed point result, an existence theorem for a non-
negative solution of (80) is given. The boundary value pro-
blem can be written as the integral equation (see [14])

tel0,1],
(80)

=y'(1) =

1
y(t) = J G(ts)f(s,y(s)ds fortel0,1], (81)
0
where G(t, s) is the Green’s function given by

A= [s-H+2(1-1)s],

) 0<t<s<l,
G(t,s) = g{sz(l—t)z [(t=s)+2(1-9)t],

0<s<t<l
(82)

[0,1],
0 for t,s € [0,1] and

Then it is clear that, G(t, s) is continuous on [0, 1] x
G(0,s) = G(1,s) = 0, and G(t,s) >
1
SUP¢e(o,1] Jo G(t,s)ds = 1/384.
Here we will consider C[0, 1] with the uniform metric,
that is, for x, y € C[0,1] d,(x, y) = sup,pIx(t) — y(®)I.
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Then (C[0, 1], d,,) is a Banach space. For the convenience we
consider the operator T defined on CJ[0, 1] by

Tx(t) = Ll G(t,s) f(s,x(s)ds forte[0,1]. (83)

Theorem 26. Under the following assumptions, Problem (80)
has a solution.

(A) f:10,1] xR — R is bounded,

(B) there existy € ¥ and 6 : C[0,1] x C[0,1] — R such
that if O(x, y) > 0 for x, y € C[0, 1], then for s € [0, 1]
we have

0= f(sx(9)) = f(s7(9) <384y (|x (s) -y (5)]), (84)

(C) if0(x, y) = 0, then 0(Tx,Ty) > 0,
(D) there exists x, € CI[0, 1] such that 0(x,, Tx,) > 0,

(E) if {x,} is a sequence in C[0, 1] such that 0(x,,, x,,.;) = 0
foralln e NU {0} and x,, — x, then 0(x,, x) > 0 for
alln e NU {0}.

Proof. Let X = CI0, 1] with the metric d,. First, we show
thatT: X — X.Letx € Xandt,t € [0,1], and then, by the
continuity of G and the boundedness of f, we have

|Tx (t) - Tx (¢'))|

J G(t s)f(sx(s))ds—Jl G(t',s) f(s,x(s))ds

1
< Jo |G(t,s) —G(t',s)| |f (s,x(s))|d5
1
< sup |G(t s)— ( )'j |f(s,x(s))|ds
s€[0,1] 0

< M sup |G(t s)— t',s)' — 0 for |t—t" — 0,

s€[0,1]
(85)
where M > 0 such that sup (o )| f(s, x(s))| < M.
Now, definear : X x X — [0, 00) by
L, 6(x,y)20
,Y) = 86
«(x) {0, otherwise. (86)
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Then, it is clear that T is a-admissible. Also, for all x, y € X
with a(x, y) > 1, we have

|Tx (t) - Ty ()|

1 1
L G(t,5) f (s, x(s))ds — L G(ts) f(s,y(s)ds

1
< J G(t,9)|f (s;x(5) = f (s, y(s))| ds

0

1
< | Geomay (e -y s

1
< 384y (dy, (x, y)) J G(t,s)ds
0
<Y (deo (%, 1))
(87)
for all t € [0, 1]. Therefore

a(xy) 21 =de, (Tx, Ty) <y (deo (x,7))  (88)

hold. Finally, by the condition (E), X is regular. Therefore all
hypotheses of Corollary 22 are satisfied and so T has a fixed
point in X. Thus, the problem (80) has a solution in CJ[0, 1].

O

In the following, we also give an existence and uniqueness
theorem for (80) under slight different conditions.

Theorem 27. Under the following assumptions, problem (80)
has a unique solution.

(F) f:10,1] x R — R is bounded, nondecreasing with
respect to second variable and f(t,0) > 0 for all t €
[0, 1],

(G) there exists y € ¥ such that, for x,y € C[0,1] with
x 2 yands € [0, 1], we have

flsy ()= fsx() <384y (|x () -y (9)]),  (89)
where x < y © x(t) < y(t) forall t € [0, 1].

Proof. As in the proof of Theorem 26, we can show that T :
X — X.Nowdefinea: X x X — [0,00) by

I, x=<y
s Y) = 90
«(xy) {0, otherwise. (50)

Therefore, if a(x, y) > 1, then x < y and x(f) < y(t) for all

t € [0,1]. Since f is nondecreasing with respect to second
variable, we have

Tx (t) = J: G(t,s) f (s,x(s))ds

1
< L G(t,5) f (5 y () ds O

=Ty (1)

forallt € [0, 1]. Thus, we have Tx < Ty and so «(Tx, Ty) > 1.
It shows that T is a-admissible. Also, for all x,y € X with
a(x, y) > 1, we have

|Tx (t) - Ty (¢)|

1 1
L G(t,s) f (s, x(s)ds — L G(ts) f (s, y(s)ds

1

< L G(t,9)|f (s:x(5) = f (s, y(s))| ds
1

= L Gts)[f(s,y(s) = f(s,x(s))]ds

1
< | Geomsay (e -y s

1

< 384y (dy, (x, y)) J G(t,s)ds
0
<y (de (%, 7))
(92)

forall t € [0, 1]. Therefore
a(x,y) 21 =dy, (Ix,Ty) <y (dy (v, ) (93)

hold. Also, since f(s,0) > 0, wehave 0 < fol G(t,s)f(s,0)ds =
T0 and so «(0,70) > 1. Now, let a(x,,,x,,,) > 1foralln €
N U {0} and x, — x in X. Then, we have x,, < x,,; and
s0 x,(t) < x,,,(t) for all t € [0, 1]. Therefore, x,(t) < x(t)
forallt € [0,1] and n € N U {0}. That is, x, < x for all
n € NU{0} and so a(x,,, x) > 1. Hence X is regular. Therefore
all existence hypotheses of Corollary 22 are satisfied and so T
has a fixed point in X. Thus, the problem (80) has a solution
in CI[0, 1]. Finally, let x and y be two solutions of (80), and
then u = max{x, y} € C[0,1] and x < uand y < u. Thus,
a(x,u) > 1 and a(y,u) > 1. Therefore, by Corollary 22 the
solution is unique. O

Example 28. Consider the nonlinear fourth order two point
boundary value problem

Y () =yt + (1 + tz) arc tan (By (t)), te€[0,1],
(94)

y(0)=y1)=y(0)=y(1)=0,

where y > 0,0 < 8 < 191. In this case, f(t,y) = yt + (1 +
t*)arc tan(By). It is easy to see that f : [0,1] x R — R
is bounded and nondecreasing with respect to the second
variable. Also, f(t,0) = yt > 0 for all t € [0,1]. Now let
x,y € C[0,1] with x < y then, for all s € [0, 1],

sy ()= fsx(s)
= (1 + 52) [arc tan (By (s)) — arc tan (Bx (s))]
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< (1 + sz)arc tan (B [y (s) — x(s)])
<(1+°)Bly(s)-x(s)]

<2B[y(s) = x(s)]
<382[y(s) - x(s)]

=384y (|y (5) - x (9)]),
(95)

where y(t) = 191t/192. Therefore, the conditions (F) and
(G) of Theorem 27 are satisfied and so the boundary value
problem (94) has a unique solution.
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