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We investigate LaSalle-type theorems for general nonlinear stochastic functional differential equations. With some preliminaries
on lemmas and the derivation techniques, we establish three LaSalle-type theorems for the general nonlinear stochastic functional
differential equations via multiple Lyapunov functions. For the typical special case with estimations involving |x,|? for the
derivatives of the Lyapunov functions, a theorem is established as the corollary of the main theorem. At the end of the paper,
an example is given to illustrate the usage of the method proposed and show the advantage of the results obtained.

1. Introduction

As it is well known, the Lyapunov function method is the
most widely used tool to establish criteria for stability or
other asymptotic properties of dynamic systems governed
by differential equations or difference equations. With this
method, the derivatives of the Lyapunov functions or their
upper bounds are often desired to be negative definite.
For some complex equations, for example, the functional
differential equations, this point may be somehow difficult
for us at some times. Thus a spontaneous question will arise,
that is, may we weaken the negative definiteness conditions
for the derivatives of the Lyapunov functions or their upper
bounds? In fact, some investigations have been made in the
past years in this aspect. For example, LaSalle established a
very important theorem named LaSalle invariance principle
or LaSalle’s theorem [1], which weakened the condition of
the Lyapunov function method on the negative definiteness
of the derivatives of the Lyapunov functions along the
solutions of the equations, and it has been widely used in
the theory of ordinary differential equations. In the recent
years, LaSalle’s theorem has been generalized directly to the
stochastic differential delay equations by Mao [2-5], and a
kind of LaSalle-type theorems had been established. Then
the LaSalle-type theorems for stochastic differential delay

equations have also been generalized to a kind of stochastic
functional differential equations with distributed delays by
Shen et al. [6-11]. Limited by the derivation techniques, this
kind of theorems has not been generalized to the most general
nonlinear stochastic functional differential equations so far.
In this paper, we generalize the investigation by Xuerong
Mao, Yi Shen, and other authors to the general nonlin-
ear stochastic functional differential equations. With some
preliminaries on lemmas and the derivation techniques,
we establish three LaSalle-type theorems for the general
nonlinear stochastic functional differential equations via
multiple Lyapunov functions. For the typical special case with
estimations involving | x,|? for the derivatives of the Lyapunov
functions, a theorem is established as the corollary of the
main theorem of the paper. The key point of the paper lies in
the treatment of the general retarded terms in the estimations
for the derivatives of the Lyapunov functions or their upper
bounds. At the end of the paper, an example is given to
illustrate the usage of the method proposed in the paper.

2. Preliminaries

2.1. Basic Notations. Throughout the paper, unless otherwise
specified, we will employ the following notions. 7 is a positive
constant which stands for the upper bound for the bounded
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time delays involved possibly in the involved inequalities or
equations, and I, = [-7,0], I,, = [-27,0]. C(I,, R") denotes
the space of continuous functions ¢ from I to R" with norm
o] = SUPge;, lp(O)Il, where || - || is any kind of norms for
vectors. Let t, € R" = [0,+00), I = [ty — T, +00). Cbgo (I,,R"
denotes the family of all # ;-measurable bounded C(I,, R")-
valued random variables.

For a given function x(t) € C(I,R"), the associated
function x, € C(I,, R") is defined as x,(0) = x(t+6),0 € I..In
real applications of the results of this paper, the criteria may
be used in the function space C(I,,, R"); in this case, one can
extend the norm of ¢ € C(I,,,R") as |¢],, = SUPgep,_ B
For the general theory of functional differential equations, the
readers are referred to [12-17].

In the paper, we will replace the function x, in C(I,, R") by
x(t) when necessary via an operator “Fr(-)”, named freezing
operator. In this case, as a function in C(I,, R"), x(t) will be
counted as a constant; that is, for any 0 € I, Fr[x(¢)](0) =
x(t); thus we have |Fr[x(¢)]| = [x(t)| = [x(t)]. For example,
for a functional F# (¢, x,) = f_or k(t,0)x,(0)d0, if we replace x,
by x(t), then it becomes
0

k(t,0)x(t)do

_ (JO k(t,@)d@)x(t).

In the paper, we also define L'(R*,R") = {y()

_[JOO y(s)ds < +oo} and D(R",R") = {n(-) : _[OHXJ n(s)ds =
+00}.

Let (Q, F,{F }150>P) be a complete probability space
with a filtration {#,},5, satistying the usual conditions;
that is, it is right continuous and %, contains all P-null
sets, and let W(t) = (W,(t), W,(£),..., W, ()" be an m-
dimensional Wiener process defined on the probability space
(L FAF 00 P).

F(t,Frx(t)]) = J
@)

2.2. Equation Description and Basic Assumptions. Given the
stochastic functional differential equation

dx(t)= f(t,x,)dt+g(t,x,)dW (t), t>t;>0, (2)

where the state x € R”. f: R"xC(I,,R") — R"andg: R"x
C(I,,R") — R™™, f(t,0) = 0, g(t,0) = 0. The given initial
data is given by ¢, = {x(0) : -1 <0 <0} € C;O (I, R"). x, =
{x(t+0) : 0 € I} isastochastic processin C(I,, R"). When the
criteria are used in the function space C(I,,, R"), the initial
data ¢, € CbgO(IT,R”) can extend to ¢, € C?;O(IZT,R”) by
¢o(0) = ¢y(—7) for 0 € [-27,-7].

As a standing condition, we impose the Lipschitz condi-
tion for the coefficients.

(H,) Both f and g satisfy the Lipschitz condition. That is,
there is a constant L > 0 such that

If t¢) - f @l VIgt¢)-gt)l<Llg-9l. ©3)

forallt > 0and ¢, ¢ € C(I, R"), which may be directly useful
in our estimations when necessary.
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In this case, f(t,¢) and g(t,¢) also satisfy the linear
growth condition. In fact, by (H;), we have [ f(t,9)] V
lgt. $)ll = 1 £, )~ ££, 01V g(t, $) — g(t, )]l < LIg—0] =
Ll¢|, for ¢ € C(I,,R"). Thus, under the Lipschitz condition,
there exists a unique global solution, which is denoted by
x(t,ty, ¢,) in this paper, to the equation for each initial data
(to> o) € R* x C% (I, R™); see [14].

It is also known that, under the Lipschitz condition (H,),
the solution x(t) with initial data (,, ¢,) to (2) is continuous,
satisfying E{sup, _ .. lx(s,¢)IF} < +oo for t > £, and
arbitrary p > 0; see [14].

In the paper, some coeflicients and functions will be
involved. Assume t’bat, for eachi = 1,2,...,k, functions
yi() € LNRY, RY), k() € C([-7,01,R), 7)) € D(RY,R),
pi() € C(R" xR" x--- x R",R"), p’ € C(R",R"), wy;(t, x),
wy;(t, x) € C(RT x R",R"), wy(t, ¢) € C(R" x C(I, R"),R").

For w,,(t, x,), we further assume the following.

(H,) Along the solution of the equation, for each i =
1,2,...,k, we have estimation

wy; (£, x,) — wy; (t, Fr [x (£)])

sj (@ () wy; (5,x () + By (B) wy; (5, x,) "
t—1 4

+ @5 (D ws; (5% (s))) ds

+ Yi* (t) + Ci (t, X¢s w ()) >

where ‘?ﬁ(t), j = 1,2,3 are nonnegative continuous func-
tions on R and
T <F; (1), j=1,23 (5)

with 0 < %,(t) = Gy, < L y'() e L'(R',R"),
E Lt (s, x,, W(-))ds = 0, and, especially,
0

w; (6,x) =20, i=12,...,k (6)
where
_ t+1T
T0=] @0
t
G, (1) 1

w; (tx) =1 N _I%Zi ) wy; (£,x) - 1_—%1“21‘ (t, Fr[x])

G (t)

_ (ki + ! _S%Zi)w&- (t,x),

=123 i=12,.,k
™)

where k; will be defined in Lemma 4.
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Remark 1. The assumption on w,;(t, x,) — w,,(t, Fr[x(¢)]) can
also be described in the following form theoretically if w,,(t, -)
is differentiable. Denote

M; (p) = M; (s t, ;) = wy, (8, pox, +
dM; (ﬂ)

M; (u) = M; (.1, x,) = T’

(1= ) Frix®)]),

M (6x) = | 3, ()

0
(8)

Assume that

M, (t,x,) < J

t—=1

t

(@ () wy; (5,x () + Gy () wy; (5, x,)

+ @5 (1) wy, (5,x(5)) ) ds
+y. )+ (Hx, W ().
)
Let V(t,x) € CY*(RY x R", R"); that is, V (¢, x) is once
differentiable in f and twice continuously differentiable in x.

Define a differential operator Z, associated with (2), acting
on V(t, x) by

2V (6¢) =V, (¢ () +V, (t.4(0) f (. ¢)

1 10)
+ 5 Tr (gT (t: ¢) Vxx (t’¢ (0)) g (t’ (/5)) ’
where
Vit = 2,
B oV (t, x) aV (t, x)
AR S o ) (i
[V (t,x) L
Vxx — (Taxj) xn, Lj=1,...,n

The assumptions for the involved Lyapunov functions
will, respectively, be as follows:

(H;)
2V (t.9)

<y (1) —wy; (£,6(0)
0 o~
Fuy (9) + | KOs, (1.90) 0,
¥ (1) = Vi (t,¢) —wy; (£, ¢(0))

0 -~
ruy(6)+ [ K Ow, (64©) a8

Vi (1:60) g (£.9)|
>n; (1) p (Vy (1,4 (0)),V, (¢ (0)),

Ve (H¢(0)));
(12)

3
(Hy)
CAAN)
<y () —wy (t’ ¢ (0))
0 -~
by (66) + | 0wy (6.9(©) 6,
¥i (6) = 2V, (t,¢) —wy; (1, ¢ (0)) (13)

0 —~
vy (66)+ | T ©w, (1.9©)d0

+ Vi (.60) g (1.9)]
>, (t) p ($(0)).

2.3. Lemmas. By the nonnegative semimartingale conver-
gence theorem [18], with a simple variable substitution for
time t, we directly have the following.

Lemma 2. Let A(t) and U(t) be two continuous adapted
increasing processes on t > t, > 0 with A(t,) = U(t,) = 0,
a.s., M(t) = M(t, w) a real-valued continuous local martingale
with M(ty, w) = 0, a.s., and & a nonnegative F ,-measurable
random variable such that E§ < co. Define

X =E+AQ)-U@®+M(t), fort>t,  (14)

If X(t) is nonnegative, then

{ lim A(t) < +oo} C { lim X () < +oo}
t— +00 t — +00

(15)
n { lim U(t) < +oo} , a.S.,
t — +00

where B C D, a.s. means P(B 0 DY) = 0. In particular, if
lim, , ,  A(t) < +00, a.s., then for almost all w € Q,

lim X (t) < + oo,

lim U (t) < +o0,
t — +00 t— +0o

(16)
—00 < lim M (t) < +oo.
t — +00

That is, both X(t) and U(t) a.s. converge to finite random
variables ast — +00.

Lemma 3. Under the assumption (H,), along the solution of
(2), one has, for eachi = 1,2,...,k,

t
J wy; (s, x,) ds
to

t
SJ wy; (s, Fr [x (5)]) ds
ty



4
+ L (€1; (s) wy; (s, x(s))
+ G iwy; (5, %) + E3 (5) wy; (5, x (5))) ds
t t
+ L Y (s)ds + Jt G (s,x W () ds + Uy, (tg, ) »
(17)
where

t
Uy; (t o) = J (i (5) wy; (5, x (5)) + By (s, x,)

to—T

+ G5 () wy; (s,x(5))) ds = 0.

(18)
Proof . Firstly, we directly have
wy; (t x;)
= wy; (6 Fr [x ()]) + (wy (£, x,) — wy ( Fr[x (t)]))f19)

and thus we have

Jt wy; (s, x,)ds = r wy; (s, Fr[x (s)]) ds

t
o[ (six) -y s Fe L)) ds.
° (20)

Combining with the assumption (H,), this yields
t
J wy; (s,x,) ds
)

< J-t wy; (s, Fr[x (s)]) ds

N j j (@ () wy 1t x () + B (5) w3 (1)
+@5; (s) wy; (u, x () du ds
+ j Y (9 ds + j G (5,6, W (9) ds
- j wy; (5, Fr [x (5)]) ds
+ jt jt() (@1 () iy (0, (1))

+ %21' () wy; (u, x,,)

+ ‘231- (s) ws; (1, x (u))) dsdu

t

t
[ ©ds ] Glerwo)ds

0
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t
< J wy; (s, Fr[x (s)]) ds
)

+ %21' () wy; (u, x,,)

+ %31‘ (s) ws; (u, x (u))) dsdu

t t
+ J Yi* (s)ds + J {; (5) x, W ()) ds

ty

t

= J wy; (s, Fr[x (s)]) ds
to

+ L:_T (@ (1) wy; (ur x (1)

+ %Zi () wy; (u, x,,)

+%3i (u) wy; (U, x (u))) du
+ Jt y’ (s)ds + r G (s, x, W () ds
ty ! to
< Jt wy; (s, Frx (s)]) ds

+ L i (€1; () wy; (5, x () + Bpwy (s, x,)
+ G5 () ws; (5,x(s))) ds

+ jt Y. (s)ds+ Jt G (s, x, W () ds
- f wy; (5, Fr [x (5)]) ds

+ L (G1; (s) wy; (5, x(5) + Bpwy, (s, %)
+ G5 () ws; (5,x(s))) ds

n jt )/i* (S) ds + J’t Ci (S, XS,W ()) ds

+ Uy (t0: o) -
(1)
The proof is complete. O
Lemma 4. One has the following estimation:
t 0
J J k. (0) ws; (s, (s + 0)) dO ds
ty - (22)

t
<k J ws; (8, x(s)) ds + Uy, (£, §p) »
to
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wherek; = [ K,(6)d6 and
to
U,; (t> o) = k; j wy; (s, x(s))ds, i=12,....,k (23)
ty—T
Proof. We directly have

Jt JO %, (6) ws; (s, x (s + 6)) dO ds

t s

- J T (= ) oy (uy x (u)) dueds
ty Js—1

t (ut+T)At
J J ki (u—s)dsw,; (u, x (u)) du
to—T

uVt,
(24)
t u+t
< J k; (u—s)dsw,; (u, x (1)) du
to—7 Ju
t t
=k; J ws; (u, x (u)) du = k; J ws; (5, x(s)) ds
ty—T ty—T
t
“ K | w56 ds + Uy 1)
to
and this completes the proof. O

3. Main Results

Theorem 5. Assume that (H,) holds. If there are k Lyapunov
functions V,,V,,..., Vi € C"*(R" x R",R") satisfying (Hj),
and for eachi = 1,2,...,k kerp; = {u € R" x R" x -+- x
R* : p,(u) = 0} #0, then for all ¢, € C% (I, R"), the solution
x(t,ty, ¢y) of (2) satisfies

lim sup (Vy (£, x (£, £, $)) » Va (£ x (£ £: b)) »

t — +00

V(6 x (889, ) (25)
i=1,2,...,k.

Proof. Denote U;(ty,¢,) = (1/(1 — 6,,))Uy(tedy) +
U,;(t> P)- Firstly, by Lemma 3 we have

€ kerp, as.,

t
J wy; (s, x,) ds
)

1
1 -8,

<

(j wy; (5, Fr [x (5)]) ds

t
+ J (G1; (s) wy; (5, x(s))
f (26)

+ G5 () wy; (s,x(5))) ds

t

[ @ass [ Gernwoas
t, 2

0

+Uy; (to, ¢0) )

and, combining with Lemma 4, we have

J: ( — wy; (5, (5)) + wy, (5, x,)

" jo % (0) s, (s, x (s + 0)) d@) ds
- (27)

t t
< - L) w; (s,x(s)) ds + . —1%21. J Y (s)ds

ty

1 t
e L G (5,50 W (9) ds + U (tg, ).

Secondly, by the first assumption of the theorem, we have

t
j PV, (s,x,)ds
¢

0

< L (yi () = wy; (5, x () + wy; (s, x,)

. jo %, (0) s, (s, x (s + 0)) d6> ds
N (28)

t 1 .
< L) (y,» (s) + %, Y, (s)) ds

1 t

t
+U; (tg> bo) - Jt w; (s, x (s)) ds,

and thus we have
EV; (t,x () = EV; (to, x (t,))

t
= J EZV, (s, x,)ds
t

(29)

t 1 .
< LO (yi (s) + 7, y; (s)> ds + EU; (to, ¢)

- Jt Ew; (s, x (s)) ds,

ty

due to E Lt (i(s, x,, W(-))ds = 0. With this we know that
t
J Ew; (s,x(s)) ds
to

< Jt Ew; (s,x(s))ds + EV; (t, x (t))
fo (30)

< EV; (t5, x (t))

t 1 B
+ L) (yi (s) + —7, y; (s)) ds + EU;, (¢, ¢) »

and this implies that J:OO Ew,(s, x(s))ds converges, so is
0

J:oo w;(s, x(s))ds, a.s.



Third, denote
M;(t) = Jt Vi (5,x(5)) g (s, x,) dW (s). (31)

For every integer j > 1, define a stopping time

Define sets oS’i,]- ={t > 0 : [[M;(®)] = j}; then one easily
verifies that §; ;,, € & ;s thus we have 7; ;,; > 7; ;; that is, the
sequence 7; ; is increasing for j.
t t
Denote A(t) = L LVi(s, x,)ds+ L w; (s, x(s))ds; then we
0 0

have

Jt PV, (s,x;)ds = A(t) - Jt w; (s,x(s))ds.  (33)

0

By the above derivations, we have

1

Al < j (y,- () + ——; (s)) ds

o ) G W) s Uil ),

1
1 -6,

Vi (5)) ds + EU;, (g, ) »
(34)

EA(t) < L: <y,~ (s) +

and thus we have lim, ,,  FEA(f) < +o0o, and then

lim, , ,, A(t) < +00, a.s.
By the It6’s rule, we have

Vi (£, x ()

=V, (t0,x (2)) + f PV (s,x,) ds + M; (8)

=V (tg,x(ty)) + A1) - J: w; (s, x(s))ds + M, (t).

(35)

By Lemma 2, we obtain —co < lim, _, . M;(t) < +00,a.s.,
and lim, _, ,  V;(t, x(t)) < 00, a.s. Thus for sufficient large j,
the probability for |M;(t)|| > j is obviously 0; thus there is a
subset Q; of Q with P(Q;) = 1 such that for every w € Q,
there is an j(w) such that

T7,;=+00 Vj= j(w). (36)
On the other hand, we have, for any ¢ > ¢,

E J N ||Vix (5,x(s) g (s, xs)"2 ds
o (37)

= E|[M;(t A r,-,j)||2 < i

Lettingt — +oo0 yields

B[ Watxo g6l &< 69
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which implies that
Ti,'
J ' [Vis (5, (s)) g (s, xs)”2 ds < +00, (39)
to

with probability 1. Hence there is another subset Q,

of O with P(QQ,) = 1 such that, if o € Q,,
ItTi’j [V, (s, x(s))g(s, x)* ds < +00 holds for every j > 1.
0

Therefore, for any w € Q; U Q,, we have

L [Vie (5 (9)) g (s, )| s
0 o (40)
) J T Vi (s x9) g (s, )| ds < +oo.

Since P(Q, U Q,) = 1, we must have
+00
J [Vie (s, x () g (s, xs)||2 ds<+oc0 as.  (41)
to

By It6’s rule again, together with the above derivation, we get
= Vi (t, x (8) + V; (to, x (o))

1

+

L i (s x, W () ds + U (t9, ¢o)

0

+ M; (t) + Jt <yi (s) + v (s)> ds

1

t

_ L w; (s, x (s)) ds +J Vi (5, (5)) g (s, x,)|"ds

) t

> jt ( — QVI (S, xs) +9y; (s) - Wy; (5, x(s))

+wy (s %) + JO k; () ws; (s, x (s + 6)) d@
+ [ Vi (s, x(s) g (s, x5)||2> ds

t
> j 1 5) i (Vs (5, (5)) Vs (5, (5))

s Vi(s,x(s)) ds,

i=1,2,...,k
(42)

Notice that all the terms in the left side are a.s. bounded; then
we have

|0 R 0 X 0V x () Visx ()

< lim { = Vi (t,x (1) + V; (tg x (t))

t— 00

1 t
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+U; (to> o) + M; (1)
t 1
+ - (s) + “(s) | ds
L <%() —e,” ()>

- Jt w; (s,x(s))ds

to
t

+ Vie (5, x(s)) g (s, x ’dst < +00 as.
J; Il x g( S)” }
(43)

It follows that

0<p <lim supV; (¢, x (t)),...,lim sup V} (t,x(t)))
t

t — 400 — +00

= lim supp; (V; (t,x (£)),..., Vi (t,x (£))) < +00  a.s.

t—+00
(44)
since p; € C(R* x R" x ---x R", R"). In fact, we have
pi <litrg sup Vitx(@),... ,litrg sup Vi (t,x(t)))
=lim supp, (Vi (6, (0),, Vi (6% (1)) (45)
=0 as, i=12,...,k

If not, there must be some Q ¢ Q with P(Q) > 0 such that,
forany w € Q,

lim supp; (Vy (&, x (t,w)) ..., Vi (,x (Ew))) > 0. (4¢)

t — +00

Hence, for any w € Q, one can find a pair of ¢(w) > 0 and
T(w) > t, such that

p(Vit,x(tw),..., Vi (£, x (t,w))) = &(w)

whenever t > T (w).

Consequently

L 17, 8) pi (V1 (5, x (8, )5 ..., Vi (s, x (s,w))) ds
' (48)

+00

> ¢e(w) JT( ) n; (s) ds = +oo0.

This is a contradiction, so (45) holds. It now follows from (45)
that

lim sup (V; (t,x (£)),...,V} (t, x (£)) € ker p;,
t— +00 (49)
i=12,...,k

that is, we have the conclusion of the theorem. The proof is
complete. O

Theorem 6. Assume that (H,) holds. If there are k Lyapunov
functions V|, V,,...,V, € C“(R* x R",R") satisfying (H,),
kerp; = {u € R" x R" x ---x R" : p,(u) = 0} = {0}, and
for someiy € {1,2,...,k}, p, (u) = 0 implies u = 0; V;(t,x) =
0,i=1,2,....k imply x = 0; then V¢, € Cbgo(IT, R"); the
solution x(t, t,, ¢y) of (2) satisfies

Jim x (.t ) =0 as. (50)
Similarly, we have the following theorem.

Theorem 7. Assume that (H,) holds. If there are k Lyapunov
functionsV,,V,, ...,V € CY*(R*xR", R") satisfying (H,) and

* n * b n
kerp/ = {u € R" : p/(u) = 0} 0, then V¢, € Cyo(IwR );
the solution x(t,ty, ¢,) of (2) satisfies

tEIPooPi* (x()=0, as, i=12,...,k (51)

4. Special Case: w,,(t,x,) = C;.(t)|x,|

Consider the special case with wy;(t, x;) = C;;(t)|x,|?, where
C,;(t) is nonincreasing, and p > 0, C5,(t) > 0,i = 1,2,..., k.

Theorem 8. Assume that (H,) and (H,) hold, one of (H;) and
(H,) holds, and w;(t, x) > 0 fori = 1,2, ..., k, with parameters
Gy = Gut) = Gy = Gyt) = 0,0 < Gy < Gy =
(1/2)(2 + mL +m|p —2|) pL. If there are k Lyapunov functions
Vi, V...,V € CY*(RY x R", R") satisfying (Hs) or (H,) and
kerp, = {u € R" xR" x---x R" : p,(u) = 0} # 0, then V¢, €
C?;O(IT, R™); the solution x(t,t,, ¢,) of (2) satisfies

lim sup (Vl (t’ x (t7 to, ‘/’o)) 'V, (t> x (t.to, o)) >

t—+co
s Vi (t’ X (t’ to’ﬁbo))) (52)
cker p;, as, i=12,...,k
or
tEerpi* (x()=0, as, i=12..,k (53)
respectively.

Proof. We prove the first case, that is, the case with assump-
tion (H,).

Define % (x) = || x||?, by the definition of | x,|?; there exists
a0(t) = O(t,w) € I, such that |x,|? = supe; lx(t + 0P =
x(t + 6(2))|I?. By the definition of freezing operator Fr(-), we
have [Fr[x(D)]IP = suppe; [Fr[x(®)]O)I7 = supge; IxIF =
llc(#)]17; thus

wy; (1, x;) = wy; (£, Fr [x (1)])
=C5 0 (IxE+ 0 O] - [x ®)]F)
SCLW U (xt+00)-U (=) O

t+6(t)
=Ci () J A% (x (s)).

t



Denote the jth column of g(t, x;) by g;(t, x,); then we can
rewrite (2) as

dx(t) = f (t,x,)dt + Y g; (t,x,)dW; (t). (55
j=1

Then by It6’s rule, we have

A% = f (t,x,) dt + Zg] (tx,) dW; (1), (56)
=

where

f(t,xt) =ZU

= pllx]*~ <fo (t.x,)
0] (6x) g, (1 xt>>
j=1

2
g (00

g;(t:x,) = P||x||p72ngj (t,x,).

(57)
Thus we have
wy; (£ x,) = wy; (t, Fr [x ()])
t —~
=G0 < L*T I7 s xf o (58)

t+0(t) m
Jt Zgj (s, x,) dW; (s))

By the linear growth condition, we have
IAEAE %(2+mL+m|p—2|)pL|xt|P. (59)
With these, we then have
wy; (£, X;) = wy; (¢, Fr [x (1)])

t
< %C;. (t) J (2 +mL +m|p - 2|) pL|x|’ds
t—1

t+0(t) m
N j Y (1) g, (5,x,) AW (5)
t j=1

t
< J %(2+mL+m|p—2|)pLC; (s) |x3|pds
t—7

t+0(t) m
L ZCZl (t) g; (s, x,) dW; (s)

j=1

Abstract and Applied Analysis
t
= j Griwy; (s, x,) ds
-7

O m
+ _[ ZCZi (t) g; (s, x,) dw; (s).
=
(60)

Denote

t+6(t) m
4 (t,W<->)=L N3 (sx)dW, () (61)

j=1

and, for each t, denote the o-algebra generalized by 0(t) by
O(t); then we have

EG; (W (1))

t+0(t) m

=E< v ( t)( J Z sxs)de(s)|®(t)>>
t+0(t) m

:E<c;(t)< J Z s)de(s)IQ(t):6>>

=E <C;. (t)( J'He igj (s, x,) dW; (s ))

=E(0) =
(62)

By Theorem 5, we get the conclusion of the theorem. O

Remark 9. Theorem 8 is considered for the case wy;(t, x,) =
C;‘i(t)|xt|p. The homogeneous case for wy;(t, x(t)), w,;(t, x,),
and wy; (£, x(£)) is w;(t, x(t)) = C}fi(t)llx(t)ll" ,j=13.

5. Remarks for Special Coefficients

Remark 10. For the case wﬁ(t, x) = C;fi(t)wi*(t, x)>0,j=
1,2, 3, we have

w; (t,x) = C; () w; (t,x), (63)
where
_ _ %11' (t) *
6= (1- 22 ) €0 - == G0

(64)

—(ki+1_3%2i>c3i(t), i=1,2,...,k

thus the condition w;(t,x) > 0 becomes C;(t) > 0,i =
1,2,..., k.

Remark 11. Ifw (tx) =
(1) = €4(t) =

C;-(i(t)wi* (ta X) > O) ] = 1: 2) 3) and

0, then we have
i=12,...,k

C; (1) =Cj; (t) - ——=C;; (t) - k;,C5; (1),

- %21
(65)
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Remark 12. 1f w(t,x) = C;(t)wi*(t, x) 20,j =123,

%ll(t) = %3l(t) = 0, and

ki <1,
(66)

for j = 1,2,3, i = 1,2,...,k, then w;(t,x) = Cuw; (¢, x),
where

C;i (t) = constant, @.; () = constant,

* 1 * * .
Ci:CIi_l_—TCgZiCZi_C&" i=12...k  (67)
— T = = . .
due to €,; = L €yds = 16,;, i = 1,2,..., k. In this case,

the condition for w;(t, x) > 0is C; > 0. A sufficient condition
for this is
Cl=C;;-C;;-C5;>0

2i T V30 4

Cr (68)
ﬁ:izlaz)--')k})
(gzi (Cli - C3i)

i=12,...,k

0<7<1) =min {
which simplifies the condition of the theorem greatly.

6. Example

To illustrate the usage of our results, we construct an example.
Consider a 2-dimensional stochastic functional differen-
tial equation with time-varying delay

x ()] _ —3x,
d [xz (t)] B [le —2x, + 0.5x, (t -0.2 sinzt) d
(69)
[e_’ sin x,
e sinx,

]dwa),

where W (t) is a scalar standard Wiener process defined on
the complete probability space (Q, F, {F } ;20> P).

For this equation, the Lipschitz condition is satisfied and
[xl,xz]T = [0, O]T is the trivial solution. Besides, we have
time-varying delay 7(¢) = 0.2 sin*t with 0 < 7(f) < 7 = 0.2.

It is obvious that the results in the previous literature are
not adapted to this kind of equations with time-varying delay.
We now give a conclusion for the asymptotic property of the
solution of the equation by our theorems.

Define two Lyapunov functions V;(t,x) = x% + xi,
V,(t,x) = xf, and denote the states x = [xl,xz]T, y =
[yl,yz]T = [x,(t - 02 sin’t), and x,(t = 0.2 sinzt)]T,

which is the retarded state determined by x,. Define y, () =
277, py() = e, wy(x) = (3/2)x5, wy(y) = (1A/2)y§,
wy (x) = 0, wyy(x) = 562, Wy (y) = 0,ws,(x) = 0,and k, (-) =
k,(:) = 0. By a simple computation, we have V| (t, x) = 2x,
V,,(t, x) = 2[x,,0]”, and

LV, (tx, y) = 2x; (—-3x;) + 2x, (2% — 2x, + 0.5y,)
+e (sinzx1 + sinzxz)

ot 2 32\, 1,
< 2e —<4x1+zx2)+5y2

=y (1) —wyy (%) + wy (J’)
0 -~
. L kL (0)ws, (1, (0)) 6,
LV, (t,x, y) = 2x; (-3x,) + e *'sin’x;
<e - Sxf
=9, () —wy, (%) + wy, (¥)
O -~
+ [ Ra@wn (g 0) db,
(70)

as well as
Y1 () = LV, (8 x, y) —wyy (x) + wy, (9)

0 o~
+ [ R@uwn (9 @)

HVie ) g (b )
=2¢7% - 2x, (-3x,)

- 2x, (2x; — 2x, + 0.5y,)

—e* (sinzx1 + sinzxz) - §x§

1 -
+ Eyj + (Ze " (xy sinx, + X, sinxz))2

>

[\SHNG,|

2 1 2
x? +2() = %) + E(xz -,)

5 2
>p (x) = Exf +2(x; - x,)7,

Y, () = £V, (t’ x,y) —wy, (x) + wy, ()’)
0 -~
+ [ T@wn(t.9©) 0

+ Vo (6.2) g (6%, 9)|
= e —2x, (-3x;) — e sin’x,
- Sxf + (Ze_tx1 sin xl)z
2

-2t . 2 2 -2t 2
=e (l—sm x1)+x1+4e x7sin“x;

>p,(x) = x%.
(71)

Computations show that

Wy (t’ )’) —wy; (t,x)

=S (Be-r -2 0)

t—1(t)
- % L (22 (9)ds

+2e °x, (s) sin x, (s) AW (s) )
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1 t—1(t)
=3 L (Zx2 (s)

x (2, (8) = 2x, () + 0.5x, (s — 7 (5)))

+e Psin’x, (s)) ds

t—1(t)
+ J e *x, (s) sin x, (s) dW (s)
t

IN

f 13
J <xf (s) + Zx% (s)
t—1
1 2 —2s
+Zy2 (s)+e ds

t—1(t)
+ J e *x, (s) sin x, (s) dW (s)
t

b3 ! *

t—1(t)
+ J e °x, (s) sin x, (s) AW (s),
t

(72)

where yi(t) = [ eds = (1/2)(1 - e ¢
L'(R",R"). R R

By the above computations, we have €, = 13/6, &,; =
1/2, @5, = 0,%,, = 0,%,, = 0,and &,, = 0, and then
G,y = 13/30, G, = 1/10, G5 = 0,6, = 0, G5, = 0,
@5 = 0,Cl, = 3/2,C = 1/2,C}, = 0, Cl, = 5,C}, = 0,
C;,=0,C, =13/18 >0,and C,=5-0-0=5 > 0; thus,
by Theorem 8 and Remark 10, we have lim, _, ., p;(x(¢)) = 0,
a.s. Because p; (x) = (5/2)x% +2(x; — xz)z, py(x) = xf, then
it follows that lim, _, ., x(¢, ty, ¢p) = 0, a.s.

Taking initial data x(-0.2) = [1,3]", x(0) = [1,1]",
Figure 1 verifies our result about the asymptotic property of
the solution of the equation.

7. Conclusion

In this paper, we have generalized a kind of LaSalle-type
theorems established by Xuerong Mao, Yi Shen, and other
authors to the general nonlinear stochastic functional dif-
ferential equations. With some preliminaries on lemmas
and the derivation techniques, we establish three LaSalle-
type theorems for the general nonlinear stochastic functional
differential equations by the multiple Lyapunov functions. It
should be pointed out that the models investigated in this
paper are not desired in any kind of special form. The key
point of the paper lies in the treatment of the general retarded
terms in the estimations for the derivatives of the Lyapunov
functions or their upper bounds. Of course, for the typical
special case with estimation involving | x,|? for the derivatives
of the Lyapunov functions, a theorem is established as the
corollary of the main theorem. At the end of the paper,
an example is given to illustrate the usage of the method
proposed in the paper. In fact, the asymptotic properties of
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1.4

1.2

State x(t)
o
o]

I
=N
T

S
S
T

0.2 F

FIGURE I: Solution behavior of stochastic system.

the solutions of this kind of equations cannot be judged by
the results in the previous literature mentioned above.

It is obvious that the results of this paper can be
rewritten in another form by mathematical expectation with
only minor changes for the assumptions on the stochastic
derivatives of the Lyapunov functions.

At the end, we point out that one may determine the as-
ymptotic behavior of the solutions of the equations by virtue

of the integrability of the terms as Lt w;(s, x(s))ds directly if
suitable assumptions are added to the related coefficients.
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