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The complex convexity of Musielak-Orlicz function spaces equipped with the p-Amemiya norm is mainly discussed. It is obtained
that, for any Musielak-Orlicz function space equipped with the p-Amemiya norm when 1 < p < co, complex strongly extreme
points of the unit ball coincide with complex extreme points of the unit ball. Moreover, criteria for them in above spaces are given.
Criteria for complex strict convexity and complex midpoint locally uniform convexity of above spaces are also deduced.

1. Introduction

Let (X, || - |I) be a complex Banach space over the complex
field C, let i be the complex number satisfying i* = —1, and
let B(X) and S(X) be the closed unit ball and the unit sphere
of X, respectively. In the sequel, N and R denote the set of
natural numbers and the set of real numbers, respectively.

In the early 1980s, a huge number of papers in the area of
the geometry of Banach spaces were directed to the complex
geometry of complex Banach spaces. It is well known that the
complex geometric properties of complex Banach spaces have
applications in various branches, among others in Harmonic
Analysis Theory, Operator Theory, Banach Algebras, C*-
Algebras, Differential Equation Theory, Quantum Mechanics
Theory, and Hydrodynamics Theory. It is also known that
extreme points which are connected with strict convexity of
the whole spaces are the most basic and important geometric
points in geometric theory of Banach spaces (see [1-6]).

In [7], Thorp and Whitley first introduced the concepts
of complex extreme point and complex strict convexity
when they studied the conditions under which the Strong
Maximum Modulus Theorem for analytic functions always
holds in a complex Banach space.

A point x € S(X) is said to be a complex extreme point of
B(X) if for every nonzero y € X thereholdssup , [lx+Ay| >
1. A complex Banach space X is said to be complex strictly
convex if every element of S(X) is a complex extreme point
of B(X).

In [8], we further studied the notions of complex strongly
extreme point and complex midpoint locally uniform con-
vexity in general complex spaces.

A point x € S(X) is said to be a complex strongly extreme
point of B(X) if for every € > 0 we have A .(x, €) > 0, where

A.(x,€) =inf {1 —|A| : Ty € Xs.t. H/\xiy“ <1,

A +iy] < 1]y] = e}

A complex Banach space X is said to be complex midpoint
locally uniformly convex if every element of S(X) is a complex
strongly extreme point of B(X).

Let (T, %, 4) be a nonatomic and complete measure space
with y(T) < co. By ® we denote a Musielak-Orlicz function;
thatis, @ : T'x [0, +00) — [0, +00] satisfies the following:

(1) for each u € [0,00], O(t,u) is a p-measurable
function of t on T;

(2) for y-a.e.t € T, ®(t,0) = 0,lim,, _,  D(t,u) = co and
there exists ' > 0 such that ®(t, u') < co;

(3) for p-a.e. t € T, O(t,u) is convex on the interval
[0, c0) with respect to u.

Let L°(u) be the space of all y-equivalence classes of
complex and X-measurable functions defined on T'. For each
x € L°(u), we define on L°(u) the convex modular of x by

o ()= | @@l @)
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We define supp x = {t € T : |x(¢)| # 0} and the Musielak-
Orlicz space L4, generated by the formula

Lo ={x €L (u): Iy (Ax) < 0o for some A > 0}.  (3)
Set

e(t)=sup{u=>0:d(tu) =0},

(4)
E(t) =sup{u>0:®(t,u) < co};

then e(t) and E(t) are y-measurable (see [9]).
The notion of p-Amemiya norm has been introduced in
[10]; forany 1 < p < co and u > 0, define

(1+u?)"?, for 1< p< oo,
max {1, u},

5p () = { (5)

Furthermore, define SQP(x) = spoIq)(x) foralll < p<oo
and x € L°(u). Notice that the function s, is increasing on R,
for 1 < p < oo; however, the function s, is increasing on the
interval [1, co) only.

For x € L°(u), define the p-Amemiya norm by the
formula

for p = oo.

o1
Il = inf s, (kx), 1< p < co. ()

For convenience, from now on, we write Ly, =
(Lol - ”‘D,P); it is easy to see that Leyisa Banach space. For
1<p<oo,xc€ L(D)p,set

K, (x) = {k >0 xllo, = %{1 . (kx)}l/P}. @)

2. Main Results
We begin this section from the following useful lemmas.

Lemma 1 (see [9]). For any € > 0, there exists € (0,1/2)
such that ifu,v € C and

€
> —
[v| = 8mé1x |u+ev|, (8)
then

|ul <

3, lu+ev|, )

where

meax|u+ev| =max{|lu+v|,|lu-v|,|lu+iv|,|u-ivl},
(10)
Solutev=lu+vl+lu—v|l+u+ivl+|u—iv|.

Lemma 2. If lim, _, . (O(t,u)/u) = oo for y-a.e. t € T, then
K, (x) #0 for any x € Ly, \ {0}, where 1 < p < co.

Proof. For any x € L, , \ {0}, there exists « > 0 such that
plteT: |x(t)|2a} >0.LetT, ={t €T: |x(t)] > a}and
define the subsets
, 4l
LAGL) > q)"D,u >n (11)
u o uT,

Fn:{tETI:
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for each n € N. It is easy to see that F, C F, < --- C F, C ---
and lim,,_, ., uF, = uT,. Then there exists n, € N such that
uE, > (1/2)uT,.

It follows from the definition of p-Amemiya norm that
there is a sequence {k,} satisfying

.1 1/
lxlg,p = nIL%F{l + Ig (knx)} P

n

(12)

For any k > 0, we have

1{1 + Ig (kx)}l/P

p
_ %{1 + HTq)(t,klx(t)l)dt]P}l/p

jFHO O (t,k|x @)]) dt

k

ZJ (D(t,koc)dt
F k

no

(13)

v

D (t, ka) dt

:“L ko

no

If k > ny/«, notice that

1 1/p 4"x”(1>,p
i+ 2 .
k{ + ®(kx)} >« o,

CUE, > 2xley  (14)

which means the sequence {k,} is bounded. Hence, without
loss of generality, we assume that k, — kjasn — oo.
We can also choose the monotonic increasing or decreasing
subsequence of {k,} that converges to the number k. Apply-
ing Levi Theorem and Lebesgue Dominated Convergence
Theorem, we obtain

.1 1/p 1 1/p
lxlg,p = nangok—n{l +1% (knx)} = k—o{l +1% (kox)}
(15)
which implies k, € K, (x). O

In order to exclude the case when such sets Kp(x) are
empty for x € L, ,\{0}, in the sequel we will assume, without
any special mention, that lim,, _, .(®(¢, u)/u) = co for py-a.e.
teT.

Theorem 3. Assume 1 < p < 00, x € S(ch,p)~ Then the
following assertions are equivalent:

(1) x is a complex strongly extreme point of the unit ball
B(Lq:,p);
(2) x is a complex extreme point of the unit ball B(Lg, ,);
(3) forany k € Kp(x), plt € T : klx(t)| < e(t)} = 0.
Proof. The implication (1) = (2) is trivial. Let x be a complex

extreme point of the unit ball B(L, ,) and there exists k, €
K, (x) such that p{t € T : ky|x(t)| < e(t)} > 0. Then we can
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findd > Osuch that u{ft € T : kylx(¥)| +d < e(t)} > 0.
Indeed, if puf{t € T : kylx(t)| + d < e(t)} = 0 foranyd > 0,
then we set d,, = 1/n and define the subsets

T,={teT klx(®)]+d, <e)} (16)

cT,c: - and
kolx(@®)| < e(t)} = Un , T,.; we can find that

pfteT kylx@®)| <e()} =0 17)

for each n € N. Notice that T; € T, € ---
{teT:

which is a contradiction.
Let Ty = {t € T : kylx(t)l + d < e(t)} and define y =
(d/kO)XTO; we have y #0 and for any A € C with [A] < 1,

lx+ Ayl < ki0{1 12 (ko (e + Ap))
= kio {1 + Lo (koxxnyr, )
+lo (Ko, + M|}
ki {1+ [Ip (koxxn,)
+l (ko <1+ ) )]}
= fie T (kovern )’}

—(1+15 (ky ))I/P 1,

=

(18)

which shows that x is not a complex extreme point of the unit
ball B(Ly, ).

(3) = (1). Suppose that x € S(L(D)p) is not a complex
strongly extreme point of the unit ball B(L,,),; then there
exists g, > Osuchthat A (x, g,) = 0. Thatis, thereexistA,, € C
with|A,| — landy, € Lo, satisfying || ynllq)’P > g, such that

"’lnxO * y""(l)p <1 ")‘nxO * iyn“(l)p <1 (19)

which gives

1 . 1
ik N N SR ML D
Setting z,, = y,/A,,, we have
lzullop = nll0,p = 20
|| 1
Xtz "CDp wk (21)
1

0 lzn”cb,p s I

For the above ¢, > 0, by Lemma, there exists §, €
(0,1/2) such that if u,v € C and

&
|[v| = —max |u +ev|, (22)
8 e
then
1-26
lul < 2 0% lu+ev|. (23)

For each n € N, let

A, = {t €T |z, (1)) > %Omeax|x0 ) + ez, (t)|},

DW=z, 00(eA,), 2@ =0(tea,),

22 (1) =z, (te A,).
(24)

sz) 0)=0(t¢A,),

Itis easyto see that z, = 2" +z'?,¥n € N.Since|A,| — 1
whenn — 00, the following inequalities

"],

1 py P
= 1nf;{1 + [Jt¢A,, O (t,k|z, (t)|)dt] }

k>0

1
<inf— {1+

k>0 k
1/p
€ p
“ ® <t,k—0max I (1) + ez, (t)|) dt] }
t¢A, 8 ¢

< ”max lxo

&
8

IN

&
By, |xo+ezn|||¢,P

(25)

hold for » large enough
Therefore, ||z IIQ)p > g,/4 which shows that u(A,) > 0
for n large enough. Furthermore, for any t € A, we have

|x, ()] < ! _4260 T |xo (1) + ez, (1)] . (26)

To complete the proof, we consider the following two
cases.

(I) One has k, — oco(n — ©0), where k, € K,((1/4)
2. |x, +ez,l).



For each n € N, we get

1= “x()"(l),p

{1412 (ko))

-
n

<

= |

LA @ (t,k, |x, (1)]) dt

n

+L¢A @ (t,k, |x, (t)|)dt]P}l/P

n

J d)(t,kn<1_26°
teA, 4

XX, |x0 (t) +ez, (t)| )) dt

+ J D (t, k,
t¢A

X <:1126 |x0 (t) + ez, (t)|)> dt]P}l/p

<L,
+ [(1 -26,)
x LA” ) (t, k, (leze |xo () + ez, (t)|)> dt
+ LAn ) <t, k,
x (iz I, () + ez, (t)|)>dt]p}1/p
_ ki {1
+ [Iq, (kn (}Lze | + ezn|>) - 26,
X LAn O] <t, k,

x (ize I (£) + ez, (t)|>> dt]p}w.

(27)
Furthermore, we notice that
J ® (t, k, (lze |xo () + ez, (t)|>> dt
teA, 4
> J O (t,k, |z, (1)) dt
teA,
(28)

> [ - 1]

[k
|
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Since k, — ocowhenn — 00, we can see that the inequality
((gy/4)k,)? =1 > 0 holds for n large enough. Moreover, we
find that

1
Iy (kn (ZZe |xo + ezn|>>

> Iy (k,xo) (29)

P 1/p
> (kP - 1)"7 > 280<<%°kn) - 1> .
Then we deduce

1= xo]lq,,
<i{l+[1 <k (12 |0 + e |>> - 26,
_kn (0] n 4 e |70 Zn 0
xj (D(t,kn
teA,

X (}LZE |, (£) + ez, (t)|))dt]p}
e ()
_28()((%)](”)? - 1>1/P]P}

1/p

1/p

a contradiction.

(II) One has k, — ky(n — ©0), where k, ¢
K, ((1/4)Z,]x, + ez,]), ko € R.

Then for each n € N,

1 1
A_n > ||ZZE |x0 + ezn|

,p

1 k VP
= k—{l+1§<f26|x0+6zn|>} (31

n

}I/P

1
> k_n{l + 15 (kyxg)b ™ = Ixollg, = 1-

Letn — oo, we deduce that 1 = (1/ko){1 + IZ (koxo)} /7 =
1%l
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From (I), we obtain that

1=l %ol

1 1
< oo o b (b)) -2

X J D <t, k,
teA,

] » 1/p
x(ZZele(t)+ezn(t)|>>dt]} .

(32)

Now we consider the following two subcases.

(a) Consider 'LeA DO(t, k, ((1/4)Z,|x,(t) + ez, (t)]))dt > 0
for some n € N. ’

Then we obtain

1=l %l

<41y
=%,

Iy <kn (:1126 |xo + ezn|>) - 20,
X J O] (t, k,
teA,

X <£—1126 |x0 () + ez, (t)|)>dtr}l/p

1/p
<Ll (b (Caorea))) -0

n

(33)
a contradiction.
(b) Consider jteA Ot k, ((1/4)Z,|x,(t) + ez, (B)])dt = 0

for any n € N.
For n large enough, we observe that

Lo 1-28

k-
n 1-— 80 0 (34)

Hence, we get

0= LA @ (t, k, (}Lze |xo (1) + ez, (t)|>) dt
2], 0 (5]« w

0]
2 Ot x, (t)| |dt = 0.
LeAn ( ‘ 1- 60 0 ( )

Thus, we see the equality LGA D, |(ky/(1-8y))x,(t)]) dt =0
holds for n large enough. It follows that

xo ()| <e(t), p-aeteA, (36)

=
1-0,

since u(A,) > 0 for n large enough.

On the other hand, by (3), we deduce that
lkoxo ()] > e(t), wp-ae.teA, (37)

Hence, we get a contradiction:

‘ Ky >e(t),

e(t)
1-96, -6

X (t)l > u-ae. t€A,. (38)

1 =0,

O

Theorem 4. Assume 1 < p < co; then the following assertions
are equivalent:

(1) Lo, p, is complex midpoint locally uniformly convex;
(2) Ly, is complex strictly convex;

(3) e(t) =0 for p-a.e. t €T.

Proof. The implication (1) = (2) is trivial. Now assume that
L, is complex strictly convex. If u{t € T : e(t) > 0} > 0, let
T, ={t € T : e(t) > 0} and it is not difficult to find an element
x € S(Lg,p) satistying supp x = T'\ T,. Take k € K,(x), and

define
e(t)
y () = { o frtelo

x () forteT\T,.

(39)

Obviously, ||y||®,p > ||xllgp = 1. On the other hand,

=2, (-2

py Up
+J (D(t,kx(t))dt] } (40)
T,

= (141 00) " = 1

Thus, [ylly, = (1/k)(1 + I5(ky))"’? = 1. However, for ¢ €
T,, we find k| y(t)| = e(t)/2 < e(t), which implies y € S(Lq),P)

is not a complex extreme point of B(L, ,) from Theorem 3.
(3) = (1). Suppose that x € S(L(D,p) is not a complex
strongly extreme point of B(Lg, , ). It follows from Theorem 3
that u{t € T : kjlx(t)| < e(t)f7 > 0 for some k, € K, (x),
consequently p{t € T': e(t) > 0} > 0 which is a contradiction.
O

Remark 5. If p = oo then p-Amemiya norm equals Luxem-
burg norm, the problem of complex convexity of Musielak-
Orlicz function spaces equipped with the Luxemburg norm
has been investigated in [8].
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