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The problem of a portfolio strategy for financial market with regime switching driven by geometric Lévy process is investigated
in this paper. The considered financial market includes one bond and multiple stocks which has few researches up to now. A new
and general Black-Scholes (B-S) model is set up, in which the interest rate of the bond, the rate of return, and the volatility of the
stocks vary as the market states switching and the stock prices are driven by geometric Lévy process. For the general B-S model of
the financial market, a portfolio strategy which is determined by a partial differential equation (PDE) of parabolic type is given by
using It6 formula. The PDE is an extension of existing result. The solvability of the PDE is researched by making use of variables
transformation. An application of the solvability of the PDE on the European options with the final data is given finally.

1. Introduction

To make a portfolio strategy is to search for a best allocation
of wealth among different assets in markets. Taking the Euro-
pean options, for instance, how to distribute the appropriate
proportions of each option to maximize total returns at
expire time is the core of portfolio strategy problem. There
are two points mentioned among the relevant literatures for
portfolio selection problems: setting up a market model that
approximates to the real financial market and the way of
solving it.

Portfolio strategy researches are based on portfolio
selection analysis given by Markowitz [1]. Extension of
Markowitz’s work to the multiperiod model has given by Li
and Ng [2] which derived the analytical optimal portfolio
policy. These previous researches were assuming that the
underlying market has only one state or mode. But the real
market might have more than one state and could switch
among them. Then, portfolio policies under regime switching
have been widely discussed. In a financial market model, the
key process S that models the evolution of stock price should
be a Brownian motion. Indeed, this can be intuitively justified

on the basis of the central limit theorem if one perceives
the movement of stocks. The analysis of Qksendal [3] was
mainly based on the generalized Black-Scholes model which
has two assets B(t) and S(t) as dB(t) = p(t)B(t)dt and
dS(t) = a(t)S(t)dt+B(t)S(t)dW (t), where W(t) is a Brownian
motion. In that case, @ksendal formulated optimal selling
decision making as an optimal stopping problem and derived
a closed-form solution. The underlying problem may be
treated as a free boundary value problem, which was extended
to incorporate possible regime switching by Guo and Zhang
[4] and Pemy et al. [5] with the switching represented by a
two-state Markov chain. The rate of return «(t) in the above
Black-Scholes models in [4, 5] is a Markov chain which is
different from the general one. As an application, Wu and Li
[6, 7] have given the strategy of multiperiod mean-variance
portfolio selection with regime switching and a stochastic
cash flow which depends on the states of a stochastic market
following a discrete-time Markov chain. Being put in the
Markov jump, Black-Scholes model with regime switching is
much closer to the real market.

In recent years, Lévy process as a more general process
than Brownian motion has been applied in financial portfolio
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optimization. Kallsen [8] gave an optimal portfolio strat-
egy of securities market under exponential Lévy process.
More specific than exponential Lévy process, a financial
market model with stock price following the geometric Lévy
process was discussed by Applebaum [9] in which a Lévy
process X(t) and geometric Lévy motion S(t) = X were
introduced. Taking X to be a Lévy process could force our
stock prices clearly not moving continuously, and a more
realistic approach is that the stock price is allowed to have
small jumps in small time intervals. Some applications of
financial market driven by Lévy process are taken on life
insurance. Vandaele and Vanmaele [10] show the real risk-
minimizing hedging strategy for unit-linked life insurance in
financial market driven by a Lévy process while Weng [11]
has analyzed the constant proportion portfolio insurance by
assuming that the risky asset price follows a regime switching
exponential Lévy process and obtained the analytical forms
of the shortfall probability, expected shortfall and expected
gain. Optimizing proportional reinsurance and investment
policies in a multidimensional Lévy-driven insurance model
is discussed by Bauerle and Blatter [12]. Moreover, under a
generally method, Yuen and Yin [13] have considered the
optimal dividend problem for the insurance risk process in
a general Lévy process which shows that if the Lévy density is
a completely monotone function, then the optimal dividend
strategy is a barrier strategy.

Among all the above literatures, those portfolios are
always based on one risk-free asset and only one risky
asset which may limit the chosen stocks. However, in a real
financial market, there always exists more than one risky asset
in a portfolio. That is why we are going to extend the single-
stock financial market model to a multistock financial market
model driven by geometric Lévy process which is more closer
to the real market than proposed portfolios cited above. In
this paper, we set up a general Black-Scholes model with
geometric Lévy process. For the general Black-Scholes model
of the financial market, a portfolio strategy which is deter-
mined by a partial differential equation (PDE) of parabolic
type is given by using It formula. The solvability of the PDE
is researched by making use of variables transformation. An
application of the solvability of the PDE on the European
options with the final data is given finally. The contributions
of this paper are as follows. (i) The B-S market model is
extended into general form in which the interest rate of the
bond, the rate of return, and the volatility of the stock vary as
the market states switching and the stock prices are driven
by geometric Lévy process. (ii) The PDE determining the
portfolio strategy and its solvability are extensions of the
existing results.

2. Problem Formulation

Assume that (Q, #, P) is a complete probability space and
{F, : t > 0} is a nondecreasing family of o-algebra subfields
of F. {a(t) : t > 0} denotes a Markov chain in (Q, %, P) as
the regime of financial market, for example, the bull market
or bear market of a stock market. Let M = {1,2,...,m} be
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the regime space of this Markov chain, and let I' = (y;;)
be the transition rate matrix which is satisfying

mxm

YijA+0(A)>
1+y;A+0(A),

l:fé_]a
i=j,
@

P{oc(t+A)=j|oc(t)=i}={

where A > 0 is the increment of time, y;; > 0 (i# j), y;; =
- ZT¢i,j:1 Yij-

In this paper, we consider a financial market model
driven by geometric Lévy process. The market consists of
one risk-free asset denoted by B and # risky assets denoted
by S, S,,...,S,. The price process of these assets obeys the
following dynamic equations in which the price process of
the risky assets follows the geometric Lévy process; that is,

dB(t) = B(t)r (t,a(t))dt,  B(0) = By,

5, () = 5, 0) [ e (. 00 + 0 1,0 AW, 0

2)
R-{0}

S, (0)=S) >0,

where B(t) is the price of B with the interest rate r(t, a(t))
and S, (f) is the price of S, with the expect rate of return
wi(t, a(t)) and the volatility oy (¢, a(t)), which follow the
regime switching of financial market. S, (¢), S,(t), ..., S, (t) are
independent from each other. W,.(¢) is the Brownian motion
which is independent from {«(t) : t > 0}. ﬁk(-, -) is defined as
below

Nk (dt,dz) = N, (dt,dz) — n;. (dz) dt, (3)

where N (dt, dz) and 1, (dz)dt indicate the number of jumps
and average number of jumps within time dt and jump range
dz of price process S (1), respectively. That is

e (dz) dt = E [N, (dt,dz)], (4)

where E is the expectation operator. Moreover, we assume
that Ny (dt, dz), a(t), and Wi (¢) (k = 1,2,...,n) are indepen-
dent of each other.

Remark 1. The finance market model (2) is an extension of the
B-S market model in which the interest rate of the bond, the
rate of return, and the volatility of the stock vary as the market
states switching and the stock prices are driven by geometric
Lévy process.

For finance market model (2), we introduce the concept
of self-financing portfolio as follows.

Definition 2. A self-financing portfolio (p,y) = (¢,v,,
Yy, ..., ,) for the financial market model (2) is a series of
predictable processes

{9 (O} 1200 (k=12,...,n), (5)

{I//k (t)}tzo
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that is, for each T > 0,
T 5 no T 5
J l(p(s)| ds + Z J |1//k(s)| ds < 0o, (6)
0 i Jo
and the corresponding wealth process {V'(¢)},5,, defined by
V) =o®BE)+ Yy (0)S (1), t=0,  (7)
k=1
is an It6 process satisfying

dv () =@ )dB () + Y vy (0dS, (1), t20. (8)
k=1

Problem Formulation. In this note, we will propose a port-
folio strategy for the financial market model (2) which
is determined by a partial differential equation (PDE) of
parabolic type by using It6 formula. The solvability of the
PDE is researched by making use of variables transformation.
Furthermore, the relationship between the solution of the
PDE and the wealth process will be discussed.

3. Main Results and Proofs

In this section, we will give the following fundamental results.
For the sake of simplification, we write r(t, a(t)) asr, f(t, S(t))
as f, and so forth.
To obtain the main result, we give the solution of (2) and
the characteristic of the derivation (8) of the wealth process.
The exact solutions of B(t) in (2) can be found as follows:

B(t) = B(0) exp<Jtr(s,a(s))ds>. 9)

0

To solve the second equation in (2) for Si(t), it follows
from the It6 formula that

dlnS, (t) = ﬁ [Sk (8) pye (£, (2)) dt

+S, () 0y (£ (1)) AW, (8)]

1 1 o 2
- 5%sk () o (£, (1)) dt

R CICROREND)
R-{0}
~In (S, (8))] Ny, (dt, dz)

+ J [ In (S, (£) + 28, (1)) - In (S, (1))
R—-{0}

-z8; (1) ﬁ] i (dz) dt

+ Z)’ij In (S (1))
=1

3
= [ ta®) - 30} (o) at
+ 0y (6, (1) AW (1)
+ J In (1 + z) N, (dt,dz)
R-{0}
[ 0+ -zln @
R-{0}
(10)

Integrating both sides of the above equation from 0 to ¢, we
have

S (t) = SZ exp{J <yk (s, (s)) — %Gi (s, (s))|ds

0

S RASIEPIAR
0

t
+J J In (1 + z) N (ds, dz)
0 Jr-(0}

t
+J J [ln(1+z)—z]r]k(dz)ds}.
R-{0}

0
(11)

Proposition 3. Consider the price model (2) of a financial
market. If a portfolio (¢, y) is a self-financing strategy, then the
wealth process {V (t)} s, defined by (7) satisfies

AV (¢) = {r(t,oc(t))V(t)

+ D i () S (8) [Mk (e (t) —r(ta(t))

k=1

_ L_{O} 2, (dz)] } dt (1)

+ D (1) Sy (8) 0y (8, & (1) AW (1)
k=1

) S, (t N, (dt,dz).
N O8O [ N

Conversely, consider the model (2) of a financial market. If a
pair (¢, w) of predictable processes following the wealth process
{V(t)},5o defined by formula (7) satisfies (12), then (¢, ) is a
self-financing strategy.

Proof. Substituting (2) into (8), we have

dV (t) = ¢ ()dB(t) + Y (£)dS; (1)

k=1

=) B@)r (La()dt + )y, (£) Sy ()

k=1



x [yk (t,a (1) dt + o (£, o (1)) AW, ()

|

+ J zﬁk (dt, dz)]
R-{0}

(4OEDRAGIN (t)] r(t,a(t)

k=1

+ Y Y (O S (1) iy (t,a(t))} dt
k=1

+ Y Y () Sk (D) 0 (£, () AW (£)

k=1

t) S (t N, (dt,d
w050 [ N

= {r(t,a(t))V(t) + ) v (6 S ()

k=1

X [Mk (&, a(t)) =7 (t, (1))

- J ZNy (dz)] ]» dt
—{0}

+ D (1) Sy (8) 0y (8, & (1) AW (1)

k=1

1) S, (t N, (dt,dz),
w08 O [ NG

(13)

which is (12).
Conversely, from (2) and (12), we can obtain (8).
This completes the proof of the above proposition. O

Now we give the following fundamental results.

Theorem 4. Consider the model (2) of a financial market.
Assume that the portfolio (¢, ¥, Y5, ..., V,,) is a self-financing
strategy and {V (t)} s, is the wealth process defined by (7) and

Yt ViSk IR_{O} zn(dz) = Yi JR_{O} 2y Sk (dz). If there
exists a function f(t,S) of C** class (the set of functions which

are once differentiable in t and continuously twice differentiable
in S) such that

Vi) =f¢S@®), telo,T],
(14)

$(®) = ($,(1),8,(1),....S, (1),
which holds true, then the portfolio (¢, v, y,, ..., V,) satisfies

_ f-(f/es)$"
(P(t)—T, t>0 15)
(& o o ) _ U

y(t) = (asl’asz""’as,, =g 120 (16)
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and the function f(t,S) solves the following backward PDE of
parabolic type:

of
ot k;_ 'Zzasas S10i8;0; = f

i=1j=1 17)
t<T, $>0.

Moreover, if V(T) = g(S(T)), then the function f(t,S)
satisfies the following equation:

F(T8)=g(S),

For the converse part, we assume that T > 0. If there
exists a function f(t,S) of C"?* class such that (17) and (18)
are satisfied, then the process (¢, y) defined by (16) and (15) is
a self-financing strategy. The wealth process V. = {V(t)},com)
corresponding to (@, y) satisfies (14).

S>0. (18)

Proof. We proof the direct part of Theorem 4 firstly.
For

Vi) =f&S@), (19)

by applying the It6 formula, we can infer that

dv (t) = % ¢, S (1)) dt

+ Z 35 (t: S () (Skpuedt + SordWy)
Kk

_ZZaS aS (t,S() S,O',SJO'Jdt

i=1j=1

+ i J (f (t,S+28) - £ (£,9)) N (dt,dz)

k=1 JR-10}

n
+];JR {0}

[f(t,S+zS)—f(t,S)
—z—f (t,S)S ] (dz) dt
35S, > k| Mk

+ Dy (6S(®)
j=1

| v
- [at +k;as ZZas a5, 51
Zj 2] Sknk(dz>]dt

& Jr-0)

9y
iL

[f (t,S+2S) - f(tS)] N (dt,dz).
{0}

(20)
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On the other hand, since our strategy is self-financing, the
formula (12) is satisfied.

Thus, the rate of return and the volatility in (20) and (12)
should be coincided, and hence

n n a
Yu 0500, = Y L 1,950,
k=1 k=1""k
rta(®) f(6S)+ Y vSk (e — 1) 1)
k=1
_of
T ot Z_ _zzas 3, $i0:50-

=1j=1
We can easily get S, > 0 from (11), which together with
the first equation of (21) and the independence of S, (k =

1,2,...,n) yields (16).
From the first equation of (21), (7), and (14), we have

reB = f - Z 35, (22)

So that

_f- Y1 (O 10S) Sk
B

_ f‘fsST' (23)
B

Substituting (16) into the second equation of (21), we have

rf - ZV/kSkr = E _Zzas 3, 8,0,8,0), (24)

which is (17).

Conversely, assume that f = f(t,S) is a C"*-class
function which is a solution of the PDE (17), and that (¢, y)
is a process defined by (16) and (15).

Firstly, we will show that a process V = V(¢), t € [0,T],
defined by (7) satisfies the equation:

V()= ftS®), telo,T]. (25)
In fact, substituting formulas (16) and (15) into the right hand
side of (7), we have

V) = ¢B+iv/8 _f Zkl(gf/ask)sk
k=1 26)
n af
+ ) ==8=f t=0
k;ask k

This proves (25).

Next, we will show that (¢, y) is a self-financing strategy;
that is, (12) holds.

By applying the It6 formula to the process V and function
f, we have that (20) is satisfied.

Furthermore, by (17),

Zzas s, 80,80, =rf - rzs"ask

Zsk k

_ZZaS as §i0:80; (27)

i=1j=1
=rf+) (.‘"k_r)skg‘
k=1 k

Then, by (25) and (16), we have

vV + le’ksk (e = + Z k.”k
foue] ask
n n aZf (28)
1
+ 5;288 35 S; cr,SJcr],
i=1j=1 1 j
n n a
le/kskak = Z a;‘ Sk0%- (29)
k=1 k
Those together with (16) yield that (20) implies (12). The
proof of Theorem 4 is completed. O

Remark 5. In order to determine the portfolio strategy (¢, y)
and obtain the final value V (¢), from Theorem 4, we should
find the solution of the PDF (17) with the final data (18).
This is the key problem in the rest of this section. We
have the following result in terms of method of variables
transformation.

Theorem 6. Let r(t, «(t)) in (2) be a constant r. The function
f(t,S),t <T,S > 0 given by the following formula:

f (t S) - e—r(T—t)
’ V2m
n [ee] VT=t 2
o Z J' o 2/ ( .0, Siea,- T—tx;—(r-o; /2)(t—T))
i=1 o
, 0) dx;,
(30)

is a solution of the general Black-Scholes equation (17) with the
final data (18).

Proof. We are going to do some equivalent transformations
of general B-S equation (17), in order to get an appropriate
equivalent equation with analytic solutions. The procedure
will be divided into four steps.

Step I. Let

f(tS,....S,) = er(t_T)q<l‘,lnS1 - <r— %0f>(t—T),...,

InS, - (r - %ai) (t- T)>,
(31)



6
and denote y; = InS; — (r - (1/2)cri2)(t -T)(=12,...,n),
and then
T)
of _ (™) e
ot ar 1 U
=y <% (t-T)+ r)
20 1
r(t=T) 9q9 ( _ z)
+e [qt 25, r 201 ]
rer(t_T)q + er“_T)q% t-T)
_nlo Z 0 1
rt-T) | 94 N 94 ( 1 g) 3
+e [at Zay, r-5 ] (32)
af _ r(t-T) aq 1
o 1
as; 9; S;
Ff (e @aloy) (1/5)
r(t-T) an li 1:'&]
a ayia);j S S; ’
D) 0qg 11 091 i
i0y; S S 0y S; '

Inserting the above formulas into (17), we get

dr W1y . -1y | 99 <0 09 1,
rf+E(t—T)qe +e a—;a(?—50i>

z 0 1 0 11
r(t-T) 99 rt-T) 99
+ rZe o, S S; —ZZ; 3y 5, S i0:5;0;
L 5] 1
r(t-T) q P
1 - Tf,
21 % 52
(33)
which can be simplified as
ﬂ(f—T)W— -ZZ ;=0 (34)
dt 254 1aylay] '
The final data (T, S) = g(S) can be rewritten as
q(T,S) = (e ,es,...,es"). (35)

Step II. We introduce another variable and a new function as
follows:

T=T—-1t>0,

q(t.y)=u(T -t y)

t=T-1,1t>0,t<T,
(36)
or u(ry)=q(T-7.7).
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It can be computed that

g (ty)=-u (T-t,y),

0q Ou
- = T - t) >
Ay, ( ) (37)
d’q o’u
= (T-ty).
a)’ia)’j a)’ia)’j

Substituting the above formulas into (34), we get

—(t—T)u(T—ty) u, ZZ

2547 layzayj

= 0’
u(0.9) = g(e").
(38)

Since r(t, a(t)) is assumed as a constant 7, (38) can be changed
into

u, (1,7) = ZZ

0 ayj 0

1 1j=1 (39)
u(0,y) =g(e’).
Step III. We claim that the unique solution of (39) is
u(ts Y12 Y25 V)
2 2
1 n J'OO e_()’i_xi) /2‘7{7
= 0,...,0,¢" ,0) dx;.
2711,»2;‘ -00 0; 9l )
(40)
In fact,
1
u (t,y)=-
’ ( y) 2V2ntT

n ~co e—(y,-—xi)z/Zaiz‘r
Y|
v —00 Ui

xg(0,...,0,e%,0,...,0)dx;
1 & [ ef(y,-fxi)z/zaff
" \/ﬁizl Jfoo T
x g(0,...,0,%,0,...,0)
X N 207 :2) P
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au 1 [} e*(}’i*xi)z/zﬁ,-zT
— = 0,...,0,",0,...,0
9y, 2t J_ o; 9 )
0T
0, i¥j,
azu 1 J'OO g(exli"we ")e—( -x;)* 207 T
FIW) = 21T J -0 Uiz
2
N X((y,—x,) L)a‘zdx' i=j
otr? 2 e
(41)
So
u, (1, 9) ZZ
’ 1 1j= 1a layj
1 n oo e_(yi_xi)z/zaiZT
22T o J-—oo 0;
xg(0,...,0,e%,0,...,0)dx;
1 n 0o (y,—xi)z/Zcr,-zT
+ [ —
V21T i J-c0 0;
2
; (yl B xz)
xg(0,...,0,e",0,...,0) dx;
20%7? !
Z J'OO g(er,....e")
1V2nT (T,-2
2
- X; 1
e Uim x;)? 207 r((yza 121) _ E)Gizdxi - 0.
1
(42)

Step IV. By introducing a change of variables z; = x; — y,,
we have x; = z; + y; and dx; = dz;, where z; € (-00,00). It
follows that

u(z,y)
1 n oo e—(y,-—xi)z/Zoin

- j CR— (43)
2T o J-o0 [of

x g(0,...,0,e%7,0,...,0) dz,.

In order to get rid of the denominator 077 in the exponent in
the above formula, we make another change of variables as

SO le = O‘i \/?dx,.

Recalling the relationship between g and u described in
(36), we therefore have

q(ty)
1 C J —x2/2
= — e i
mz oo (45)
xg(0,...,0,e %0, ,0) dx,.
Hence, by formula (31), we have
f(tS)
,r zn: J _x?/z
xg (0 0 ea,-mxi+1nsi—(r—af/2)(t—T)
0,...,0)dx,
(46)
Since ¢S = S, then
f&S)
J i J _x?/z
- (47)
x g (0 0.5.¢% T—tx;—(r—07 /2)(t-T)
ey U Ig >
R 0) dx;.
In this way we proved Theorem 6. O
4. A Financial Example

As an application, we consider the European call option. In
Theorem 6, we have given the solution of the general B-S
equation (17) which depends on the final data (18); that is,
f(T,s) = g(s). More specific, we take the final data g(s) for
the European call option as

(s K", (48)

M:

g(8) =g(8.8,%,....8%) =

where S; > 0 and K; > 0 are the strike price of S;. Then we
have the following corollary from Theorem 6.

Il
—

Corollary 7. For the European call option, the solution to the
general Black-Scholes value problem (17) with the final data
(48) is given by

£ 69 = Y50 (-4, +0NT)
i=1

(49)
_r(T—t)ZKi(D (_Ai) ,

i=1



where
(r-o?/2)(T-1) +1In(S;/K;) 4
i o, VT —t o
(r+0?/2)(T 1) +In(S;/K;)
A +oNT -t = ! L =d,
i i U,' /—T_t 1
(50)
that is,
&8 =Y50(d) - TIYKO(d,); (5D
i=1 i=1
In particular,

—e YK (d,). (52)

i=1

£(0,8) =) 8,0 (d,)
i=1

Proof. For a European call option, we infer that

S'eo,- T—tx,-—(r—aiz/Z)(t—T) s K. (53)

Dividing (53) by S; and taking the In, we get

; K,
0; T—txi—<r——)(t—T)>ln— (54)
that is,

In(K;/S;) - (r —07/2) (T - t)

x; > ( ) ( ) = A, (55)
o, VT —t

1

Hence, from (30) and (48), it follows that

—r(T—t)

V2r

2
« ZJ -x/2g S.e (O VTExi~(r-07 [2)(¢=T) dx,

ft.5) =

—r(T—

e t)iJ'OO § QORI =22 2+o Tt

= el e dx;
V2 I )4,

—r(T-t) n 00 2
K-j e il dx;
V2 l; " '

e
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1 (o @-n
= — S.e_ i -
\/271,; L '

(1/2)(x —ar (1/2)0? (Tt )dx~

1

—r(T-t) n [ee)

e -x%/2
K-I e 2dx.

V2 ;’ .y l

1« (® 2%/2
= — Se”'"dz
V2o JA,»—U,A/T% 1

—r(T-t) n () 2/2
K-J e M dx,
V2 ; .y l

—Aj+o, VTt )

-2
e dx,

e

=Y S0 (-A;+o,NT —t)

i=1

—e"TIYEK D (-A,),
i=1

(56)

where ®(t) is the probability distribution function of a
standard Gaussion random variable N(0, 1); that is,

D(t) = —J e_xz/zdx, t e R. (57)
R, I
In this way, we have proved Corollary 7. O

Remark 8. The above result is about the European call option.
A similar representation to those from the above corollary
in the European put option case can be obtained by taking
g(8) =YL (K;=8)",S; > 0 for some fixed K; > 0.

5. Conclusion

In this paper, we have considered a financial market model
with regime switching driven by geometric Lévy process.
This financial market model is based on the multiple risky
assets S,,S,,...,S, driven by Lévy process. It6 formula and
equivalent transformation methods have been used to solve
this complicated financial market model. An example of the
portfolio strategy and the final value problem to applying our
method to the European call option has been given in the end
of this paper.
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