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Using the critical point theory, we establish sufficient conditions on the existence of ground states for discrete p(k)-Laplacian
systems. Our results considerably generalize some existing ones.

1. Introduction and Main Results

The aim of this paper is to study the existence of ground state
for discrete p(k)-Laplacian system

Ala (k) |Au (k= 1)1PO 72 Au (k - 1)]
6)
~q (k) [ ()PP u (k) + f (k,u (k) =0,

where p(k) > 1, for all k € Z, a(k) and q(k) are real valued
onZ. f: ZxR — Riscontinuous in the second variable.
Moreover, A is the forward difference operator defined by
Au(k) = u(k + 1) — u(k).

We may think of (1) as being a discrete analogue of the
following differential system:

d _
Z(a@®) la@PY %)
o (a (o) i () o

—q®) lu O Pu () + f (tu ) = 0.

For the case p(t) = p, system (2) is a p-Laplacian
system, which has been widely studied; to mention a few, see
[1, 2]. Even for the special case p = 2, system (2) can be
regarded as the more general form of Emden-Fowler equation
appearing in the study of astrophysics, fluid mechanics,
gas dynamics, nuclear physics, relativistic mechanics, and
chemically reacting system in terms of various special forms

of f(t,u(t)) (see, e.g., [3]). The more general differential
operator (2), namely, the so-called p(t)-Laplacian, has been
studied by Fan et al. [4-7]. The p(t)-Laplacian operator can
be used to describe the physical phenomena with “pointwise
different properties” The p(t)-Laplacian operator has more
complicated properties than that of the p-Laplacian; for
example, it is not homogeneous, and this makes some classic
theories and methods, such as the theory of Sobolev spaces,
not applicable.

With the theory of nonlinear discrete dynamical systems
being widely used to study discrete models appearing in many
fields such as economics, ecology, computer science, neural
networks, and cybernetics [8], the existence of solutions
of discrete dynamical systems has become a hot topic; to
mention a few, see [9-15]. For the case p(k) = p, lannizzotto
and Tersian [16] obtained multiple homoclinic solutions
for system (1) by using the critical point theorem, and for
the special case p = 2, Ma and Guo [13, 14] provided
some sufficient conditions on the existence of homoclinic
solutions for system (1). For the more general case—p(k)-
Laplacian system (1)—Chen et al. [17] established some
existence criteria to guarantee that the system has at least one
or infinitely many homoclinic orbits. Motivated by Liu [2],
which discussed the existence of ground state for p-Laplacian
system, in this paper, we will consider the existence of ground
state for the p(k)-Laplacian system (1).

Now we are in a position to state our main results.
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Theorem 1. Assume the following conditions hold:

(a) a(k) > 0 forallk € Z,
(q) q(k) > Oforallk € Zandgq(k) — +ocoas|k|] — +oo,

(p) 1 < p~ = infi,p(k) < supi,p(k) = p* < +0oo for
allk € Z,

(f) flk,u) = fi(k,u) — f,(k,u) is continuous in u for all
k € Z, and F(k,u) = _[(;4 f(k,s)ds foru € R. Moreover,

ka
(|,{)(| |;l:(i|)1 — 0 asu— 0 uniformly ink € Z;
q (k) |u

(3)

(f,) there exists a constant 3 > p* such that

uf, (k,u) > BF, (k,u) >0 Vke Z, ue R\ {0}, (4

where F,(k,u) = Iou f1(k, s)ds for u € R;
(f,) there exists a constant T € (0, 3) such that
E, (k,u) >0,

uf, (k,u) < 7F, (k, u)

)

VkeZ, uceR,

where F,(k,u) = Iou f>(k, s)ds foru € R.
Then (1) has a ground state solution.

Remark 2. (q) implies that there exists g, > 0such thatg(k) >
q, forallk e Z.

Remark 3. We extend Theorem 3.1in [14] to the more general
case— p(k)-Laplacian system. Furthermore, we obtain the
existence of the ground state.

The rest of this paper is organized as follows. In Section 2,
we establish the variational structure associated with (1).
Some preliminary results are also provided in this section. In
Section 3, we give the proof of the main result.

2. Variational Structure and
Some Preliminary Results

In this section, we establish a variational structure which

enables us to reduce the existence of solutions for (1) to the

existence of critical points of the corresponding functional.
Let S be the set of all two-sided sequences; that is,

S={u={u(k)}:ukk) e RkeZ}. (6)
Then S is a vector space with au + bv = {au(k) + bv(k)} for

u,vesS, abeR.
We define IP®) as the set of all functions u € S such that

170 = {u €S: Y |u (k)™ < +oo]> (7)

keZ
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with the norm

(@)

r

p(k)
lullpgy =inf {r>0: ) <1t. (8)

keZ

We also define

E= {u €S: Y [ak)|Auk-1)P®

keZ
)
+q (k) [u (k)1"°] < +oo}
with the norm
_ (k)
lull =inf<|r> 0: ) [a(k) Aufk-1))°

keZ r
(10)

u (k)

+q (k)

p(k)
<1}

We call the space E a sequence space; it is a special kind of
generalized Orlicz sequence space. For the general theory of
generalized Orlicz spaces, see [18, 19].

Consider the functional I on E defined by

r

_ a(k) e, 1) p(0)
fw=3 [p(k)m =P+ L3 o)
(1
—F (k,u (k)) ] .

Using the similar arguments as [17], we have the following
lemmas.

Lemma 4. (I*® || o(k)) i a reflexive Banach space. Let u €
1P®) and
k
¢ W) = Y lu()P; 1)
keZ
one has

@ if lull gy > 1, then ||u||§(k) < p(u) < "””i(k)"
) if lull ygy < 1, then ||u||£(k) < p(u) < "””i(k)'

Lemma 5. (E, | - ||) is a reflexive Banach space. Let u € E and

@ (u) = Z [a (k) |Au (k — 1)|P(k) +q (k) |u (k)lp(k)] :
kezZ
(13)

one has

W) if lull > 1, then ul?” < p(u) < lull?;

(2) if Nl < 1, then |ul?” < p(ue) < ull?".
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Lemma 6. I € C'(E, R) and the Fréchet derivative is given by

<I’ (l/l) ,V> = Z [a (k) IAM (k _ l)lp(k)72
keZ
xAu(k—1)Av(k-1)
(14)
+q (k) u (k)P () v (k) |

- feuk)v(k),

keZ

for all u,v € E. Moreover, the nonzero critical points of the
functional I on E are the nontrivial solutions of (1).

Lemma 7. (f,)and (f,) imply that

uf (k,u) > BF (k,u) VkeZ, uecR. 15)
Moreover, for every k € Z and u € R, s PF(k,su) is
nondecreasing on (0, +00) and s~ " F,(k, su) is nonincreasing on
(0, +00).

Let

Cnin = inf {1 () : I' (u) = 0,u € E\ {0}} . (16)
Then u, #0 with I(y,) =
solution of (1).

As usual, we make use of the following basic notations.
Let H be a Hilbert space and CY(H,R) denote the set of
functionals that are Fréchet differentiable and their Fréchet
derivatives are continuous on H.

Cmin 1 said to be a ground state

Definition 8. Let I € CY(H,R). A sequence {xj} C His
called a Palais-Smale sequence (P.S. sequence) for I if {I (xj)}

is bounded and I'(xj) — 0asj — +o00. We say that I
satisfies the Palais-Smale condition (P.S. condition) if any P.S.
sequence for I possesses a convergent subsequence.

Let B, be the open ball in H with radius r and center 0,
and let 0B, denote its boundary.

Lemma 9 (mountain pass lemma). Let H be a real Hilbert
space and 1 € C'(H,R) satisfies the PS. condition. Assume
that 1(0) < 0 and the following two conditions hold.

(J,) There exist constants a > 0 and p > 0 such that Iyp, 2
a.

(J,) There existsane € H \ B, such that I(e) < 0.

Then I possesses a critical value ¢ > a. Moreover, ¢ can be
characterized as

¢ = inf max I(h(s), 7)

where

T={heC(0,1],H):h(0)=0h(1)=¢}. (18)

3. Proof of Main Result

In order to prove Theorem 1, we first prove the following
lemmas.

Lemma 10. The embedding E — 1P® is compact.

Proof. Let {uj} be a bounded sequence in E; that is, there

exists M > 0 such that [Ju;]| < M forall j € Z*. By reflexivity,
passing to a subsequence we have u4; — u in E for someu € E.
We may assume u = 0, in particular u;(k) — 0as j — +00
forallk € Z. For all € > 0, we can find h € Z" such that

1+ M

qk) > Y k| > h. (19)

€

By continuity of the finite sum, there exists v, € Z* such that

p(k) € .
|k|z<:h|uj (k)' < i V> v, (20)

So for all j > v, we have

pk) € € p(k)
,;J”f B < 5+ +M|klz>hq (K) [t 0o
€ € pk) @
= 1+M " 1+Mkezzq(k)|uj(k)' '
Since
o it o < 1.
Ya o <9 (u) <1 Juy] =1,
€
o it o] > .
letting M, = max{M?~, 1, MP*}, we have
1+ M, .
k;'uj (k)'p(k) < ﬁe Vj= . (23)
Thus, u;(k) — 0inl? ®and the proof is completed. O

Lemma1l. Assume thatu € IP® andv € I'® . Moreover, p(k)
satisfies condition (p) and 1/r(k) + 1/p(k) = 1 for allk € Z.
Then

Zu<k>v<k)s(§+ S bl 20

kez r
wherer™ = inf{r(k) : k € Z} andr™ = p*/(p* - 1).
Proof. Let

= ||u||p(k), T, = ||V||r(k); (25)



then

u (k) v (k) 1L (u®\® 1 (v “")]
Z "r Skezz P(k)< L8} > +r(k)< r )

kezZ

1 1
< —+—
p
(26)
The proof is completed. O

Lemma 12. Assume that all the conditions of Theorem 1 hold.
Then the functional I satisfies the PS. condition.

Proof. Assume that {u;};cy C E is a sequence such that
{I(uj)} is a bounded and I'(u]-) — 0as j — +00. Then
there exists a positive constant M’ such that |I(u N<M ' for
alljeZ".

First, we show that [|u;|| is bounded. Now we may assume
that |ju jII > 1; otherwise, IIujII is bounded obviously. When j
is large enough, we have

() - % (1" (1) uz)

-y <W - —) [a(k)|A (="

keZ

M +—||u |>1

+q )y "

+ 3 | G o)y 0= F (1 )|

keZ
1 1 -
> (5 5) Il

It follows from 8 > p" and p~ > 1 that there exists a constant
M, > 0 such that

(27)

|uj]| < M., vjez". (28)

By Lemma 10, we can choose a subsequence, still denoted by
{u j}, such that

u, —u

j . InE, (29)

in 1P (30)

u; —u,

for some u, € E.
Next, we prove that

lim " (f (ku; (k)

j— +00k€

- f (kyu, (K)))
(31)

x (u; (k) —u, (k) =
By (f), for any 0 < € < min{1/2,1/2p"}, there exists a
positive constant p < 1 with g7 p®"/P") < 1 such that

flou) <eqi)|ulf® Vkez lu<p, (32)
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Since u, € E, there exists a positive integer T such that
lu, (0)] < ’23 vk > T; (33)
we have
|f (e u, ()| < eq (k) [, PP vk>T.  (34)
By (30), there exists v; € Z* such that
[y -, | <& viswkezo G9)
This, combined with (33) and (32), gives us
|u; (0| < [u; (k) = u, ()| + |u, K| < p ¥j>w, k>T,

Vji>wv, k>T.
(36)

1 (ko 00)] = eq (0 0] ™

Then for j > vy,

2, |f (ko ()

k[>T

<ey (a0 wl™

kI>T

— f (e us (K))][u; (o) = u, ()|
T g lu, (P

x (Ju; (0| + e, ()] )

< ezq(k)l/r(k)'uj (k)|p(k)—1q(k)1/p(k) |uj (k)|

keZ

+eY g Plu; (g

keZ

+ ezq(k)l/r(k)l”* (k)lp(k)flq(k)l/p(k) |uj (k)'
keZ

(37)

(k) "P® Ju, (k)|

+e) qlo) O, (0P ()P fu, R
keZ

where 1/r(k) + 1/p(k) = 1 for all k € Z.
Let v; = {v(k)} and v,(k) = q(k)"/" @ ;)PP
v, = {0} and v,(k) = q(k)""Pluk)l, by = {hy(k)}
and hy (k) = q(k)"""®lu, (k)[P®, and h, = {h,(k)} and
hy (k) = (k)PP (k).
It is easy to check that v;, h; € I"® and v,, h, € I"™ Then
using Lemma 11, for j > v;, we have

> | (o () -

|k|>T

e
\p (38)
x (”"1 ”r(k)“v2”p(k)

+hy "r(k) v "p(k)

£ (ko ()| [ () = w, (K)|

+ v, "r(k) I pk)

il Il )
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Now we show that ||v, IIr(k) is bounded. We may assume that
Ivill,xy > 1; otherwise, |lv,ll,, is bounded obviously. By
Lemmas 4 and 5, we have

1/r” ) _
||V1 "r(k) < [Zq(k) |uj(k)|P(k):| < "uj"p Ir < Mf+/r ‘
kez

(39)

Let M; = {1, M? /" }; then |lvll,4y < My; that is, v,
is bounded. Using the similar arguments as above, we obtain
that ||V2||P(k), 171l (x)> and |Ih2"p(k) are bounded; that is, there
exist three positive constants M,, M5, and M, such that

“Vzup(k) <M, |y “r(k) < M, ”hZ"p(k) S M, (40)

This, combined with (38), gives us

3 Nf Vo () = f (e, ()| |1 () = e, ()|

k[>T

(F+7)
<e\—+—
p

x (M;M, + M{M, + MM, + M;M,) Vj> .

(41)

By continuity of the finite sum and (30), there exists v, € Z*
such that

N |f (ko ) = f (Ko, ()]
|k|<T (42)

X |uj ) —u, (k)| <e Vjzv,

Let v = max{»,,7,}. Combining (41) and (42) together, we
have

S| (ko () = f (ke ()] iy (K) = 10, ()|

keZ

+7)
<€l —+—
p
x (MM, + MM, + MsM, + MyM,) +€ Vj > .
(43)

Thus, (31) holds.

Finally, we show that {u;} possesses a convergent subse-
quence. Since I'(uj) — 0 and uj — u, it follows at once

that

lim <I' (uj)—I'(u*),uj—u*>=O. (44)

j— +co

5
This, combined with (31), gives us
Jim LEZZ a () | [u; (k= )"y (k- 1)
8w, (k- D2 0w, (k- 1) ]
x (Au; (k= 1) - Au, (k- 1))
(45)

+ Y ) (i R k)

keZ

GO, )|

x (u; (k) - u, (k)) } = 0.

The following two inequalities are taken from [20] and
will play an important role in the proof of our main result:

(8172 = 1" n) (E-n)]
(Bl + )Pz E-n 1<p<2 (46)

2[(§7 =Wl n) G =m)] = g -nl's p=2,
for every & and 7 in R. We define

R (k) = a (k) [ |y (k= 0"y (- 1)
8w, (k- DP9 Au, (k- 1) ]
x (Auj (k- 1) = Au, (k-1)) Vke Z.
Q) (0 = a0 [y (™t ) = [ (0" 2, ®)]

x (u; (k) —u, (k) VkeZ.
(47)

This, combined with (45), produces at once
lim Y R; (k) =0, lim » Q;(k)=0. (48)
Now we show that p(u; —u,) — 0as j — +co. Thatis,

Tim Y a() |du; k-1 -au, k-1 =0, (49
]—>+00kez

Jlim S a0y - 0" <0 (s

Let us first prove (50). Since {u j} and u, are bounded in E,
there exists a constant M* > 1 such that ¢(u;) < M" and
@(u,) < M" forall j € Z*. We denote

W, =1{keZ:1<p(k)<2},

(51)
W, =1{keZ:p(k)=>2}.



By (46), we have

S a®)]u; k) - u, 0"

keW,

< 3 2 q0) |y 0" u; 00

kew,

(52)
= |u, (k)|p<k>72u* (k))
(1 00— (0) <27 30, ),
kezZ
Y ak |uj k) - u, (k)|p(k)
kew;
= Y a(k) ['uj &) —u, (k)|2]p(k>/z
kew,
< ¥ (Q W)™
kew;
(k))/2
{Q(k) Hu (k)' + |u, (k)”P(k } -
< Y (Qw)™"
kew;
2-p(k))/2

<2740 [y R + e, )|
;K|

< Zp*(z—p’)/z

x 3 ()"

keZ

(2-p(k))/
2091y (BP9 + g8 s, G091 "

53)
Let
2 2
p1 (k) = Ik ry (k) = Pk
v, L (k) =( )P(k)/2
p(k))/2
= [0 u; 0™ + 0w, 0P ®]
5

Then it is easy to check that v, {v (k)} € l ) and w;, =
{w (k)} el (k- By Lemma 11 and (53) we have

S a®)]u; k) - u, o
kew,

<2P(2P/2< P__P__>||V
2 2 *

(55)

20 . "o’
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Since

lim »'Q; (k) =0,
]—>+00k€Z

Y [q R) [, GO + q (k) |, (k)lp"‘)] (56)

(p( )+(p(u ) <2M™.

Itis easy to see that || v; — 0Oasj — +ooand Iij*IIrl(k)

l
70 p (k)
is bounded for all j € Z". This, combined with (52) and (55),
gives us

lim Zq (k) 'uj (k) —u, (k)|P(k)
7= +00keZ
- Jim 3 ]y 09 - (0 (57)

+ lim Y g0 fu; (0) -, 0] =0
J—H'OOkEWz

Using the similar arguments, we have (49). So ¢(u j—u*) -0
as j — +00. By Lemma 5, it follows that lu; —u.ll — Oas
j — +00, and the proof is completed. O

Proof of Theorem 1. The proof consists of two steps.

Step 1. We use Lemma 9 to show that (1) has a nontrivial
solution in E.

First we prove that I satisfies (J;) of Lemma 9. It follows
from (32) that

IE (ke ()] < ——q (k) [ (1P, (58)

S o

for [u(k)| < pand k € Z. Then, let & = qil/pi)p(pvpi) < 1, for
all u € 0Bs N E, we have |u(k)| < p and

q(k
1=y [;Egmwk—lnﬂ") ((k))| (k)|P<k)]
keZ

- Y F(ku (k)

keZ

> Y L [a (k) 18w (= DIP® +q () Ju (k)PP
keZp

-y

keZ

q (k) |u (k)1P®

2+

> 27 [ (k) 80 (ke = 1)1PY -+ q (k) fu (k) P

keZ

- 2pt ur = 2p*
(59)

and hence I satisfies (J;) of Lemma 9.
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Next, we prove that I satisfies (J,) of Lemma 9. Let e =
{e(k)} € E and

0, ifk+0,
el = {1, if k = 0. (60
Then
0, if k+0,
F(k.e (k) = {F(O, 1), ifk=0. )

By Lemma 7, for s > 1, we have

Y F, (k,se (k) = F, (0,5) 2 S°F, (0,1),  F, (0,1) >0,
keZ

Y F, (k,se (k) = F, (0,5) < sF, (0,1), F,(0,1) 2 0.
keZ

(62)
Then
_ a (k) e 4) p(k)
1(se)_k€zz[p(k)|me(k 1)] +p(k)|se(k)|
— Y [F, (kse (k) - F, (k, se (k)]
keZ (63)
a(0) po, (D) pa), 900 o
20" 00 Trof

~sPF,(0,1) +s"F, (0, 1).

Since F;(0,1) > 0 and p(0), p(1), T are smaller than f3, we
can choose s* large enough such that I(s*e) < 0. So we
have verified all assumptions of Lemma 9; we know that I

possesses a critical value o > (1/2p+)6p+ > 0, where

o= %lnlf ma;ld(h (s),
el s€[0,1] (64)
I'={heC(0,1],E):h(0)=0,h(1) =s"¢}.

A critical pointu® of I corresponding to v is nonzero as & > 0.

Step 2. We prove that (1) has a ground state in E.
Let

K={ueE:I'(w)=0,u#0} (65)
be the critical set of I. Obviously, K is a nonempty set. Denote
c=inf{I (u):u € K}. (66)
Since u € K, we have
1 1
+

Tw) = 1w -~ (I @)= (= - L) pw =0
B P

Then 0 < ¢ < I(u).

Suppose that {uj} C K such that I (uj) — €. Obviously,
{u;} is a PS. sequence. By Lemmal2, we can choose a
subsequence, still denoted by {u j}, such that

jlirréo "uj - u0|| =0, uyckE. (68)
Then I(uj) — I(uy) and I(u,) = ¢. Now we prove that u, is
nonzero. If 4, = 0, then there exists a positive integer W such
that for all j > W, we have

i < g720p 177 < 1. (69)

By (32), it follows that

(' ()5} = 3 [@ 6 fawgy k= D + )y 0™
kezZ

~f (ko (09 ;)|

> 3 [a ) ]au, - "™

kezZ

+9 0w, R

I
keZ

1 1 *
2 o)z el >0
(70)

which is in contradiction to I' (u;) = 0. Thus, 1, is the ground
state solution of (1). The proof is completed. O
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