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We investigate the existence and dynamical behaviors of multiple equilibria for competitive neural networks with a class of general
Mexican-hat-type activation functions. The Mexican-hat-type activation functions are not monotonously increasing, and the
structure of neural networks with Mexican-hat-type activation functions is totally different from those with sigmoidal activation
functions or nondecreasing saturated activation functions, which have been employed extensively in previous multistability papers.
By tracking the dynamics of each state component and applying fixed point theorem and analysis method, some sufficient conditions
are presented to study the multistability and instability, including the total number of equilibria, their locations, and local stability
and instability. The obtained results extend and improve the very recent works. Two illustrative examples with their simulations are

given to verify the theoretical analysis.

1. Introduction

In the past decades, some famous neural network models,
including Hopfield neural networks, cellular neural networks,
Cohen-Grossberg neural networks, and bidirectional asso-
ciative memory neural networks, had been proposed in order
to solve some practical problems. It should be mentioned
that in the above network models only the neuron activity is
taken into consideration. That is, there exists only one type of
variables, the state variables of the neurons in these models.
However, in a dynamical network, the synaptic weights also
vary with respect to time due to the learning process, and the
variation of connection weights may have influences on the
dynamics of neural network. Competitive neural networks
(CNNs) constitute an important class of neural networks,
which model the dynamics of cortical cognitive maps with
unsupervised synaptic modifications. In this model, there
are two types of state variables: that of the short-term
memory (STM) describing the fast neural activity and that of
long-term memory (LTM) describing the slow unsupervised

synaptic modifications. The CNNs can be written in the
following form:

N
STM: %, (t) = —dyx; (t) + Y a f; (x; ()
j=1

L €]
+ Bl-Zmij (t) yi+ L,
=1

LTM: rir;; () = —eum;; () + y;Bi f; (x; (1)),

where i = 1,2,...,N, j = 1,2,...,P,x,(t) is the neuron
current activity level, f j(x j(t)) is the output of neurons, m;; (t)
is the synaptic efficiency, y; is the constant external stimulus,
a;; represents the connection weight between the ith neuron
and the jth neuron, B; is the strength of the external stimulus,
I, is the constant input, and o; > 0 and f3; > 0 denote
disposable scaling constants.
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After setting S;(t) = Zle m;(t)y; = y'm,(t), wherey =
(V1> Var e yP)T and my(t) = (m;, (t), my,(t), ..., mip(t))T and
assuming the input stimulus y to be normalized with unit
magnitude |y|* = y7 +--- + y2 = 1, then the above networks
are simplified as

N
X (t) = —dx; (8) + Y agf; (x;(®) + BS; (t) + I,
=1 (2)

$i () = —o5S; () + Bif; (x; (1)),

The qualitative analysis of neural dynamics plays an
important role in the design of practical neural networks. To
solve problems of optimization and signal processing, neural
networks have to be designed in such a way that, for a given
external input, they exhibit only one globally stable state (i.e.,
monostability). This matter has been treated in [1-7]. On
the other hand, if neural networks are used to analyze asso-
ciative memories, the coexistence of multiple locally stable
equilibria or periodic orbits is required (i.e., multistability or
multiperiodicity), since the addressable memories or patterns
are stored as stable equilibria or stable periodic orbits. In
monostability analysis, the objective is to derive conditions
that guarantee that each network contains only one steady
state, and all the trajectories of the network converge to it,
whereas in multistability analysis, the networks are allowed
to have multiple equilibria or periodic orbits (stable or
unstable). In general, the usual global stability conditions are
not adequately applicable to multistable networks.

Recently, the multistability or multiperiodicity of neural
networks has attracted the attention of many researchers. In
[8, 9], based on decomposition of state space, the authors
investigated the multistability of delayed Hopfield neural
networks and showed that the n-neuron neural networks can
have 2" stable orbits located in 2" subsets of R”. Cao et al. [10]
extended the above method to the Cohen-Grossberg neural
networks with nondecreasing saturated activation functions
with two corner points. In [11,12], the multistability of almost-
periodic solution in delayed neural networks was studied.
Kaslik and Sivasundaram [13, 14] firstly revealed the effect
of impulse on the multistability of neural networks. In [15-
17], high-order synaptic connectivity was introduced into
neural networks and the multistability and multiperiodicity
were considered, respectively, for high-order neural networks
based on decomposition of state space, Cauchy convergence
principle, and inequality technique. In [18-22], the authors
indicated that under some conditions, there exist 3" equilibria
for the n-neuron neural networks and 2" of which are locally
exponentially stable. In [23], the Hopfield neural networks
with nondecreasing piecewise linear activation functions
with 2r corner points were considered. It was proved that
under some conditions, the n-neuron neural networks can
have and only have (2r + 1)" equilibria, (r + 1)" of which are
locally exponentially stable and others are unstable. In [24],
the multistability of neural networks with k + m step stair
activation functions was discussed based on an appropriate
partition of the n-dimensional state space. It was shown
that the n-neuron neural networks can have (2k + 2m — 1)"
equilibria, (k + m)" of which are locally exponentially stable.

i=12,...,N.
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FIGURE 1: Mexican-hat-type activation functions (3).

In particular, the case of k = m was previously discussed in
[25]. For more references, see [26-32] and references therein.

It is well known that the type of activation functions plays
a very important role in the multistability analysis of neural
networks. In the abovementioned and most existing works,
the activation functions employed in multistability analysis
were mainly focused on sigmoidal activation functions and
nondecreasing saturated activation functions, which are all
monotonously increasing. In this paper, we will consider a
class of continuous Mexican-hat-type activation functions,
which are defined as follows (see Figure 1):

lxl,-, -0 < x < pi’
F(x) = Liyx+¢y, p<x<r, 3)
! liax+¢, 1;<x<g;,
u;, g; < x < +00,

where p;, 15, q;, u;, 115 155 615 ¢ are constants with —co <
pi <1 <gq <+oo,l;; >0,andl;, <0, i =1,2,...,N.
In particular, when p; = -1, r;, = 1,¢q; = 3, u; = -1,
liy=11l,=-1,¢,=0,and¢, =2 (i =12,...,N), the
above activation functions f; reduce to the following special
activation functions employed in [33]:

-1, -0 < x < -1,
X, -1<x<1,
(x) = 4
fi() -x+2, 1<x<3, )
-1, 3<x<+00.

It is necessary to point out that the Mexican-hat-type
activation functions are not monotonously increasing, which
are totally different from sigmoidal activation functions and
nondecreasing saturated activation functions. Hence, the
results and methods mentioned above cannot be applied to
neural networks with activation functions (3). Very recently,
the multistability and instability of Hopfield neural networks
with activation functions (4) were studied in [33]. Inspired by
[33], in this paper, we will investigate the multistability and
instability of CNNs with activation functions (3). It should
be noted that the structure of CNNs differs from and is more
complex than that in [33]. Moreover, the activation functions
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(3) employed in this paper are more general than activation
functions (4). More precisely, the contributions of this paper
are three-fold as follows.

Firstly, we define four index subsets and present sufficient
condition under which the CNNs with activation functions
(3) have multiple equilibria, by tracking the dynamics of each
state component and applying fixed point theorem. The index
subsets are defined in terms of maximum and minimum
values, which are different from and less restrictive than those
given in [33]. Furthermore, we discuss the exact existence of
equilibria for CNNZs.

Secondly, based on some analysis method, we analyze the
dynamical behaviors of each equilibrium point for CNNs,
including local stability and instability. The dynamical behav-
iors of such system are much more complex than those
of Hopfield neural networks considered in [33], due to
the complexity of the networks structure and generality of
activation functions.

Thirdly, specializing the model and activation functions
to those in [33], we show that the obtained results extend and
improve the very recent works in [33].

Finally, two examples with their simulations are given to
verify and illustrate the validity of the obtained results.

2. Main Results

Firstly, we define the four index subsets as follows:

Ny = qi: I < —max {~d;p; + a, f; (p;), ~d;r; + a; f; (r;)}

N
- Z max {“ij”j’ a,-jvj}

j#hj=1

-1 -1
_max{“i Biu;B;, ﬁiViBi} ,

N
N, =1i:dir;—a;f (r;) - Z min {aijuj,a,jvj}
j#ij=1

o[-l -1
— min {O‘i Biw;B;> o; ﬂiViBi}

N
<I<dp;—a;f;(p;) - Z max {aij”j’ aij"j}

j#hj=1

-1 -1
—max{cxi Biu;B;, ﬁiViBi} J
N; =

i:—min{-d;p; + a; f; (p;), ~dir; + a;; f; (1)}

- min {aijuj,aijvj}

(o -1
— min {oci Biu;B;, «; ﬂiViBi} <y <dg;

N
—a; fi (q;) - Z max {aij”j’aijvj}
j£ij=1

-1 -1
_max{“i BB, ex; ﬁfViBi} >

Ny = qi: L > -min{-diq; +a;f;(q;), ~dir; + a; f; (;)}

N

- Z min{a»u a-~v~}

ij7 > Mg
j#ij=1

S -1
— min {“i Biu;B;> o ﬁiViBi} ,

(5)

where v; = f;(r;). It is easy to see that u; < f;(x) < v; for
x € R.

Remark 1. In this paper, the index subsets are defined in
terms of maximum and minimum values, which are different
from those given in [33], where they are defined in terms of
absolute values. In general, our conditions are less restrictive,
which have been shown in [16].

Remark 2. The inequality d; — (a; + &, B;B,)l;; < 0 holds for
alli e N,.

Proof. By the definition of index subset N,, u; = f;(p;) and
v; = f;(r;), we obtain
—dip; + (aii + ‘Xi_lﬂiBi) fi(p)

N (6)

+ Z max {aijuj,aijvj} +1I; <0,
j#ij=1

—dir; + (aii + “i_lﬁiBi) fi(r;)
N (7)

+ Z min {aijuj,aijvj} +1I; > 0.
j#ij=1

It follows from (6) and (7) that
—dip; + (aii + “;1/3:'31') fi (p)
< —djr; + (aii + ‘xi_lﬁiBi) fi(r).
Noting that p; < r; and substituting f;(p;) = L, p; + ¢;, and

fi(ry) = L1 + ¢, into (8), we can derive that d; — (a; +
o BBl <0 (i €N,). O

(8)

Remark 3. The inequality d; — (a;; + o, " B:B))l;, > 0holds for
alli e N, UN;.



Proof. From Remark 2, we get a; + o; 'B;B; > 0 (i € N,).
Thus, inequality d; — (a; +o; ' f;B;)];, > 0 holds for alli € N,,
duetol;, <0.

By the definition of index subset N5 and equalities u; =
fi@), vi = fi(r;), we get

min {~d;p; + a; f; (p;), ~dir; + a; f; (1)}
+ ‘xi_lﬂiviBi > —d;q; + a; f; (q;) + “i_lﬁi”'B

i

)

which implies that —dr; + (a; + o ' 3;B;) f:(r;) > —d;q; + (a;; +

o; ' B:B,) fi(q;)- By using equalities f;(r;) = Liyri+cos filg) =
l;»q; + ¢, and noting that r; < g;, the inequality d; - (a;; +
o ' B;B)l, > 0 (i € N;) can be proved easily. O

It follows from the second equation of system (2) that
—o;S; (t) + Piu; < S; (£) < —aS; (£) + Bivis (10)
which leads to
(Xi_llgiui + (Si 0) - “i_lﬁi“i) e

50200+ (50 - i)

(11)

Therefore, S;(0) € [0 By Bv;] always implies
that S;(t) € [oci_lﬁiu,-,oci_lfa’,-v,-]. That is, if S(0) €
Hf\:]l [oci_lﬁiui,oci_lfo’ivi], then the solution S(t;S(0)) will
stay in [T, [ Biu;, o Byv;] for all £ > 0.

Let (x'(¢), ST(t))T be a solution of system (2) with initial
state (x7(0), ST(O))T e RY x I—[f\il [oci_lﬁ,-u,-,oci_lﬁiv,-]. In the
following, we will discuss the dynamics of state components
x;(t) fori € N; (i = 1,2,3,4), respectively.

Lemma 4. All the state components x;(t), i € N;, will flow to
the interval (—co, p;] when t tends to +0o.

Proof. According to the different location of x;(0), there are
two cases for us to discuss.

Case (i). Consider x;(0) € (—00, p;]. In this case, if there exists
some t* > 0 such that x;(t*) = p;, x;(t) < p; for 0 <t < t7,
then it follows from system (2) and the definition of N, that

% (t7) = ~dix; () + a, f; (x; (£7))

+ i a; f; (xj (t*))+BiS,- )+,

j#ij=1

N
< —d;p; +a, f; (pi) + Z max {aijuj’ “ij"j}

j#ij=1
-1 -1
+ max {oci Biu;B;, ﬁiviBi} +1I; <0.

Hence, x;(t) would never get out of (oo, p;]. Similarly, we
can also conclude that once x;(T;,) € (-o0, p;] for some T, >
0, then x;(t) would never escape from (—oco, p;] forall t > T,.

Case (ii). Consider x;(0) € (p;,+00). In this case, we claim
that x;(¢) would monotonously decrease until it reaches the
interval (—oo, p;] in some finite time.
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In fact, when x;(t) € (g;, +00), noting that the definition
of N; and f;(p;) = f;(g;), we obtain
X; (t) = —dix; () + a; f; (x; (1))

N
+ Z a; fi (xj (t)) +BS (1) +1;

jtij=1
N
< -diq; +a; f; (q;) + Z %; fi (Xj (t)) +B,S; () + I
jtij=1

N
< —d;p; +a;fi (p;) + Z max {aijuj,aijvj}
j#ii=1

+ max {a{lﬁiuiB,-,oci’lﬁiv,-B,-} +1; <05
(13)

when x;(t) € (r;,q;], by virtue of equalities f;(r;) = I;,7; + ¢,
and fi(q;) = li,q; + ¢, We get

%; () = =d;x; (1) + ay; (I,%; () + 6;)
N
+ Y ayfi(x; ) +BS; () +],
j#ij=1
< max{(~d; + ayl;) r;, (=d; + al;;) q;} + a;6i,
N
+ Z a fi(x;®)+BS; () +1,
j#ij=

= max{~d;r; + a; f; (r;), ~diq; + a; f; (q;)}

N
+ ) ayfi(x0) +BS; () +1,
j#ij=1 (14)
< max {—d,-ri + aii.fi (ri) > _diqi + aii.fi (ql)}
N
+ ) max{au; a0}
j#ij=1
+ max {cxi_lﬂiuiBi, Oéi_lﬁiViBi} +1;
< max {-d;r; + a; f; (r;), —d;p; + a;; f; (p;)}
N

+ Z max{wu a-~v}

i Hij v j
j#ij=1

+ max {oci_lﬂiuiBi, oci_lﬁiviBi} +1; <0

when x;(t) € (p;,r;], it follows from f(p;) = L,p; +
G 1> fi(r;) = L ,r; + ¢, and system (2) that

N
+ Y ayfi(x; )+ BS; () + ],
j#ij=1

< max {(-d; + aiili,l) pi(=d; + aiili,l) i+ a6

11,1
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N
+ Y ayfi(x; )+ BS; () + ],
j#ij=1
< max {~d;p; + a; f; (p;) , ~dir; + a;; f; (r;)}
N
+ Z max {aijuj,aijvj}
j#ij=1
-1 -1
+ max {oci Biu;B;, /Sl-vl-Bi} +1; <0.
(15)
In summary, wherever the initial state x;(0) (i € N,) is

located in, x;(t) would flow to and enter the interval (oo, p;]
and stay in this interval forever. O

Lemma 5. All the state components x;(t), i € N;, will flow to
the interval [r;, q;] when t tends to +00.

Proof. We prove it in the following three cases due to the
different location of x;(0).

Case (i). Consider x;(0) € [r;,q;]. In this case, if there exists

some t* > 0 such that x;(t*) = 7, r; < x;,(t) < g; for0 <t <
t*, then we have

% (t7) = ~dix; () + a, f; (; (7))

+ Z a;f; (xj (t*)) +BS; (t") + 1,

4=l
(16)
N
>—dir;+a;f; (r;) + Z min {a,-juj,a,-jvj}
j#hj=1

+ min {oci_lﬂiuiBi, oci_lﬁiviBi} + 1, > 0;

similarly, if there exists some t** > 0 such that x;(t*") = g,
r; < x;(t) < q; for 0 <t <t**, then we get

N
x; (t"") < —dig; + a; f; (q;) + Z max {aijuj, a,-jvj}
j#ij=1 (17)

+ max {a;lﬁiuiB,», a;lﬁiviB,»} +1; <0.

From the above two inequalities, we know that if x;(0) €
[7;,g;], then x;(t) would never get out of this interval. In the
same way, we can also obtain that if there exists some T, > 0
such that x;(T;) € [r;,q;], then x;(¢) would stay in it for all
t>T,.

Case (ii). Consider x;(0) € (—00,1;). When x;(t) € (—o0, p;1,
from the definition of index subset N;, we get

N
%; (t) > —d;p; + a f; (p;) + Z min {aij“j’aijvj}
j#hj=1 (18)

+ min {oci_lﬁiuiB,-, (xi_lﬂiviB,-} +1;> 05

when x;(t) € (p;,1;), it follows from the definition of index

subset N, equalities f;(p;) = L p; + ¢, fi(r;) = L1 + ¢,
that

%; (8) = —d;x; (t) + ay; (% (1) + ¢1)

N
+ Z a; f; (xj (t)) +BS O+,

jnj=1
> min {(~d; + a;l;;) pi, (=d; + al) i} + a6,
N
+ Z a,]f] (x] (t)) + BiSi (t) + Ii
j#i,j=1
= min {_dipi + aii.fi (P,) 5 _diri + aii.fi (ri)} (19)
N
+ ) afi(x,0)+BS, (0 + ],
j£hj=1
> min {~d;p; + a;; f; (p;), ~d;r; + a;; f; (1;)}
N

+ Z min{aijuj,aijvj}

j#hj=1
[ -1
+ min {oci Biu;B;, «; [)’iviB,-} +I,>0.

Thus, in this case, x;(t) would monotonously increase until it
reaches the interval [r;, q;].

Case (iii). Consider x;(0) € (g;, +00). When x;(t) € (g;, +00),
it follows that

N
%; (t) < ~d;q; + a;, f; (q;) + Z max {aij”j’ aijvj}
j#ij=1 (20)

+ max {oci_lﬁiuiBi,(xi_lﬁiviBi} +1;<0.

Therefore, x;(t) would monotonously decrease until it enters
the interval [r;, g;].

In summary, wherever the initial state x;(0) (i € N;) is
located in, x;(t) would flow to and enter the interval [r;, g;]
and stay in it finally. O

Lemma 6. All the state components x;(t), i € N, will flow to
the interval [g;, +00) when t tends to +00.

Proof. Similar to the proof of Lemmas 4 and 5, we will prove
it in the following two cases.

Case (i). Consider x;(0) € [g;, +00). If there exists some t* > 0
such that x;(t*) = g, x;(f) > g; for 0 < t < t*, then

N
% (t*) = ~diq; + a;, f; (q;) + Z min {az‘j”j’ aij"j}
j#ij=1 (21)

+ min {oci_lﬁiu,-Bi,oci_l[SiviBi} +1; > 0.



Therefore, x;(t) would never get out of [g;, +00). By the same
method, we also get that once x;(T;) € [g;,+00) for some
T, > 0, then x;(t) would stay in this interval for all t > Tj,.

Case (ii). Consider x;(0) € (-00,q;). In this case, we claim
that x;(#) would monotonously increase until it enters the
interval [g;, +00).

In fact, when x;(t) € (-00, p;), we have

N
%; (t) = —d;p; + a, f; (p;) + Z min {aij“j’ aijvj}
j#ij=1

. -1 -1
+ min {(Xi Biw;B;, o, ﬁiViBi} +1;
(22)

N
>-d,q; +a;f: (q;) + Z min {aijuj, aijvj}
ji1

+ min {a;lﬁiuiBi,aflfa’iviBi} +1I; > 0;
when x;(t) € [p;,1;], we get

x; (1) = —djx; () + a; (I 1%, (1) + ¢;,1)
N
+ Z @i f; (xj () +BS; (1) + I,
j#hj=1
> min {-d,p; + a; f; (p;) , —dir; + a; f; (r;)}
N
+ ) ayfi(x0)+BS; 0+, (23)
j#ij-1

> min {—d,-qi +a;f; (q,») ,—dir; + ay f; (ri)}
N

+ Z min{a»-u a~v-}

i i
j#ij=1

+ min {oci_lﬁiuiBi,oci_lﬁiviBi} +1; >0
when x;(t) € (r;,q;), then we obtain

x%; () = ~dpx; (t) + a; (L x; (1) + 6)
N
+ ) ayfi(x0) +BS (0 + 1,
j#ij=1

> min {~d,q; + a; f; (q;), ~dir; + a;; f; (r;)}  (24)

+ min {aijuj, aijvj}

+ min {(xi_lﬁiuiBi,oci_l[SiviBi} +1;>0.

In summary, wherever the initial state x;(0) (i € N,) is
located in, x;(t) would flow to [g;, +00) when ¢ is big enough
and stay in it forever. O
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Denote (-o0, p;] = (—oo,p,~]1 X [Pi,ri]o X [ri,+oo)°;
[pis ;] (00, p,1° X [pri]' x [r;,+00)% [1;,+00) =
(00, p;1° x [p;»7;]° x [r;, +00)'. For any i € N,, let 8, =
6™M,82,8%) = (1,0,0) or (0,1,0) or (0,0,1) and define

N

o) @ PO
i
b

Qs = (_OOaPi]ai X [Pi’ri]ai x [r;> +00)

Q5 = H (=00, p;] x HQ@ x H [r;»q;] % H [g;» +00) .

ieN, ieN, ieN, ieN,

(25)

It is easy to see that there exist 3“2 Q4-type regions,
where #N, denotes the number of elements in the set N,.
Now, we will prove the following theorem on the existence
of multiple equilibria for system (2).

Theorem 7. Suppose that N; UN, UN; UN, = {1,2,...,N}.
Then, system (2) with activation functions (3) has 3N equilib-
ria.

Proof. Pick a region arbitrarily Q5 x Hfil lo; ' Biuay, o Biv;];
we will show that there exists an equilibrium point located in
each Q5 x I—Ll'\:]l (o By o Byl

Denote N,; = {i € N, : 8 = 1}, N,, = {i € N, :
852) =1} andNy; ={i e N, : 51.(3) = 1}. It is easy to see that
Ny UN,, UNy 3 =N,

Let (xT(t),ST(t))T be any solution of system (2) with
initial state (x7(0),57(0))" € Qg x [TV o Bty Biv,].
Then, for i € N, , if there exists some t* > 0 such that

x;(t*) = p;, then we get from the definition of index subset
N, that

% (t7) = —dix; () + a; f; (x: (¢7))
+ Z a;f; (x]- (t*)) +BS; (t")+ 1,

j#ij=1
(26)

N
< —d;p; +a, f; (p:) + Z max {aij”j’ aijvj}

j#ij=1
-1 -1
+ max {(xi Biu;B;, [J’iviB,-} +1I; <0.

Similarly, for i € N, 3, if x,(t) > g;, note that f;(p;) = f;(q,);
then

N
%; (t) < —dq; + a;, f; (q;) + Z max {aij”j’ aijvj}
j4ij=1

-1 -1
+ max {(xi Biu;B;, [p’iviB,-} + 1
(27)

N
< —d;p; +a, f; (pi) + Z max {aij”j’ aijvj}

j#ij=1

+ max {ai_lﬁiuiBi,(xi_lﬁiviBi} +I, <0,
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and if there exists some t** > 0 such that x;(t**) = r;, then

N
X, (t7) 2 ~djr; + a, f; (r;) + Z min {aijuj,aijvj}

J#ij=1 (28)

+ min {oc{lﬁiuiBi,oclflﬁiviBi} +I,>0.

That is, the trajectory x;(t) with x;(0) € [r;, +00),i € N3,
would enter and stay in the interval [r;, g;], which implies that
there does not exist any equilibria with the corresponding ith
state component located in [g;, +00).

Combining with Lemmas 4-6, it can be concluded that
x;(t),i ¢ N,,, would never escape from the corresponding
interval of Q5. Furthermore, denote

05 = H (—co, p;] x H [pis ;]

ieN;UN, ieN,,
(29)
X 1_[ [1:q;] H (i +00) .
ieN, ;UN, ieN,

Then, from (26)-(28), we <can derive that if
Qs % Hf\:]l [0 Bius;, o B;v;] has an equilibrium point, it
must be located in O x Hf\zjl [0 Bty o' Bov;].

Note that any equilibrium point of system (2) is a root of
the following equations:

N
—d;x;+ Zaijfj (xj) +B;S,+1,=0,
=1

(30)
~oSi+ Bifi (%) =0, i=12,...,N.
Equivalently, the above equations can be rewritten as
. N
—d;ix; + (aii T« Biﬁi) fi (%) + Z a;f; (xj) +1; =0,
j#ij=1
-1 .
Si=a ' Bifi(x), i=12...,N.

(31)

In O x Hfil [o; ' Bius;, o' B;v;], any equilibrium point of
system (2) satisfies the following equations:

1
—dix; + (aii to ﬂiBi) u; + Z a;ju

JENJUN,
j#i
2 a (e ren)+ Y ay(loxg+e)
JEN,, JEN, 3UN3

+ Zaijuj+1i=0’ ieNJUN,,,

JEN,
-1
—dix; + (aii T ﬁiBi) (laxi +Gp) + Z a;iu;
jEN,UN,
+ z ai'(lj,lxj +cj’1) + Z a,-»(lj,zxj +cj’2)
jeN,, JEN,3UN;
j#i
+ Z au;+1;=0, ieN,,,
jeNy
(32)
-1
—dix; + (aii +to ﬁiBi) (Lipx; +G) + Z iU
jEN 0N,
+ 2 ai(laxre)+ Y ay(laxs )
jeN,, JEN, 3UN;

j#i
+ Zaijuj+1i =0, ieN,;UN;,

JEN,
Z a;ju

JENJUN,

+ Z aij (lj,lxj +Cj,1) +
JEN,,

-1
—dix; + (aii T« ﬁiBi) u; +

a; (2% + ¢12)
jEN,;UN,
+ Zal]u]+ll:0, iEN4.
JENy
j#i
In the subset region [[icn,, (P57l X [Tien,,un, (7 4>
define a map I' as follows:
1
It (x) = —
o d; - (a; + o' BB;)1;,

-1
X (ai,- + o ﬁiBi) G+

Z a;ju

JENJUN,
+ 2 (Lax + )
JEN, 5
Jj#i
+ ) ay(loxs + )
JEN, 3UN;
+ z auj+ 1 |, €Ny,

JeN,
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T. L) =
() d; — (a; + &' B;B;) I;,

1
X (aii+“i ﬁiBi) Go t Z ;iU

JENJUN,
+ 2 i (Lax; + )
jEN,
) a(laxg )
JEN, 3UN;
j#i
+ Y agu;+ 1|, i€N;UN,.

JEN,

(33)

Fori € N,,, substituting f;(p;) = [;;p; + ¢, into (6) and
noting that d; — (a;; + o ' BBl < 0 (Remark 2), we get that

L (xi)
1
d; = (a; + ‘xi_lﬁiBi) Lia

N
-1
X (ai,- + o ﬁ,-B,») G+ Z max {aijuj,aijvj} +1;
j#ij=1
> p;.
(34)
Similarly, substituting f;(r;) = I;,7; + ¢;; into (7) results in
L (x;)
1

d; - (a; + o' BB;) 1;,

N

_1 .
X (aii +o ﬁiBi) Gt Z min {aij”j’aijvj} +1;
j#ij=1

(35)

Fori € N, ;, note that —d,p; > —d,q;, f(p;) = fi(q;) = L;,q; +
G and fi(r;) = L,r; + ¢,; it follows from (6)-(7) and d; -
(a;; + o; ' BiB)l;, > 0 (Remark 3) that

L (x;)

d; = (a; + “i_lﬁiBi) lis

_1 .
X (aii + o ﬁiB,») Go+ min {aijuj,aijvj} +1;

> 1
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d; = (a; + &' B;B;) I;,

N
-1
X (aﬁ +a; ﬁiBi) Gyt Z max {aijuj,aijvj} +1;
j#ij=1
< g
(36)

Fori € Nj, note that v; = fi(r;) = [,,r; + ¢, and u; = fi(q;) =
l;1g; + ¢;5; we can get from the definition of index subset N,
that

—dir; + (aii + ‘X;lﬁiBi) (li,zri +¢5)
N
+ Z min {%’“p%’"j} +1; >0,
j#hj=1
(37)
-1
—dig; + (aii To ﬁiBi) (lingi +6i2)
N
+ Z max {aijuj,aijvj} +1I; < 0.
j#ij=1

That is,

[_di + (aii + ‘xi_lﬁiBi) li,z] rp+ (aii + “i_lﬁiBi) G
N

+ Z min{a.u

1]
j#hj=1

[_di + (aii + “;lﬁiBi) li,z] qi t (aii + a;lﬁiBi) G2

i» aijvj} +I; >0,

(38)

N
+ Z max {al-juj, aijvj} +1I; < 0.
j#ij=1

Then combining inequality d; — (a; +o; ' 3;B,)];, > 0 and (38)
together gives

-1 .
X (a,-i + o ﬁiBi) Go+ min {a,-juj, aijvj} + 1

> 1
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I; (xi)
1
d; = (a; + ;' B;B;) ;5

<

X (a +a; /3, ,) Gy + z max{a,]u],a,]v]}+1i
j#ij=1
<gq;
(39)

Therefore, the map I' maps a bounded and closed set into

itself. Applying Brouwer’s fixed point theorem, there exists
T
one (xi*l’xt ] "’xZ) S HieNu [pi> 7] % HieN2,3UN3 [r;> ;] such

that
l"(xl,x2 ,xis)z(xil,xiz,...,xis), (40)
where i,,i,,...,i; represent the elements of index subset

Ny, UN, 5 UNG.
Then fori € N; UN, ,, define

F;(x;) = —dix; + (aii + ‘xi_lﬁiBi) U;

+ Y At Y a (]lx +c)
]Ef\}:;\ln jEN,, (41)

+ Z aij(ljzx +c) Za1]u1+1

JEN, 3UN3 JEN,

By virtue of the definition of index subsets N; and N,, we have
limg _, _,F;(§) = +o0o and

F(p;) < —d;p; + (aii + “;I,BiBi) U;

N (42)
+ Z ax{a,]u],a,]v]} +1; <0.
j#ij=1
Therefore, there exists the unique x;
F(x/)=0
Similarly, for i € N,, define

€ (-0, p;) such that

F(x;) = ~dix; + (aii + ‘xi_lﬁiBi) U;

)
Y it Y a(lux +¢)

jEN,UN,, €N, (43)
+ Z a~(l< x’.‘+c-) Zau+1
VANS s B i)
JEN, 3UN; JEN,
j#i

and we can also derive that there exists the unique x; €
(g;» +00) such that Fi(x]:) =0
T T -1

,$77) Xy Prag fi(x)),
It is easy to see that

Denote (x = (xf, Xysen
ﬂz“z_lfz(x;) /3N“ xN))

(x*T,8*T) is the equilibrium point located in subset Q5 x
Hf\:]l[(X; ! ﬁiui,oclfl B;v;], which is also the equilibrium point

located in subset Qg x Hil[aflﬂiui,aflﬂivi]. It should be
noted that, by the definition of N, -N,, any state component
of x* cannot touch the boundary of Q. That is, x™ is located
in the interior of Qg (see Remark 8). Therefore, system (2) has
32 equilibria. O

Remark 8. x" is located in the interior of Q.

Proof. Note that x* satisfies the following equations:

—dix + (a; + o B;) £ (x])
N
+ Y afi(x5)+ 1=

j#ij=1

(44)
i=1,2,...,N.

In the following, we prove that x; # p;, i € N;. Otherwise,
from the definition of N, we have

=—d;p; + (aii + “;lBiﬁi) fi(p)
N

+ z aijfj(x;)+1i
j#ij=1 @)

Z max {allujaljvf}
]#1] 1

dpl+allf; pl

F+I <0,

ﬁzuz > (X» llgiviBt

that is a contradiction. Similarly, from the definition of
N,-N,, we can also get

+ max{

X # Pty €N,
X, #15q, i€N;, (46)
x; #q, i€N,

That is, x* is located in the interior of Q. O

Remark 9. Suppose that N, UN, UN; UN, = {1,2,...,N}.
Furthermore, if the following conditions

|a’JJl'+ | 1112|

J?Nz_z JEN, 3UN;
j#i (47)
71 .
< (aii T Biﬁi)li,l —d;, €Ny,
Z | 1111'+ |a1112|
jEN,, j€ ?3QN3
j#i (48)

-1 .
<d;- (“ii T Biﬁi) Ly 1€N;3UN;,

hold, then system (2) with activation functions (3) can have
and only have 3* equilibria.

Proof. From the proof of Theorem 7, we only need to prove
that the fixed point of T is unique. In fact, suppose that
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there exists another fixed point (xl ,x . .,xi**)T €
II:ENZ,2 [pl’ T ] X HIEN2,3UN3 [1’,, q,] such that
o * % * % * % * %
I"(xll,x sea Xy ):(xil,xiz,...,xis ) (49)
Denote the index i; such that
x—-x"= max |x-x"].
BT | = g max - (50)

Ifll € NZ,Z’ from (a + “z, ﬁlell)lll

i —d,; > 0 (Remark 2) and
(47), we have

* EE
xl.l xil

= [t () = 1, ()
1

-1 _
(alzlz + & ﬁ’z 11) i1 iz

APIETACEEY

jeN,,
j#i
(51)

+ ) a

JEN, 3UN;

(x] - x77)
11112 Xj

Y jeniti il + 2 jeNuuNa “z'zjlj,2|

- -1
(alzll * 06 ﬁ’z 11) i1 ’1

X

Ifi; € N3 UN;, fromd,; —(a;; + “i:lﬁi,Bi,)li,,z > 0 (Remark 3)

and (48), we have
x; = | =6 () - T ()
_ 1
di (azlt, + (Xz,lﬁll 11) 0,2

x| X ayilis (x] = x]7)
a;ilia (xj = x;

jEN,,
(52)
+ ) a

JEN, 3UN;
j*i

(x5 -x57)
11112 xj

< szNz,z | ij’js 1| + ZJENnUNs j#i | G j 12'

- -1
dll (a% + “ ﬁll 11) ip,2

* * % * * %
X, —X;
ki £l

X —X

X i i

By the above two inequalities, we can deduce that x; = x;*
foralli € N,, UN,; UNs;. That is, the fixed point of map I'is
unique. O
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Theorem 10. Suppose that N; UN, UN; UN, ={1,2,..., N}

(i) If the following conditions

—ailiy = Y Jag| |1
jEN,,
(53)
= X el Bl - 1Bl >0,
EN,3UN;
i
o =B |lis| >0 (54)

hold for all i € N,; U N, then system (2) with activation
functions (3) has 2™ locally stable equilibria.

(ii) Furthermore, if the following conditions

—di +agly - Z |“11H111|

JEN,
A (55)
= 2 lallal - 1Bl >0,
JEN,3UN;
a; = Bi|lii| >0 (56)

hold for all i € N,,, then the other 322 equilibria are
unstable.

Proof. In the following, we will discuss the dynamical behav-
iors of 3*"2 equilibria in two cases, respectively.

Case (i). Consider N, , = 0. In this case, Q5 and Qs can be

rewritten as
H (=00, p;] x H [r;, +00)

ieN;UN,, ieN,
x H [ q;] % H [g:» +00),
ieN; ieN,
Os= [ (oop]lx [] [rmalx][]lgs+c0).
ieN;UN, | ieN, ;UN, ieN,

(57)

From (53)-(54), we can choose a sufficiently small num-
ber 17 > 0 such that

d—a.l ., — AL, =|B:| >n >0,
i~ Gijlin jENz’gUNS |a1]' | ],2| | ll n (58)
j#i
o =B || > >0 (59)

hold forall i € N, ; UN,.

Let (xT(t),ST(t))T be any a solution of system (2) with
initial state (x7(0),57(0)" € Qg x [TY [0 Bty Biv,].
From Lemmas 4-6 and the proof of Theorem 7, we get that

there exists some T, > 0 such that (xT(TO),ST(TO))T €
Qs x Hf\il[(xfl Biu;, o Bv;]. By the positive invariance of
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= N
Qs x [[51

o lﬁiui,aglﬂivi], we know that the solution

(), ST(1)" € Qg x [TV, [0 B v, for all £ > T,
and its dynamics can be described by

% (t) = ~d,

x; () + a;u; + Z AU

JEN;UN,
j#i

+ Z a%; (lj)zx]- () + Cj,z)

jeN, ;UN;
+ Y au;+BS; )+, ie€N UN,,
JEN,
%; (8) = =d;x; (t) + a;; (L% (8) + 6)
Yoaguit Y ay(Lox (1) +ep,)
JENJUN, JEN‘Z,sl'JNs
Jj#i (60)
+ Z“u u;+BS; (1) + I, ie€N3UN;,
JEN,

JENJUN,

+ Z a,-j(lj)zxj(t)+cj’2)

jEN, UN,
+ Zal]u]+BS B+, ieN,,

JEN,

j#i
—o;S; (t) + Bifi (x; (), i=1,2,...,N.

S () =

We get from model (60) that

d(x (1) - %))

dt

d(x (1) - x])

dt

(s -s;7)

dt

d(s; (1) -S;

dt

= —d; (x; (t) - x;)

+ Z 1112(x ) - )

JEN, 3UN;

+B;(Si(H)-S]), ieN UN, UN,,

= (-d; + aiili,z) (x; (t) = xz*)

+ Z 1112(" ®) - )

JEN, 3UN;
j#i

+B;(S;(1)-S]), ieN,3UN;,

)

~0; (S;(t) = S7), i€N UN, UN,,

) =—0; (S, (1) - S})

+ Biliy (2 (1) — x7),

i €N,; UN;.
(61)

Let

D+g0i ()

= e |x; (t) -

Y gl (x50 -

1

@ (t) =" |x; (1) - x] |,
v (1) =" [S: (1) - S|, (62)

i €N,; UNg;

then by using (61)-(62), we can derive that

x|+ " sgn (x; (t) - x;)

(=d; + agl;;) (x; (1) = x;')

x})+B(S;(t) - S)
N, 3UN;
Jje i

<(n—d;+ayl,) @ (1)

D"y; (1)

|| ] 95 ) + By 0.

JEN, 3UN;
Jj#i

(63)

Similarly, we have

=ne" |S; (t) = S| + €™ sgn (S; (t) = S;)

X [0 (S; (1) = S) + Biliy (x; (1) = x)]  (64)

< (n—o)w; () + B |lin] @; (1)

Let 0 > 0 be an arbitrary real number and

I,=(0+0)e" 0<max |x; (T,) -

then

¢; (Ty) = e |xi (Ty) - x

i+ max I3, (To) - 7] )
(65)

i

<e”T"max|x (Ty) = x| <lyy i€N3UN;,

1<isN

v; (T,) = e |Si (To) - Sz*l

nT,
se °g}g§|5i (Ty)

-8 <l i€N,;UN,.
(66)

In the following, we will prove that

;) <ly, w ()<L, t>T, ieN3UN;  (67)
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If (67) is not true, then there exists some i € N, 3 UN; and
t* > T, such that either

¢ (t)=l,  D'g(t)>0,
p;(t") <l (Tosts<t’, jeN;UN;),  (68)
vi(t')<ly (Tost<t’, jeN;UN;)

or
yi () =1, D'y (t") >0,
v (t7)<ly (Tost<t’, jeNj;UNy),  (69)
p;(t")<ly (Tyst<t’, jeN,;UN;).

For the first case, it follows from (58) and (63) that
D' (t") < (n—d; +al;) ¢; ()

+ Z |a,~]-' |lf,2| @; (t7) + By y; (¢7)
jEN2’3UN3
i

<|n-divajo+ Y gl o] + Bl | &
JEN, 3UN;
Jj#i
<0,
(70)

that is a contradiction. For the second case, by using (59) and
(64), we get

Dy (¢7) < (=) w; (£7) + Bi [l 0 (¢7)

71)
<[n-o+pB; |li,2|] ly <0,

that is also a contradiction. So (67) holds; that is, |x;(t) - x| <
loe™",1S;(t) = S;| < lpe™" hold forall t > Tyandi € N, ; UN;.
From (61), we derive that

IS (£) = 87| = [S; (Ty) = S; | ™7™,
(72)

t>Ty €N UN, UN,,

which implies thatlim, _, ,,|S;(t)=S;| = 0 (i € N;UN, ;UN,).
Thus, for any € > 0, there exists a constant T} > T, such that

Z |aij' 'l]-)2| |x]- ® - x;f +|By| [S: (1) = S7| < &,
JEN, 3UN; (73)
(>,

i €N, UN,, UN,.
Then we have
D" (|x; (1) = x7|) < =d; |x; (t) = x]| + &,

(74)
ieN; UN, UN,,

Abstract and Applied Analysis

which implies that

|x; (8) - x7| < e 5 |x, (1) - x| + di (1-e 1),
1
PeN;JUN, UN,.
(75)

That is, lim, _, o |%;(t) = x| =0 (i € N; UN,; UN,).
Tosumup, foralli = 1,2,..., N,wehavelim, _, , . |x;(f)—-
x| =0, lim,_ ,oIS;(t) — S| = 0. That is, the
T
equilibrium point (x*,8*7)" is locally stable in Qg x

N -1 -1
[1i2, [ By o Byl

Case (ii). Consider N, , # 0. In this case, let (xT(p), ST(t))T be
a solution of system (2) with initial condition (x7(0), ST(O))T
nearby (x*", S*T)T € Q5 x [TY, [ By, &' Biv;]. Without
loss of generality, we assume that (xT(1),8T@)) e Qs x
]_[f\il[oci_lﬁiui,oci_ 'B.v,] forall t > 0. In fact, we can conclude
that if the solution (xT(t),ST(t))T gets out of region 65 X
Hﬁl[oci_lﬁiui,cxi_lﬁivi], the equilibrium point (T, S*T)T
must be unstable according to the definition of instability.
Thus, system (2) can be rewritten as

Z ;iU
jeNluNz,l
Jj#i

+ Z a; (lj,lxj (t)+cj’1)

jEN,,

+ Z a%; (lj)zxj (t)+cj)2)

JEN, 3UN;

x; (£) = —d;x; (£) + au; +

+ Y a;u;+BS; (t) + I,
JEN,

ieNJUN,,,

X (1) = —d;x; (t) + a; (L% () +6,)

+ Z aju;j + Zaij(lj,lxj(t)+cj,1)

JENUN, jEN,,
j#i
+ Z a%; (lj)zxj ) + Cj,z) + Z &
JEN, 3UN; JEN,
+B;S;(t)+ 1, ieN,,,

X (1) = —dix; (t) + ay; (L% (8) + 65)

+ Z a,-juj+‘z aij(lj,lxj(t)+cj’1)

JENUN, jEN,,
+ Z a%; (l]-)zxj ) + Cj,z) + Z ey
JEN, 3UN; JEN,
Jj#i

+BS;(t)+1, ieN,;UN;,
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)'Ci (t) = _dixi (t) + anul + Z alju]

JENJUN,

+ Z a;; (lj,lxj () +cj,1)

jEN,,

+ Z a;j (l]-,zxj ) + Cj,z) + Z au;
JEN, 3UN; JEN,
j#i

+B;S; (t) + I,

S () = —aS; (1) + Bif; (x; (1)),

ieN,,

i=1,2,...,N.

It follows from model (76) that

d(x; () -x7) .
—a - =d; (x; () - x;)

+ Z ’JJl(x (t) - )

jeN,,

)

JEN, 3UN;

1]]2(x (t) )

+B;(S;(1)-S]), ieN UN,; UN,,

d(x; (t) - x])

dt ( l+

ali1) (o (8) = x;)

+ Z lJJl( x;“)

jEN,,
j#i

+ ) a

JEN, 3UN;

4ij 12(x ) - )

+B; (S; (1) - S;)’ i€N,,,

d(x (1) - x])

dr = (~d; +a;l;,) (x; (1) = x7)

+ Z 1]]1(x (t) - )

jEN,,

v ) oa
JEN, ;UN;
j#i

+B,(S;()-S]),

ayliy (x; (1) - )

ieN,; UN;,

d(s,0-5)

=—0;(8;()-S), ieNJUN,; UN,,

dt
W = =0 (S (1) = S7) + By (3 () = x7),
i€N,,,
ASO5) (6. 0-5) B 0.

dt
i €N,; UN;.
(77)
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Pick an initial state (x (0), ST(O))T of system (2) such that
max {|x; (0) — x|, [S; (0) = S} |} = max |x; (0) - x| > 0.
1<isN ieN,,

(78)
In the following, we claim that

max (0 - %115, 0 -]

= max |x; (t) — x;
ieN, ,UN, ;UN ieN2,2| i () ’|

(79)

holds for all t > 0. In fact, if (79) is not true, then there exists
some t, > 0 such that

50 -1}

max{ max |x; (t,) — x;|,  max
N, ;UN, €N, ,UN, ;UN;

—maxlx (to) = x/ |5
ieN

(80)

then there exists some index i, such that one of the following
three cases holds:

(a) i € N, 3UN; andlxio(to)—x:)I = max,-eNz)ZIx,-(to)—xfl,
(b) iy € N, 3;UN; and |Si0(t0)—Si’;|
(c) iy € Ny, and [S; (t,) —
For the case (a), it follows from (53) and (77) that

= maxey,, 1x;(to) —x; |,

S | = max;ey, , |x:(to) — x; .

+ *
D ('xio (tO)_inD ( d +a’n’o ig>2 'x’o
+ Z Dy j Jl'x (to) - |
jeN,,
"
w2 gl ol (20) = ]
JEN, 3UN;
j#io
+|Bio| o iy

< —d+alz+z

= igly o |aioj| lj>1

JEN,,

© 2 | ol 134

jeN,;UN,
j#io
|x (o) — ' <0.
(81)
For the case (b), by using (54) and (77), we get that
'S (to) - Si, ) < (_“iﬂ + B, 'li0,2|) |Sio (to) = S;
(82)

Similarly, for the case (c), by means of (56) and (77), we have

D" ('sio (to) - SZ, ) < (_(xio + By, lion ) S, (to) - S:;

io»

<0.
8
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Meanwhile, denote i; € N, such that |x; () — x;| =
maX;ey, |2;(to) — x;'|; then we obtain from (55) and (77) that

D" ('xi1 (to) - x1*1|) > (—d,-l +a;l

1,1, "1;,1

i

.
= 2 el tia [ (00) = ]
jEN,,
j#i

i

= el ] [ (80) = %7

JEN, 3UN;

- [y i, €

2 _d +a11’1lll’1 N Z 'a"lj'lj’l
jEN,,
j#i

= > a2l - 1B

JEN, 3UN;

|x,1 (to) - ' > 0.

(84)
Thus, combining inequalities (79) and (84) together gives

{|x; () = x|, ]S: (1) = 7 |}

zeN“UN23UN
(85)
—max|x (t) = x;| > max|x; (0) — x| > 0
ieN ieN,,
which implies that
max  |x; (t) — x| = max|x, (t) - x]
ieNz,zuNmur\gl i) =, | ieNmI i(B) =X, l
(86)

.
2 max|x; (0) - x|

holds for all t > 0.

Therefore, there must exist an index i, € N,, and an
increasing time sequence {f; };-, with llmt_> +oolx = +00 such
that Ixz(tk) x12| > maxteN“Ix (ty)—x]|. Thatis, xz(t) would
not converge to x; when ¢ tends to +co. In other words, the
equilibrium point x* is unstable. O

In the following, we will consider the dynamical behav-
iors of system (2) with activation functions (4). Note that
max{—a;;, a;} = la | and min{- ;> a, j} = —lal; in this case,
N, -N, reduce to the following index subsets:

al 1
> la| - Bi B

j#ij=1

»—‘Zl
1]

il <—|-d; +ay| -

W
©
1

i:|L] < —d;+ay- Jag| - e B 1B
j#ij=1
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x(£)

FIGURE 2: Transient behavior of x, in Example 1.

Ny = qi:|~d;+a| + 'aif| +oi B[]
j#ij=1
N 1
<I;<3d; +a; - Z |aij| —a; B [By|
j#ii=1
Ny =4i:1 > max{3d; +a;,d; - a;}

S 1
+ Z |a,-j'+(x; ﬁi|Bi|

j#ij=1
(87)
Meanwhile, conditions (47)-(48) become
-1
z |a1]' + |aij' < -d;+a;+a Bf,
jeN JEN, ;UN
j# = (88)
ieN,,,
-1
z |a1]' + |a ' <d;+a;+o B
]E ]G V]
* it (89)

i €N,; UN;.

Remark 11. Under index subsets Nz -Ns, conditions (88)-(89)
always hold.

Proof. From the definition of index subset N,, we get

-1 -1
’aij| <-dit+a;t+o; f |Bi| <dita;+ao; B |Bi|'
j#ij=1
(90)

Therefore, inequalities (88) and (89) hold for i € N,, and
i € N, 3, respectively.
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FIGURE 4: Transient behavior of S, and S, in Example 1.
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FIGURE 5: Phase plot of state variable (x,, x,,S,)" in Example 1.
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FIGURE 7: Transient behavior of x; and x, near the equilibrium point
(-201/80,-5/8,-1/2,-5/16)" in Example 1.
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FIGURE 8: Transient behavior of x, and x, near the equilibrium point
(5/12,-241/120,5/24,—1/2)" in Example 1.
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x1(t)

10 15

0 5 10 15

FIGURE 9: Transient behavior of x, and x, near the equilibrium point
(0,0,0, O)T in Example 1.

x,(t)

10 15

x,(t)

10 15

FIGURE 10: Transient behavior of x; and x, near the equilibrium
point (~100/361,482/361, ~50/361,120/361)" in Example 1.

Similarly, it follows from the definition of N that

N
-1
d;,—a; + Z |a,-j| —o; B;B; < 3d; +ay;

j#ij=1
91)
J -1
- Z |aij| +o; BB
j#ij=1
which implies that
S 1
Y ay| <di+a;+o ' BB. (92)
j#ij=1
Therefore, condition (89) holds for i € N;. O

From Theorem10 and Remarkll, we can obtain
Corollary 12 as follows.

x(t)

x,(t)

1.6

14

1.2
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10 15

15
t

FIGURE 11: Transient behavior of x; and x, near the equilibrium
point (402/281,100/281,80/281,50/281)" in Example 1.

x,(t)

x,(t)

t

FIGURE 12: Transient behavior of x, in Example 2.

F1GURE 13: Transient behavior of x, in Example 2.
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FIGURE 14: Transient behavior of S, and S, in Example 2.
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FIGURE 15: Phase plot of state variable (x,, x,,S,)" in Example 2.
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FIGURE 16: Phase plot of state variable (x,, x,,S,)" in Example 2.
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FIGURE 17: Transient behavior of x; and x, near the equilibrium
point (59/5,-1/2,-1,0)" in Example 2.

Corollary 12. Suppose that N; UN, UN; UN, = {1,2,...,N}.
If the following conditions

—d;+a; - Z 'aij|_ Z 'aij ~|B| >0, ieN,,,

jEN,, jEN, 3UN;
j#i
(93)
d;+a; - Z |a,-j| - Z |a,-j - |B,-| >0,
jeN,, jeN, ;UN.
2,2 JZ;I 3 (94)
i€N,; UN;,
o> B ie€N,, UN,; UN; (95)

hold, then system (2) with activation functions (4) has exactly

3tN equilibria, 2N of them are locally stable and others are
unstable.

Proof. First of all, according to Theorem 7 and Remark 11,

the exact existence of 3*\2 equilibria for system (2) with
activation functions (4) can be guaranteed under condition
N, UN, UN; UN, = {1,2,..., N}. In addition, it is easy to
see that conditions (93)-(95) imply the conditions (53)-(56)
with [;; = 1,;, = —1. From Theorem 10, we derive the result
of Corollary 12. O

Let B, = 3, = S;(t) = 0 (i = 1,2,...,N); then system (2)
is transformed into the following neural networks which are
investigated in [33]:

N
X, (t) = —dx; (1) + Y ay f; (x; () + L. (96)
j=1
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In this case, N,-N, turn into the following index subsets
defined in [33]:

Ny=dit<—|-di+ay|- Y lag|p>
j#ij1
N
N, =4i:|L| <-d;+a;- z |aij' ,
jie1
Ny =4i:|-d;+a;| + Z |aij|<Ii (97)
j#ij=1
N
<3d;+a;- Z |aij| ,
j#ij=1
N
Ny,=4i:I>max{3d; +a;d;, —a;} + Z |ai]-' .

j#ij=1

Applying Corollary 12, we can obtain easily Corollary 13 as
follows.

Corollary 13. Suppose thatN, UN, UN, UN, = {1,2,...,N}
holds. Then system (96) with activation functions (4) has

exactly 3t equilibria, 2t of them are locally stable and others
are unstable.

Proof. First of all, it follows from the definition of index
subset N, that (93)-(94) with B; = 0 hold for i € N,, and
i € N, 3, respectively. From the definition of N, we have

N N
d;—a;+ Z 'aij| <3d;+a;- Z |aij' , (98)
j#ij=1 j#ij=1
which implies that
N
d;+a; - Z |a,-j' > 0; (99)
j#ij=1

that is, inequality (94) with B; = 0 holds for i € Nj. Inequality
(95) is obvious, due to &; > 0 and f3; = 0. From Corollary 12,
we derive the result of Corollary 13. O

Remark 14. In this paper, we study the multistability and
instability of CNNs with activation functions (3). The models
are different from and more general than those in [33], and
the considered activation functions (3) are also more general
than those employed in [33]. Moreover, the index subsets
defined in this paper are less restrictive than those defined
in [33].

Remark 15. Compared with the results reported in [33], it can
be seen that Corollary 13 above is consistent with Theorem 1
n [33]. That is, if we specialize the system and activation
functions in Theorem 10 to those considered in [33], we can
obtain the main result in [33]. Therefore, Theorem 10 extends
and improves the main result in [33].
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3. Two Illustrative Examples

For convenience, we consider the following two-dimensional
CNNs:

2
X (t) = —dyx; (t) + Y ay f; (x; () + BS; (£) + I,
=1 (100)

S; () = —oS; (1) + Bifi (x: (1)), i=1,2.

Example 1. For system (100), take d, =d, = 1,a;; = a,, = 2,
ap = 05, a4, = —0.5, B, = 04, B, = 04,1, = I, = 0,
o =a,=2,5 =f5,=1,and

-1, -0 < x < -1,
X, -1<x<1, .
(x) = i=1,2). 101
i) -x+2, 1<x<3, ( ) (101)
-1, 3 < x < +00.

It is easy to see that N, = {1,2}. In addition, by simple
computations, we have

—d, +ay —|ap| - |B;| =0.1>0,
(102)
—d, +ay, —|ay| - |B,| =0.1 > 0.

Therefore, the conditions in Corollary 12 hold. According
to Corollary 12, system (100) has exactly 3* = 9
equilibria, 2> = 4 equilibria are locally stable and
others are unstable. In fact, by direct computations, we
can obtain the nine equilibria (—2.7,—1.3,—0.5,—0.5)T,
(~201/80,-5/8, —1/2,-5/16)", (~541/280,41/28,-1/2,15/
56)", (5/12,-241/120,5/24,-1/2)", (0,0,0,0)", (~100/
361,482/361,-50/361, 120/361)T, (39/32,-701/320,25/64,
-1/2)", (402/281,100/281,80/281,50/281)7, and (1385/
921,1102/921,457/1842,185/921)T. From Figures 2,
3, 4, 5 and 6, it can be seen that the four equilibria
(-2.7,-1.3,-0.5, —O.S)T, (—-541/280,41/28,-1/2, 15/56)T,
(39/32,-701/320,25/64,~1/2)", and (1385/921,1102/921,
457/1842,185/921)" are locally stable. Figures 7, 8, 9, 10, and
11 confirm that the others are unstable.

Example 2. For system (100), take d, = 1,a,; = -1, 4y, =
~0.2,B, =02,d, = ay, = 2,ay, = 1/3,B, = 02,1, = 9,
L=00,=a,=3,5 =5,=1,and

-3, -00 < X < -2,
2x+1, -2<x<2, .
(x) = i=1,2). 103
fit0 -x+7, 2<x<10, ( ) (103)
-3, 10 < x < +00.
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Itis easy to see thatN, = {2},N, = {1}. Herein, the parameters
satisty conditions in Remark 9 and Theorem 10:

|‘121| max {|l1,1| > |ll,2l}

= % < % = min{(azz + “ngzﬁz)lzJ —d,,

d, - (azz + “ngzﬂz) lz,z} > (104)

10
dy =~ aply, - |021| max{|ll,1| > |ll,2|} = 3 >0,

4
_d2 + a2212,1 - |021l max{'lMl N ll1)2|} = g > 0.

From Remark 9 and Theorem 10, it follows that the sys-
tem has exactly three equilibria (62/5,-17/5,-1,-1)7,
(59/5,-1/2,-1, O)T, and (3256/295, 188/59, -1, 75/59)T; the
first and the third equilibria are locally stable, while the
second equilibrium point is unstable. From Figures 12,
13, 14, 15, and 16, it can be seen that the two equilibria
(62/5,-17/5,-1,-1)T and (3256/295,188/59, -1,75/59)"
are locally stable. Figure17 confirms that the equilibrium
point (59/5,-1/2, -1, 0)7 is unstable.

4. Conclusions

In this paper, the multistability and instability issues have
been studied for CNNs with Mexican-hat-type activation
functions. We showed that under some conditions, the system
has 3\: equilibria, 2™ of them are locally stable and others
are unstable. Two examples with their computer simulations
were given to illustrate the effectiveness of the obtained
results. Some thorough analyses are needed further. Here, we
only treated neural networks without time delay, how about
when time delays are presented? This needs to be investigated
in the future.
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