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We derive a new super extension of the Dirac hierarchy associated with a 3 x 3 matrix super spectral problem with the help of the
zero-curvature equation. Super trace identity is used to furnish the super Hamiltonian structures for the resulting nonlinear super

integrable hierarchy.

1. Introduction

In 1984, Kupershmidt [1] proposed a fermionic extension
of the KdV equation with a Lax pair and a local super bi-
Hamiltonian structure. Then, super integrable systems have
received much attention with the development of integrable
systems. Many experts and scholars do research on the
topic. So far, many classical integrable hierarchies have been
extended to the super ones by adding fermion fields, such
as the super AKNS hierarchy [2, 3], the super Kaup-Newell
hierarchy [4], the super Dirac hierarchy [2, 5], and the super
Kadomtsev-Petviashvili (KP) hierarchy, and so on [6-10].
The Dirac hierarchy is based on the spectral problem

<$;>x - <—Ar+ s A—ts) (ﬁ;) ¢))

and a super extension Dirac hierarchy can be constructed by
the matrix super spectral [2]
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where ¢, «, and 8 are fermion fields. It reduces to the spectral
Dirac system (1) as & = 8 = 0.

In this paper, we consider a new 3 X 3 matrix super
spectral problem which generates a generalized super Dirac
hierarchy with four Fermi variables. As we will show, this
spectral problem takes the spectral Dirac system (1) and the
super Dirac system (2) as special cases.

The paper is organized as follows. In the Section 2, we
will construct a generalized super Dirac hierarchy related to
the 3 x 3 matrix super spectral problem and consider some
special reductions. In Section 3, we prove the localness of the
whole super soliton hierarchy. In Section 4, we present the
super Hamiltonian structures for the generalized super Dirac
hierarchy with the help of the super trace identity. The last
section contains concluding remarks.

2. Super Extension Dirac Hierarchy

In this section, we will derive a generalized super Dirac
hierarchy. To this end, we take a matrix super spectral
problem

¢
¢ =Up=U(w )¢, ¢:<¢2>:
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U=|-A+s -r B,
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wherer, s, A, ¢,, and ¢, are the commuting variables, which

can be indicated by the degree (mod 2) p as p(r) = p(s) =
p) = p(¢)) = p(¢,) = 0and «ay, ay, By, f5, and ¢ are

the anticommuting variables, which can be indicated by the

degree p as p(a;) = pla,) = p(B;) = p(By) = pl¢s) = 1.

Here A is assumed to be a constant spectral parameter.
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We first solve the stationary zero-curvature equation Substituting (8) into (7) and equating the coeflicients of A, we

obtain
V. =10, V], V=(V; R 4 1 1
* [ ] ( l])3><3 ( ) Am,x = _Cm+1 + erm + Eale * E“me
where 1 1
+ Eﬂl‘gm + EﬁZ‘Sm’
pP(Vi) =p(Vi)) = p(Vay) = p (Vi) = p(V33) = 0, 1 1
®) B, .=2rA, -sC, + Etxl‘rm + E“ZP’"

pP(Vis) =p(Va3) = p(Vay) = p(V3,) = 1,
1 1
© - Eﬂlsm - EﬁZam’

function of A, B, C, G, p, 6, 7, € with p(A) = p(B) =
p(C) = p(G) = 0, p(p) = p(&) = p(r) = ple) = 1: Cine = $A iy — 4By + 018 + Bopy,

and each entry V;; = V(A B,C,G,p,6,7,¢) with the
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Substituting (6) into (4) yields 1
8m,x = Pmr1 T SPm — ram + Eﬁle - “lAm
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Upon choosing the initial data
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x ﬁz ﬁZ 22 22 AOZCOZPO:TO:(SOZSO:O,
] ] (10)
& = AT+ EﬁZC - EﬁzG +a,A—a,B—re—st. By =1, Gy = —go = constant,
then the recursion relations in (9) uniquely define a series of
sets of differential polynomial functions in u with respect to

We put A, B, C, G, p, §, ¢ and 7 to be polynomials of A:
x. The first two sets are as follows:

00 00

- - — - 1
A= ZAm/\ m’ B = ZBmA m’ A1=S, C1=2}’, 81=ﬁ1+—g0061,

m=0 m=0 2

1

[ee] [ee] 1
cC=YCA™  G=YG,AT, pr=0a =50y 1= g

m=>0 m=0 X
00 ~ 00 ) (8) & = ‘82 + Ego(xz, Bl =0, Gl =0,
p = Z pmA > &€= Z SmA, 5 1 1
m=>0 m=0
A, = E”x - Zgo (a0 + B1Ba) s
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6= z SMA_m; T= Z TmA_m. 1
"0 =0 Cp =5~ 590 (1B + 1)



Abstract and Applied Analysis

where

1
0 =0y, + Ego (rBy — sat; — ﬁl,x) >
1
pr=—Pix- Ego (Bys +oyr + “1,x) >
1
T, =Byt Ego (ray, —sp, + “2,x) >

1
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1,, o 1 1 1
B, = 5 (r +s ) + Ealﬁz + Eﬁﬂxz + Zgo (05 = B1s) s

1
G, = + B + Ego (2B, = ).

From the recursion relations in (9), we can obtain the
hereditary recursion operator L which satisfies that

T
“Tm+1> 8m+1 > Pm+1 )

T
= L(Cpps 24 1y =€p> =Ty> O Pr) >

Lyy Ly; Lys
L= L21 L22 L23 >

L31 L32 L33

1
2107 ts 210 r - =0
L, = 2
11 L1 O
—2s0 s + za 2s0" 'r

_ 1
ro lﬂl - Eﬁl

Ly, = 1
s0 "B, + %

Lis= 1
-1
-s0" B+ -,
2
L1
B0 s+ —a,
2
Ly = 1
(xzafls + 5[32

1, .- | B
_Eﬁza lﬁl - 50‘26 to — s

2=\ 1 = 1 =
5/326 o - zocza Bi+r+0

B0 Byt a0
2 2
Ly =

1 _ 1 _
_Eﬁza 1"‘2 + E“za lﬁz

- 1
-0, — 2%

>

1 _
—E[Bl —s0 1ocl

1 1
07! B, + EBZ ro " a, + 7%

>

sa_loc2 - %[g
_ 1
-B,0 r— E.Bz

1
—0,0 r + —«
2 S %

%ﬁza’lal - %aza*/sl vr-2

1 _ 1 _
5/326 B, + E(xza ', +s

1 _ 1 _
_Eﬂza 10‘2 + E“za lﬁz

1, . 1 ’
_Eﬁza 1,32 - E“za 10‘2

_ 1
B0 'r+ Eﬁl

- 1
«, 07 'r - 2%

>



1 1
~0 oy + ~ B0 By

L2 2
P\ Luap - g ot
7% 17 5P 1

1 1 -
‘E“la fa, - Eﬁla By

Let ¢ satisty the spectral problem (3) and an auxiliary
problem

¢, =V"¢,  nz0, (14)
where
C]- + Gj
" " 5 AitBi p ,
n) _ n _ —C. . n-j
14 _(AV)+_Z A.—B. CJ+GJ 5. A,
=0 i= i 2 j
g TG
(15)

where (1"V), denotes the polynomial part of A"V
Then, the compatibility condition of (3) and (14) yields
the zero-curvature equation
U, -V? + [ v®] =0, (16)

which is equivalent to a hierarchy of generalized super Dirac
equations

n+l
r _Cn+1
491 1
u, = =K, (u) = n
fn 131 " “Pn+1 ’ 17)
x —Ent1
ﬁz t, Tn+1
n>0

The first nontrivial member in the hierarchy (17) is as
follows:

1
Ty =Tx — 5‘% (0 + BiBs)s
1
S, = —Pox 5 (0‘2,x + 70 = 5By)

1
K, = %px = Ego (ﬁl,x — 1By +say),

. (18)
=Pt Ego (0‘1,x +roy +sPy),

Pus,

1
Kot = Ko — zgo (Box =185 —503) 5

Bos,

1
=Poxt 590 (0‘2,x +ray = sfy).
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When n = 2 and g, = 0 in (17), we can obtain the second-
order nonlinear super integrable equations

1
L

r, =—=S§
t
2
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which are, respectively, reduced to the super Dirac equations

1
Ty = =5 Sex ~ 00 BB, +1’s+5 +2sap,

2

1
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1
ﬁtzzaxx+r“x+sﬁx+z x
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or the famous Dirac equations
1 2,3
My = =S H1S S

(21)

_ ! 2 3
Sy, = ST 718 ST

2
—oy =, =P =P ora;=a,=f; =f,=0.

when «; =

3. Localness

We note that the recursion operator L is an integrodifferential
operator, but the generalized super Dirac system (17) are pure
differential equations.

We put

_ G
G=cdtyrp

— VY, (22)
V:X+ﬁ+ﬁ+“"

then, B, C, and V satisfy the following equations:
G, +qE+Bp+ BT+, =0,
— - = 1 _ 1 _ 1, ,_ 1, =
—Bx+2rA—sC+EocIT+Eazp—zﬁls—zﬁZSZO,
~C, —4AA —4sB+ aE+ B,p — 1T — 0,0 = 0,
— — -1 _ 1 _ 1 _ 1 =
—Ax—/\C+2rB+E(xl'r+zoc2p+5,81£+5,828=0,
—_ = - = 1 -1 = — —
—px+/\5+rp+s<3+EalG—E(xlC—ﬁlA—ﬁleo,
e N
—6x—/\p+sp—r8+EﬁlG—a1A+¢x1B+E,BIC=O,
_ _ — -1 = 1 = _ _
—Tx—)us+/32A+ﬁ2B—EocZC—EocZG—ss+rT:0,

_ _ 1 = 1 = — = -
—sx+)rr+EBZC—zﬂ2G+(x2A—(x2B—r8—ST:O.

(23)
From (23), we obtain
—2 —2
G =2 C - =
(———B2+—+A2—@+8?) =0. (24)
4 4 .
Integrating (24) with respect to x, we get
—2 —2
—G——§2+%+Kz—@+5f——l—%. (25)

4

Substituting (22) into (25) and equating the coefficients of A7
on both sides of the equation, we have

B, =G, =0, (26)
1 1]—1 j-1
B,—-g,G,==- )Y AA_,+- ) CC,_
j 4901 2 & 1441 4;111
4 . (27)
1o__ 1%
+ E lej—l E Z T18]_l

We point that the left side of (27) involves an arbitrary
constant g. Based on (27) and (9), it is easy to find that

B, G, A, C,, €, P;» 0;,and 7, are all differential polynomials
in six variablesr, s, «;, a,, f3;, and f3,. So the hierarchy of the
super integrable equations (17) is pure differential equations.

4. The Super Hamiltonian Structures

In this section, we will establish the super Hamiltonian
structure of the generalized super Dirac hierarchy (18) by
super trace identity [2, 11]:

0 JSt< aU)dx—NaAYSt< aU), (28)

du oA oA ou
where u = (r,s,(xl,ﬁl,az,ﬁz)T and the constant y is
determined by
Ad
=———1In|Str (VV 29
y=-5Inisr(VV)l. (29)

Through direct calculations, we have

oUu oUu
Str{V— ] =0C, Str{V— | = —¢,
g < or > ¢ 8 < Joy > ¢

e(v%)-2n se(v®) -
Os oa,

Str (Va—U> = -2B, Str( E)U) -7,

oA B,
oU
Str ( ) .
B,) "~ F

Substituting the above results into the super trace identity
(28) yields that
L J—zde A 224 -e 6,0 (D)
du oA >
Comparing the coeflicients of A2 on both sides of (31)
gives rise to

(30)

Cm+1
2Iqm-*—l

5 I‘ZBm+2dx =(y-m-1)| o,
du T+l (32)
6m+1
Pm+1

m > 0.



By employing the computing formula (29) on the constant v,
we obtain y = 0. Thus, we have

Cm+1

2A
6%"1 — “Emi1 X = j
ou “Im+l ' "

m+l1

6m+1
Prm+1

m > 0.

It then follows that the super integrable hierarchy (17)
possesses the following super Hamiltonian form:

% ps, (34)
Su

where the super Hamiltonian operator J is given by

u, =K, (u)=]

010000
-100 0 0 O
000 01 O

J= 0 00 0 0-1 (35)
001 00O
0 00-100

5. Concluding Remarks

In this paper, based on a 3 x 3 matrix super spectral problem,
we considered the related four Fermi component super Dirac-
type systems and also proved the localness of the whole
super soliton hierarchy. We obtained the super Hamiltonian
structure and different reductions for the super integrable
equations. Our computation reflects how to choose appro-
priate Lie algebras to generate soliton hierarchies [12], and the
generating procedure can be applied to the other super soliton
hierarchies. Let us notice that the super integrable hierarchy
(17) allows for an arbitrary constant g, and such system is
interesting since different specifications of g, lead to different
super Dirac type equations. The nonlinearization approach
for integrable systems is a powerful tool to generate finite-
dimensional integrable Hamiltonian systems. The super inte-
grable system (17) may admit nonlinearization. Moreover, the
super Dirac system (17) may inherit various other integrable
characteristics, such as first-degree time-dependent symme-
tries [13] and Bédcklund transformation [14]. In particular,
it is of interest to study multi-integrable couplings and the
corresponding super Hamiltonian structures of the super
Dirac system (17) by the super variational identity [15]. These
related issues may be considered in further publication.
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