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We investigate g-shift analogue of the lemma on logarithmic derivative of several variables. Let f be a meromorphic function in C"
of zero order such that f(0) #0, co, and let g € C"\{0}. Then we have m(r, f(qz)/ f(2)) = o(T(r, f)) on a set of logarithmic density
1. The g-shift analogue of the first and the second main theorems of Nevanlinna theory of several variables and their applications

is also shown.

1. Introduction

The lemma on logarithmic derivative is a basic tool of Nevan-
linna theory; see [1]. It is widely used in value distribution
of meromorphic functions [2], differential equations in the
complex plane [3], and so forth. The first generalization of
the lemma on the logarithmic derivative to several complex
variables is given by Vitter [4]. Another proof is given by
Biancofiore and Stoll in [5]. Ye obtains a sharp bound for
the lemma on logarithmic derivative of several complex
variables in [6]. In [7], Li improves the lemma on logarithmic
derivative of several variables without exceptional intervals,
which makes a significant difference from other estimates.

Essentially prompted by the recent interest in discrete
Painlevé equations, difference analogues of the lemma on
logarithmic derivative appeared to be useful in a number of
applications, in particular in complex difference equations;
see [8-10]. Later, Korhonen studies the difference analogues
of the lemma on logarithmic derivative of several variables
n [11]. For g-difference version, Barnett et al. obtain g-
difference analogue of the lemma on logarithmic derivative
in the complex plane in [12].

In this paper, our aim is to generalize the result in [12]
to several variables. For any two constants z and z’ in C", if
z = (zy,...,%2,) and Zz = (z{,...,z:,), then we denote zlz{ =
(zlzi ey znz:’). Let us state one of the main results as follows,
which is g-difference analogue of the lemma on logarithmic
derivative of several variables.

Theorem 1. Let f be a meromorphic function in C" of zero
order such that f(0)+0, 00, and let g € C" \ {0}. Then

() o

on a set of logarithmic density 1.

Concerning the sharpness of Theorem 1, there is an
example in [12, page 459] to show that zero order cannot be
replaced by any positive order in the statement of Theorem 1.

The remainder of the paper is organized as follows. In
Section 2, we prove the theorem of g-difference analogue of
the lemma on logarithmic derivative of several variables. In
Section 3, we present the g-shift analogue of the first and
the second main theorems of Nevanlinna theory of several
variables. In Section 4, we give three important theorems:
uniqueness theorem of meromorphic function with its g-shift
of several variables, g-shift analogues of the Clunie lemma,
and Mohor’ho lemma of several variables.

2. g-Difference Logarithmic
Derivative Analogue

The purpose of this section is to present g-difference ana-
logues of the lemma on logarithmic derivative in several com-
plex variables. Let us recall some of the standard notations of
Nevanlinna theory in C".
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Let M be a connected complex manifold of dimension n
and let

2m
A(M) =) A"(M) )

n=0

be the graded ring of complex valued differential forms on M.
Each set A"(M) can be split into a direct sum

AT (M) = ) APT(M), 3)
ptq=n

where AP1(M) is the forms of type (p,q). The differential
operators d and d° on A(M) are defined as

- 1 -
d:=0+0, d==—(0-09), 4
* 4mi ( ) )
where
9 : APT(M) — AP (M),
_ (5)
9 : AP9 (M) — APTH (M)
Let z = (zy,...,2,) € C',andletr > 0and fixa =
(ay,...,a,) € C" an exhaustion function 7,c. of C" is
defined by

P 2
T,cn(2) =|z—al” = Z|zj - aj' .
j=1

(6)

Usually, we let a = 0 be the origin and set 7,,(z) = 7ycn(2).
Let us define a positive measure 0,(z) with total measure one
on the boundary 0B, (r) := {z € C" : |z| = r} of the ball
B,(r):={z € C":|z| < r}as

n—1

w, (z) :=dd  logt,, 0,(z) =dlogt, AW, (2). (7)

In addition, we define

v, (z) :=dd‘t, (), pa(2) 1V, (2). (8)

It follows that p,(z) is the Lebesgue measure on C” normal-
ized such that the ball B, (r) has measure 2,

Let us start with the one-dimensional case at first, the
following result is based on the proof of [12, Lemma 5.1].

Lemma 2. Let f be a meromorphic function in C such that
f(0)#0,00, and let q € C\ {0}. Then

2| f(g2)
JaBm o8 |7 | @
_ Iq—lf(hf+1)+|q_ur+|q_qr
“\ sa-o)g A-lalr A-r ©)
1
A, pYE
x(n( f)+n( f))

' (A—Zlg (_Allr|:| ! (m(k’f) ! m<k’ %))

where z = re'®, A > max{r, Iqlr}, and 0 < § < 1.
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Let 7,, = 7)cn be the parabolic exhaustion of C" and
define a function on B,_,(r) by

Pr (w) = \/7’2 —Ty1 ((I.)) = \/7’2 - |w|2. (10)

For the following discussion, we will need two lemmas from
Stoll.

Lemma 3 (see [13, Lemma 1.29]). Let r > 0, and let h be a
function on 0B, (r) such that ho,, is integrable over 0B, (r). Then

j h(2)0, (2)
(1)

(11)
1
2 Jﬁn,l(r) JaBl(p,(w)) 7(@.0)01 (©) pot (@)

Let f be a nonconstant meromorphic function on C",
take w € C"', and define the holomorphic map j,, : C —

C" by j,(2) = (w, 2); thus f,(z) = f(w,2).

Lemma 4 (see [13, Lemma 1.30]). Let f be a nonconstant
meromorphic function in C" and take a € P'. If r > 0, then
[ (20 )o@ 2n(n 72
— n w),— o, (w)<n|r, )
72 Jop, "\ g a ) O f-a
1

1 1
P _LBn(r)m(Pr (@:m)%q (w) = m<r, 7 —a>'
(12)

1

We proceed to generalize Lemma 2 to several complex
variables by using Lemmas 3 and 4.

Lemma 5. Let f be a meromorphic function in C" such that
£(0)#0, 00, and letq} = (1,...,qj,..., 1). Then

f (@)

iz
1@

0,(2)

J log"
0B, (r)

G- (gl 1) g1 g1
+ +

sa-olgl  R-lglr R-r

x(nULf)+n<Rﬁ%>>

(13)

where R > max{r, I@Ir} and0 <6 < 1.
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Proof. By applying Lemma 3 with h(z) = log"| f (q}z)/ f@l,
we obtain

f(@z)
@

J log" 0, (2)
0B, (r)

fo(@52)

fo (@)

g.
( (1 )

(o] (C) Pn-1 (w)

1’2" 2

J;n 1(r) 1(Pr(w)

B, 1(r

Mh&m

1| p, (@)
mw—an

'q] - 1| pr (w)
Pr (@) - p, (w)

< (pr (@), fw(Z))+”<PR(w) @ )>>pn_1 (w)

N 23~ 1] . @ pe @)
72 J5 ) (pr (@) = p, (@) (pr (@) — |g| p, (@)

< (Pr (@), fw(Z))+m<PR(w) @ )>)pn—1 (w)

=S,+S,,
(14)

for R > max{r, Iq;-lr} and 0 < & < 1. Now we will estimate
terms S,, and S,, respectively. Note that

plw 1
pr@) R )

for R > r and the fact that x/(x — 1)(x — t) is decreasing with
x for x > max{1, t}. By using Lemma 4, it follows that

R\?>2 _ q.—-1r |g;,—1|r
Sns(7> (C(qj’8)+}|2]—'q}||r+ | ;_J )
XM (R,0,00), (16)

5 < (E)ZH 2|g;-1|rR

R=n) &= g™ 0

3
where
I AT
_ 7 -1 <|qj| * 1)
C(qj,(?) = —5
5(1-9)|g|
n (R,0,00) = (n(R,f) +n<R,%)>, a7
my (R,0,00) = (m(R,f) +m(R,%>>.
It implies the assertion. O

To deal with m f(R, 0, 00), we need the following lemma.

Lemma 6 (see [14, Lemma4]). IfT: R* — R" isa piecewise
continuous increasing function such that

lim 28T @) _ (18)
r—oo  logr
then the set
E:={r:T(Cr)>C,T(r)} (19)

has logarithmic density 0 for all C, > 1 and C, > 1.

To show that n f(R, 0, 00) is small, we need the following
two lemmas.

Lemma 7 (see [12, Lemma 5.4]). Let T : R* — R* bean
increasing function, and let U : R™ — R™. If there exists a
decreasing sequence {c,},cy Such thatc, — 0asn — oo and
foralln € N, the set

F,:={r>1:U(r) <cT(r)} (20)
has logarithmic density 1, then
U (r) =o(T(r)) (1)
on a set of logarithmic density 1.

The following lemma is based on the proof of Lemma 5.3
in [12], which is the case of one dimension.

Lemma 8. If f is a nonconstant meromorphic function in C"
of zero order, then the set

(22)

E,:= {r > n(r, f) < #}

has logarithmic density 1 for alln € N.

If we take R = kr in Lemma 5, and by using Lemmas 6, 7,
and 8, then we have

.| 7 (@
f(2)

~—

0,(z)=0(T(r, f)) (23)

I log
0B, (r)




on a set of logarithmic density 1, since f is a meromorphic
function in C" of zero order. According to (23), it follows that

+|f(g2)
Lgnm g | 7y | @)
S (ET)|
g e
C + f(ZH] ]) _
SkZ‘LBn(r) f(z]_[’]‘ ) on(@) = O(T( ))

(24)

on a set of logarithmic density 1. Therefore, we have g-
difference analogue of the lemma on logarithmic derivative
of several variables, which is the proof of Theorem 1.

3. First and Second Main Theorems

We will discuss the relation of T(r, f(gz)) and T(r, f(z)),
which is the g-shift analogue of the first main theory of several
variables.

Theorem 9. Let f be a meromorphic function in C" of zero
order such that f(0)+0, co, and let q € C" \ {0}. Then

T(r.f(q2) =T (r.f(@)+0(T(r.f)) (25

on a set of logarithmic density 1.

Proof. By using Lemma 6 and Theorem 1, we have
T(r. f (42))

= m(r, £ (q2)) + N (1, f (42))

f(q?) )

m(r, f (2)) + N (|q| 7, f (2)) +m<r, 7@

<T(rf)+o(T(rf))
(26)
on a set of logarithmic density 1. We have the assertion.  [J

Let us discuss the g-shift analogue of the second main
theory of several variables.

Theorem 10. Let f be a meromorphic function in C" of zero
order such that f(0)+0,00, and let q € C"\ {0}. If g, (i =
1,...,q) € P' are distinct finite constants, then

d 1
m(r, f)+ Zm (r, 7- aj) -
2T (1, f) = Npgir (1> ) + S5 (2 f) »
where
N i (1, f) = 2N (r, N (r, N{r,
(1) = 2N 1) =N (18,0) N (5157 )

(28)
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;)

Proof. By using the first main theorem, we obtain

(7)) 2t 27

M=

J

1
= qT(T,f) —N<1’, P(f)) +Sq(r’f)’
(29)
where
q
P(r.f)=]1(f-a). (30)
=1
Since there exist o € P! such that
1 B a &
ORED Gy

then

(1) (- 5t) 7 (57)
AN A

:’”( f)”(rf)

By applying (29), (32), and the fact T(r, P(f)) = qT(r, f) +
O(1), we have

N

—m (n ﬁ) +5,(r f) (33)

<n( qf) ()

:T(r,Aqf)—N(r,A%f)ﬂq(hf)-

Therefore, we have

ST(r,f)+N(r,Aqf)+m(r,Aqf) (34)
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Since
A
m(r,Aqf)Sm(r,f)+m<r,%f) 65
=m(r, f)+S,(r. f),
we have the assertion. O
4. Application

Let f and g be two meromorphic functions in C", and let
a € C"if f —aand g — a have the same zeros (counting
multiplicities), then we say f and g share a CM in C".

Theorem11. Let f: C" — P' beanonconstant meromorphic
function of zero order and let g € C" \ {0}. If f(z) and f(qz)
share three distinct values CM, then f(z) = f(qz).

Proof. Letussuppose that f(z) and f(gz) share {0, 1, co} CM,
if not, let us make a linearly transformation. Suppose that
A, f # 0, Theorem 10 yields

m(r,f>+m<”%>””(“ﬁ>
szﬂnﬁ+N@AJ)2N0f)A(nAf)
+8,(r. f).

(36)
Since f(z) and f(gz) share {0, 1, oo} CM, then

NQJ)+N<n%>+N<n7%T>SN(nib).

(37)

In addition, Lemma 6 implies that N(r, Aqf) < 2N(r, f) +
Sq(r, f), by combining (36) and (37), it follows that

T(r,f)=8,(r:f) (38)

which is impossible. O

The g-difference polynomials of f(z) in C" are said by the
functions which are polynomials in f(gq;z), where q; € C”,
with coefficients a, (z) such that T(r, ay(z)) = o(T(r, f)) ona
set of logarithmic density 1.

The following theorem is g-shift analogue of Clunie
lemma [15] of several variables.

Theorem 12. Let f : C" — P' be a nonconstant zero order
meromorphic solution in C" of

f@)"P(z f) =Q(z f), (39)

where P(z, ) and Q(z, f) are g-difference polynomials in
f(2). If the degree of Q(z, f) as a polynomial in f(z) and its
q-shift is at most n, then

m(r,P(z f)) = S, (r. f). (40)

Proof. In calculating the proximity function of P(z, f), we
split the region of integration into two parts. By defining

E :={z€0B,(r) | |f(2)| <1},  E,:=0B,(r)\E,

(41)

we have

m(rP () = | log' IP(z o, @
‘ (42)
+J log" |P (2, f)| 0, (2).
E,

First, we consider E;; we can write P(z, f) as

N= 6@ f@" flge)" - f

Thus, we have

(g,2)".  (43)

iy L I,
pMSZM@ﬂﬂ%)wufﬁg (44)
Therefore, we obtain
|, 108" [P (2. )], (2
L))
< Zm(r,cl) +O(;m (r, ];(qZZ) >>,
together with Theorem 1 implies that
J; log" |P (2, )] 0, (2) = S, (r ). (46)
Now let us consider E,; we note that
)= Y b, (2) f(q02)" -+ f(g,2)".  (47)
Hence, we have
P )= |7 Lb @ f(qOZ)V°--'f(qy2)y”‘
(48)
f(9:2) (qu ) "
b
R e ‘f@
by Theorem 1 again, it follows that
J; log" |P (2, f)] 0, (2) = S, (r f). (49)
The assertion follows by combining (42)-(49). O

Letaand f be meromorphic functions of zero order in C"
such that T(r, ) = o(T(r, f)) on a set of logarithmic density
1. Then « is called a small function with respect to f of zero
order in C".

The following theorem is g-shift analogue of Mohon'ho
lemma [16] of several variables.



Theorem 13. Let f(z) be a nonconstant zero-order meromor-
phic solution in C" of

P(z, f) =0, (50)

where P(z, f) is a g-difference polynomial in f(z). If P(z, ) #
0 for a small function a in C" of f(z), then

m(r,ﬁ)=sq(r,f). (51)
Proof. By substituting f = g + « into (50), we obtain

Q(z,9)+D(z) =0, (52)

where

Qzg)= )

bv (2) g(z)jo e g(qu)jV (53)
Y=(josiy)€J

is a g-difference polynomial in g such that all of its terms are
at least degree 1, and T'(r, D) = Sq(r, 9), T(r,b,(z)) = Sq(r, g9)
for each v € J. Also D # 0, since « does not satisfy (50). By
using (52), we have

n(rg)=m(-5) )
A 22) i)

Note that since the integral m(r, 1/g) vanishes on the part of
0B, (r) where |g| > 1, it is sufficient to consider only the case
lgl < 1. Then

(54)

Q Z) 1 i i
’M‘ - = va (2) g(2)" -+ g(g,2)"
g |g| yeJ
. A (55)
z N 2 Jv
<Y |, @) 9(a,2) mlg(q )"
i g(2) g(z)
by Theorem 1, (54), and (55), it shows
1
m (r, 5) =S,(r.g). (56)
Since g = f — «, the assertion follows. O
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