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We study the following semilinear biharmonic equation A*u = A/1 - u, in B, and u = du/0n = 0, on OB, where B is the unit ball
in R" and n is the exterior unit normal vector. We prove the existence of A* > 0 such that for A € (0, 1) there exists a minimal
(classical) solution u,, which satisfies 0 < u, < 1.In the extremal case A = 1", we prove the existence of a weak solution which is
the unique solution even in a very weak sense. Besides, several new difficulties arise and many problems still remain to be solved.

We list those of particular interest in the final section.

1. Introduction and Results

In the last forty years, a great deal has been written about
existence and multiplicity of solutions to nonlinear second
order elliptic problems in bounded and unbounded domains
of R" (n > 2). Important achievements on this topic have
been made by applying various combinations of analytical
techniques, which include the variational and topological
methods. For the latter, the fundamental tool which has
been widely used is the maximum principle. However, for
higher order problems, a possible failure of the maximum
principle causes several technical difficulties, which attracted
the interest of many researchers. In particular, recently,
fourth order equations with a singular nonlinearity have been
studied extensively. The motivation for considering these
equations stems from a model for the steady states of a
simple microelectromechanical system (MEMS) which has
the general form (see, e.g., [1])

Ay = <ﬁ J [Vul*dx + y) Au
Q

. M ()
(1 -u)? (1 + XIQ (dx/(l - u)z))

in Q,

O<u<l inQ,
u= oca—u =0 on 0Q,
on
(M,)
where A*() := —A(-A) denotes the biharmonic operator,

Q c R" is a smooth bounded domain, n denotes the outward
pointing unit normal to 0Q and &, 3,7y, xy > 0 are physically
relevant constants, f > 0 represents the permittivity profile,
and A > 0 is a constant which is increasing with respect to the
applied voltage.

Lety = B =x =0anda = 1, f(x) = 1 in the above
model, we obtain, replacing (1 — u)~* with (1 — u)F.

A2u=L in Q,
(1-u)?
O<u<l inQ, (P)
u:a—u:O on 0Q.
on

Because of the lack of a “maximum principle,” which plays
such a crucial role in developing the theory for the Laplacian,
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for A* with Dirichlet boundary condition in general domains
(i.e., Q#B), very little is known about (P,). As far as we are
aware, only the paper [2] studies this problem for general
domains. However, if p > 1 and Q is a ball, (P, ) has recently
been studied extensively; see, for example, [3-9] and their
references. One of the reasons to study (P,) in a ball is that
a maximum principle holds in this situation; see [10], and so
some tools that are well suited for the corresponding second
equation can work for (P,). The second reason is that one
can easily find an explicit singular radial solution, denoted
by 1 — [x[**V (p > 1), of (P,) for Q@ = B and a suitable
parameter A which satisfy the first boundary condition but
not the second. The singular radial solution, called “ghost”
singular solution, plays a fundamental role to characterize the
“true” singular solution; see, in particular, [4].

In this paper, we will focus essentially our attention on the
case where p = 1 and the Q is a ball; namely,

A
A= in B,
1-u
O<u<l inB, (1),
0
u:—u:O on OB.
on

The corresponding second order problem, which is related to
the general study of singularities of minimal hypersurfaces
of Euclidean space, has been studied by Meadows; see [11].
In that case, however, the start point was an explicit singular
solution (i.e., u(r) = 1 - %) with parameter A = n— 1. When
turning to the biharmonic problem (1)), one cannot find
any explicit singular solution even “ghost” singular solution,
which causes several technical difficulties. The first purpose of
the present paper is to extend (1), some well-known results
relative to (P, ). The second (and perhaps the most important)
purpose of the present paper is to emphasize some striking
differences between (1), and (P)).

LI Preliminaries. Besides classical solution that is u €
C*(B) which satisfies (1) 1 let us introduce the class of weak
solutions we will be dealing with. We denote by H;(B) the
usual Sobolev space which can be defined by completion as
follows:

H; (B) := cl{u € C (B) : |Aull, < co} 1)

which is a Hilbert space endowed with the scalar product:
(u, V)Hg(B) = J Aulvdx. 2)
B

Definition 1. One says that u € L'(B) is a weak solution of
(1), provided 0 < u < 1 almost everywhere, 1/(1 — u) €
L'(B), and

2 _ ¢
Jutoan =2 | Gt

dx, YoeC'(B)nH;(B).
(3)
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When in (3) the equality is replaced by the inequality >
(resp. <) and ¢ > 0, we say that u is a weak supersolution
(resp., weak subsolution) of (3) provided the following
boundary conditions are satisfied: # = 0 (resp. =) and
Ou/on < 0 (resp. =) on dB.

Definition 2. One calls a solution u of (1), minimal if u < v
almost everywhere in B for any further solution v of (1),.

If u is a classical solution of (1),, then the linearized
operator at u turns out to be well defined:

S
(1-w’

u -

L

(4)

which yields the following notion of stability.

Definition 3. A classical solution u of (1), is semistable
provided

A, 2
n -¢eH3<B>,||¢an=1}.

_u)z ’

iy () = inf HB (Ap)* -
>0
(5)
If p, (1) > 0, we say that u is stable.

As far as we are concerned with weak solutions, the
linearized operator is no longer well defined; however, we
introduce the following weaker notion of stability.

Definition 4. A weak solution u to (1), is said to be weakly
stable if 1/(1 — u)* € L'(B) and the following holds:

2
JB |Ap[ dx > JB “/\_Lu)zdx, e H,(B), 0. (6)

According to the class of solutions which we consider, let
us introduce the following values:

A" :=sup{d > 0: (1), possesses a weak solution};

A, :==sup{A >0:(1), possesses a classical solution} .

7)

Remark 5. Clearly, a classical solution is also a weak solution,
so that one has A, < A*. Moreover, by standard elliptic
regularity theory for the biharmonic operator [12], any weak
solution of (1), which satisfies [u,[|;» < 1 turns out to be
smooth.

Besides, we give a notion of Hg (B)-weak solutions, which
is an intermediate class between classical and weak solutions.

Definition 6. One says that uis a Hé (B)-weak solution of (3)
if (1 -u)" e L'(B) and if

J AuA(b:)»J ¢(1-w)', VeeC'(B)nH; (B). (8)
B B
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One says that u is a Hg([EB)—weak supersolution (resp. Hg([EB)—
weak subsolution) of (1), if for ¢ > 0 the equality is replaced
with > (resp. <) and u > 0 (resp. <), du/on < 0 (resp. =) on
oB.

1.2. Main Results. In order to state our results, we denote
by v, the first eigenvalue of the biharmonic operator on B
with Dirichlet boundary conditions, which is characterized
variationally as follows:

v, = inf«” \AuPdx : u € HE (B), Jul = 1}. ©)
B

It is well known that v, > 0 is simple, isolated and that the
corresponding eigenfunctions y > 0, spherically symmetric,
radially decreasing and do not change sign.

We may now state the following theorem.

Theorem 7. Thereexists A, > Osuchthat, for0 < A < A, (1),
possesses a minimal classical solution, denoted by u,, which is
positive and stable. Moreover, A, satisfies the following bounds:

max{dn(n—-2),2n(n+2)} <A, < % (10)

It is remarkable that at A, there is an immediate switch
from existence of regular minimal solutions to nonexistence
of any (even singular) solution. The only possibly singular
minimal solution corresponds to A = A, . This result is known
from [13] for the corresponding second order problems, but
the method used there may not be carried over to fourth order
problems. Nevertheless, the result extends to biharmonic case
in the following theorem.

Theorem 8. The following holds:
L= A" (11)

In particular, for A > A" there are no solutions, even in the
weak sense. Furthermore, for almost every x € B, there exists

u' (x) = Jim uy (x) (12)

and u*(x) is a weakly stable Hg([EB)—weak solution of (1)y-,
which is called the extremal solution.

Ifn < 4, then the extremal solution u™ of (1), is smooth;
that is, u* = lim, _, . u, (x) exists in the topology of C*(B). It
is the unique regular solution to (1),-.

From the above theorem, we note that the function u*
exists in any dimension and does solve (1),- in the Hg([EB)
weak sense and it is a classical solution in dimensions 1 < n <
4. This will allow us to start another branch of nonminimal
(unstable) solutions. Besides, inspired by [3, 14, 15], we get the
following uniqueness of the extremal solution of (1), which
gives Theorem 9.

Theorem 9. Let v be a weak supersolution of (1), with
parameter A*. Then, v = u*; in particular, (1),- has a unique
weak solution.

From this theorem, we know that there are no strict
supersolutions to (1);-.

Corollary 10. Letu, € H}(B) be a weak solution of (1), such
that |luy |l ;e = 1. Then, u, is weakly stable if and only if = A*
and uy = u".

We may also characterize the uniform convergence to 0
ofu, as A — 0 by giving the precise rate of its extinction.

Theorem 11. Forall A € (0,1%), let u, be the minimal solution
of (1), and let

A o) (13)

Vil = 8n(n+2)

Then, u, > V,(x) forall A < A* and all |x| < 1, and

U, -1

im = uniformly with respect to x € B.
I iformly P (14)

1.3. Key Ingredients. Now, we give some comparison princi-
ples which will be used throughout the paper.

Lemma 12 (Boggio’s principle, [10]). Ifu € C*(By) satisfies

Au>0 in By,
15)
3 (
u=24 - on 0By,
on

thenu > 0 in By.

Lemma 13. Letu € L' (By) and suppose that
J uhe > 0 (16)
Br

for all ¢ € C*By) such that ¢ > 0 in By, Plos, =
(a(p/an)bBR = 0. Then, u > 0 in Bg. Moreover,u = 0 oru > 0
almost everywhere, in By.

For a proof, see Lemma 17 in [16]. From this lemma, we
know that any solution of (1), is necessarily positive almost
everywhere inside the ball.

Lemmal4. Ifu € HZ(BR) is radial, A’u > 0in By in the weak
sense, that is,

J Auhp >0 Vo e Cy” (Bg), ¢ >0, (17)
Br

and uIaBR >0, (au/an)laBR <0, thenu > 0 in By,

Proof. The proof is standard; see [15]; we give a proof here for
the sake of completeness. We only deal with the case R = 1
for simplicity. Solve

Azu1 = A’u in B,

o (18)

3 =0 on OB

U



in the sense that u; € Hy(B) and IB AuAp = JB Aulg for all
¢ € C;°(B). Then, u; > 0 in B by Lemma 24.

Let u, = u — u, so that A’u, = 0in B. Define f = Au,.
Then, Af = 0in B and since f is radial we find that f is a
constant. It follows that u, = ar* + b. Using the boundary
conditions, we deduce a + b > 0 and a < 0, which imply
u, > 0. O

Lemma 15. Let f € L'(By), f > 0 almost everywhere. Then,
there exists a unique u € Ll([EBR) such that u > 0 and

J ul’e = J fo. ¢eC'(Bg)nH; (Br). (19)
B By

Moreover, there exists C > 0 which does not depend on f such
that [[ull, < ClIf1,.

Proof. The proof is standard; see [16]; we give a proof here for
the sake of completeness. The uniqueness is clear. Indeed, let
v, and v, be two solutions of (19). Then, v = v, — v, satisfies

J vA’p =0 ¢eC'(Bg)NH; (Byg). (20)
B

Given any { € C;°(B), let ¢ be the solution of

A¢={ inB,
5 (21)
Q= a—:: =0 on 0OB.
It follows that
J v =0. (22)
B

Since { is arbitrary, we deduce that v = 0.
For the existence, given an integer k > 0, we set f;, =

min{ f(x),k}, so that f, — fask — coin L'(B). Let v, be
the solution of

AZVk = fk in B,

_ % )

=3, =0 on OB.

Vi

The sequence (v, ) is clearly monotone nondecreasing. It is
also a Cauchy sequence in L'(B) since

[, e = | G-t (9

where (, is defined by

A’ =1 inB,
(25)
(o = aa—(; =0 on JB.

Hence,

J lvk_VI|SCJ |fi - fil dx. (26)
B B
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Passing to the limit in (23) (after multiplication by ¢), we
obtain (19) and u > 0 according to Lemma 13. Finally, taking
¢ = {, in (19), we obtain

W= v= | fosclrl. @

and the proof is completed. O

Proposition 16. Assume the existence of a weak supersolution
U of (1),. Then, there exists a weak solution u of (1), so that
0 < u < U almost everywhere in B.

Proof. By means of a standard monotone iteration argument,
set u, := U and define recursively u,,,, € L'(B) as the unique
solution of

J U, A pdx = /\J L2
B B

—F—dx, ¢eC'(B)nH;B);
(1 _un)

(28)
then we have
J.B (u, — ) Npdx >0, ¢eC* (@) NH, (B), (29)

and Lemma 24 yields 0 < u,,; < u, < U(x) almost

everywhere for all n € N. Since

n

(1-u)" ' <(1-U)"el'(®), (30)

the claim follows from the Lebesgue convergence theorem.
We complete these preliminary results by proving a key
lemma which provides a comparison principle. O

Lemmal7. Assumeu, is a weakly stable H§ (B)-weak subsolu-
tion of (1), and u, is Hy (B)-weak supersolution of (1),. Then,

(1) u; < u, almost everywhere in B;

(2) if u is a classical solution such that u,(u) = 0 and U is
any classical supersolution of (1),, then u = U.

Proof. (1) Define w := u; — u,. Then, by the Moreau

decomposition [9] for the biharmonic operator, there exists
2 .

w;, w, € Hy(B), withw = w, +w,, w;, > 0 almost everywhere,

A2w2 < 0 in the Hé([B)-weak sense, and

j Aw;Aw, = 0. (31)
B

By Lemma 12, we have that w, < 0 almost everywhere in B.
Given now 0 < ¢ € C;°(B), we have that

[[awso < (Fa)-Fwhe @
B B

where f(u) = (1 - 1)L, Since u, is stable, one has

M s et (sey

=1 _[B AwAw; < A _[B (f () = f () .
(33)
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Since w; > w, one also has

[ 7 way s [ (F@)-fE)en 6o

which once rearranged gives
j fw, >0, (35)
B

where f(u;) = f(u,) — f(u,) — f'(u)(u; — u,). The strict
convexity of f gives f < 0and f < 0 whenever u, # u,. Since
w; > 0 almost everywhere in B, one sees that w < 0 almost
everywhere in B. The inequality u; < u, almost everywhere
in B is then established.

(2) Let ¢ > 0 be the first eigenfunction of A% - /\f’(u) in
Hg(B); we, now, for 0 < t < 1, define

g(t) = J.BA(tU+(l—t)u)A<p—)LJ-Bf(tU+(1—t)u)qb,
(36)

where ¢ is the above first eigenfunction. Since f is convex,
one sees that

g(t)zAjB [tf U)+ (1) f () — £ (U + (1 - u)]
>0
(37)

for every t > 0. Since g(0) = 0 and

JO=] AU-was-Af WU-wp=0. 8

we get that
4" (0) = -2 jB £ (W) (U -wé > 0. (39)

Since f"(u)¢ > 0 in B, we finally get that U = u almost
everywhere in B. O

2. Existence Results: Proofs of
Theorems 7 and 8

2.1. The Branch of Minimal Solutions. Let us define

A={1>0:(1),
(40)
has a classical solution with parameter A}.

Proposition 18. For all 0 < A < A, there exists a minimal
classical solution u, of (1), which is smooth and stable.
Moreover,

(i) themap A — u,, for A € (0, A,), is differentiable and
strictly increasing;
(i) the map A — p,(u,) is decreasing on (0, A..);

(iii) let &1y be a regular solution of (1), for A € (0,A..),; if iy
is not the minimal solution, then y, (ii,) < 0.

Proof. First, we show that A does not consist of just A = 0. To
this end, let y be the first eigenfunction of the biharmonic
operator subject to Dirichlet boundary conditions on B > B
which we normalize by supp ¥ = 1 and let vz > 0 be the
corresponding eigenvalue. Next, we are going to prove that
for 6 € (0, 1) the function y = Oyy, is a supersolution of (1),
as long as A is sufficiently small. We have

0<1-06yz<1, inB; (41)
moreover,
Ny = vp0yp > - A (42)
1-0yr 1-y

provided that

vROyg (1 - Oyg) 2 L. (43)
Notice that

0<s = )icrel[gv/<52 = iggl//< 1 (44)

and that oy/on < 0 on 0B. Thus, looking at the function
g(s) = s(1 —s), for s € [s;,s,], it is easily seen that we can
choose A > 0 sufficiently small such that

ngicIel[gg Oy (x)) > A. (45)

Since u = 0 is a subsolution of (1),, the classical subsuper
solution theorem provides a classical solution u; to (1),. With
such function u,, we can use the Boggio principle to show
straightforwardly that the iterative scheme

A
Au ,= —— inDB,
" (1 - un—l,/l)
ou 46
uM:a—"’A:O in 0B, (46)
n

U, =0 inB
gives rise to a monotone sequence {u,, , } satisfying
O=uppsupy<--Suy <<y <1 (47)

for all n € N. Therefore, the minimal solution u, is obtained
as the increasing limit

Uy (x) = lim u,,;. (48)

Again from the Boggio positivity preserving property
(Lemmal2), we obtain 0 < wu, < 1; in particular,
from standard elliptic regularity theory for the biharmonic
operator, it follows that u, (x) is smooth. In order to prove
stability, let us argue as follows: set

A** ‘= sup {A € (O’A*) T (E/\) > O}’ (49)

clearly A, < A,. Now, suppose by contradiction that A, <
A, and let ¢ > O sufficiently small such that A,, + & < A,



and v, ., is the corresponding minimal solution. By the
definition and left continuity of the map A — py,(u,), we
have necessarily y; (1, ) = 0.Sincev, ., isa supersolution
of (1)), ,by Lemmal7, we getv, . =u, andthuse=0,a
contradiction.

Since each u, is stable, then by setting F(u,,A) := A” -
A(1 = u,), we get that FzA(ZA’ A) is invertible for 0 < A < A,.
It then follows from Implicit Function Theorem that u, (x) is
differentiable with respect to A.

Now, we prove that the map A — u, is strictly increasing
on (0,A,). Consider A; < A, < A, and their corresponding
minimal positive solutions Uy, and Uy and let u* be a
solution for (1), . The same as the above iterative scheme, we
have

wy, = limu, (A;x) <u” in B, (50)

and in particular u; < u, in B. Therefore, du,/dA > 0 for
all x € B.

Finally, by differentiating (1), with respect to A and since
A — u, is nondecreasing, we get

et A A A
dA l—u )Y dr 1-u,
( E,\) A (51)
d
x € B; %=0, x € 0B.

Applying the strong maximum principle, we conclude that
duy/dA>0onBforall0 <A <A,.

That A — p,, is decreasing follows easily from the
variational characterization of y, ), the monotonicity of A —
u,, and the monotonicity of (1 -u A)_2 with respect to u,, and
the proof of (ii) is completed.

Now, we give the proof of (iii). Let u, be the minimal
solution for (1), so that &) > u,. If the linearization around
11 had nonnegative first eigenvalue, then Lemma 17 would
also yield #, < u, so that &, and u, necessarily coincide, a
contradiction.

2.2. Weak Solutions versus Classical Solutions

Lemma 19. Let u, be a weak solution of (1), with u < A*.
Then, for € > 0 sufficiently small, the problem (1),_),, possesses
a classical solution.

Proof. Let i € L'(B) be the unique solution of

_ (1-¢)
I EL I
jBu A

provided by Lemma 15. By hypothesis, we have

¢ eC'(B)nH; (B), (52)

1 _
A2d=J dx, C*(B)nH; (B).
J'Buﬂ pax HBI—uH(Px 9 € () o (B)
(53)
By uniqueness, we get
(1-2¢) u, = i, (54)
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whereas Lemma 13 yields & > 0 almost everywhere in B and
hence we may assume

u, > u,

" xeB\{xeB:u=0}. (55)

Therefore,

a2 (1_8),"‘
JBuA ¢= J[B (1—(1/(1—8))ﬁ)dx

> (l—s)yJB ﬁdx, ¢€C4(E)HH§([EB);
(56)

thus 7 is a weak supersolution of (1),_), and Proposition 16
yields a weak solution v of (1),_), which satisfies

<N

0O<v<ti<u,<l1 (57)

“

and then classical by Remark 5. O

Remark 20. From this lemma, we know that A* = A,;in what
follows, we always denote by A, the largest possible value of
A such that (1), has a solution, unless otherwise stated.

Proposition 21. Up to a subsequence, the convergence

* = 1.
w = limu, (x) (58)

holds in H; (B) and the extremal solution . satisfies

* P
Au*A :)L*I ,
J-[EB “op B (1 —u*)

9eCPB).  (59)

In particular, the extremal solution is weakly stable, and if
lu*llo < 1, then py(u™) = 0.

Proof. Since u, is stable, we have

2
AJ dex < J |Ag/\|2dx
B (1 _E)L) B (60)
U
dx.

— 2, —
- I[BEAA EA _AJB l—u/\
Next, it is easy to check that the following elementary
inequality holds: there exists a constant C > 0 such that

N 52

) < —(1_5)2 +(1+C),

which, used in (60), yields

1+0)

s€(0,1), (61)

U u U
A 22| —Hdxzaa0) —c,
2T s (1) S

(62)

where C, is independent of A. From the above inequality, we
get

2 u
=2 [, ;2 dxsc (6
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Therefore, we may assume u; — u* in H;(B) and, by
monotone convergence theorem (59), holds after integration
by parts. Since y; (u,) > O forall A € (0, A,), in particular we
have

/\ 2
J |A(p|2dx > J Lz’ peC(B), (64)
B B (1 _E)L)

and passing to the limit as A .~ A,, we obtain that u,_is
weakly stable. Finally, if "”/\*”oo < 1 and hence u,_is a
classical solution of (1), , the linearized operator at u,

)‘*
(1 —u/\*)z

is well defined on the space R* x c*(B). Ifp(uy ) > 0, then
the Implicit Function Theorem applied to the function

L(A*,u/\*) = Az— (65)

F ()L, MA) = Azu,\ - (66)

1—M)L

would yield a solution for A > A, contradicting the definition
of A,; thus y; (™) = 0. O

Corollary 22. There exists a constant C independent of A such
that, for each A € (0,1,), the minimal solution u, satisfies

I =)™l <C.
Proof. From Proposition 21, we have

2 2

J dex = J. E—’\zdx
B(1-u,) w212 (1~ u,)) 67
p (67)
J 2_dxs<cC
u,<1/2 (1 —g/\)
So
1 2
J —zdx < 4j _—Azdx <C. (68)
w212 (1- ) w212 (1- 1)

From this, we easily obtain [[(1 - gA)_l ;. < C, and the proof
is completed. O

Corollary 23. For dimensions n < 4, the extremal solution
u” is regular; that is, u™ = lim, ) u, exists in the topology of
c'(B).

Proof. Since u* is radial and radially decreasing, we need
just to show that u*(0) < 1 to get the regularity of u".
Since (1 — u*(x)) € L*(B) according to Corollary 22, we
have that u*(x) € W**(B) by the standard elliptic regularity
theory. And then by the Sobolevimbedding theorem, we have
u*(x) € CHIBI-LINEIFI-0/8) (B) Sq if n < 4, one can easily
see that u* (x) € C*(B). As Vu*(0) = 0, we get

1-u® (x)=u" (0) - u* (x) < Clx; (69)

7
hence
dx dx
oo [~ e[ & w o
B (1-u*(x)) B |x|
A contradiction arises, so u” is regular for n < 4. O

2.3. The Upper and Lower Bounds for A,
Lemma 24. Consider

A < % (71)

where v, is the first eigenvalue of A* in H;(B).

Proof. Let u, be a solution of (1), and let (y, v;) denote the
first eigenpair of A” in Hg (B) with v > 0; then

v, J uyydx = J u, Nydx = AJ A (72)
B B Bl-u,

and this implies

A
J <—V12A + )wdx =0. (73)
B L-uy
Since y > 0, there must exist a point x € B where
A iUy <0 (74)
1-u, 14y = V.

And one can conclude that A, < sup., 7114 (1 - 1)) =
v, /4.

The lower bound for A, is obtained by finding a suitable
supersolution. For example, if for some parameter A, there
exists a supersolution, then A, > A, by Proposition18. [

Lemma 25. Forn > 1, one has

A, 2max{dn(n—2),2n(n+2)}. (75)

Proof. Forany B > 0and C, > 0,let gg(r) = (Cy—log P re
(0, 1). Then, by direct calculation, we find the following facts:

Agg(r)=Pr[@-mgp,+(B-1)gp.)|
Argg] =2ngs - B(n+2) gsy + B(B-1) gpa.
So we have

A’ (r’gy) = 2nBgg — B (n+2) Agg, (1)

+B(B-1)Agp, (r)
=prix{an2-n gz, (r)
+(B-1)(2n+n*-4) gg, (n}
+Brx{(B=1) (B-2) x (-2n) gp5 (1)
+(B-1)(B~-2)(B-3) gpu}-

(77)



Now, let 8 € (0,1) and n > 2; we have
A? (rzgﬁ) <Brx2n(n-2) 9p-1- (78)

Also for any A > 0 take u = 1 — Ar? gps one concludes
from (78) that

Au>2n(n-2) A[J’fzg/;,l. (79)

Set 3 = 1/2; one can obtain that

—2)A?
A > —n(n _) in By,
1-u
G(r)=1-C)*A on 0B, (80)

(1
@ (r) = AC,'? (5 —2c0> on 0B,.

Choosing C, = 1/4, A, = 2, one concludes that u(r) is
a supersolution of (1)y,(,,) and A, > 4n(n — 2) according to
Proposition 18. Besides, we consider the function

w, (x) = oc(l - |x|2)2, a€(0,1), (81)
which satisfies 0 < w,(x) < 1 for x € B and

% —0 for x € 9B; Ya € (0,1). (82)
n

w, (x) =0,

Now, the idea is to obtain from w, (x) a supersolution of (1),,
for a suitable choice of o and for A in a suitable range of the

form 0 < A < A. For simple calculation, we have

d'o, 2mn-1) dw,
+ +

2 _
A, (r) = dr* r dr3
, (1) (n-3) dw, (n=1)(n-3)dw, (83)
r2 dr? r3 dr
= [Snz + 16n] a=:C(n a,
and thus
Cn)a(l-a) Cn)a(l-ow)
A = >
) e P i a(1- )]
(84)
Ca(l-a)
- 1-w,

from which we deduce that

A, =A"> supCm)a(l-a)= lC(n) =2n(n+2),
a€(0,1) 4
(85)

and the proof is completed. O

We complete this section by giving proofs of Theorems 7
and 8.

Proofs of Theorems 7 and 8. The proof of Theorem 7 follows
from Proposition 18 and Lemmas 24 and 25. For the proof
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of Theorem 8, we only need to prove the uniqueness of the
regular extremal solution u”; the other parts of Theorem 8
follow from Lemmal9 and Corollary 23. Indeed, if the
extremal solution u* is regular, we can easily check that
p (™) = 0 by Implicit Function Theorem, since, otherwise,
we can continue the minimal branch beyond A,. And then
the uniqueness follows from (ii) of the Lemma 17.

3. Uniqueness of the Extremal Solution:
Proof of Theorem 9

Proof of Theorem 9. Suppose that v € H*(B) satisfies

A —_
j VA2<pdxzj —dx, VeeCy(B), 920,
B Bl-—v

86
o (86)

n

v|oB =0, <0,

oB

and v # u". Notice that the construction of minimal
solutions in Proposition 18 for A € (0,A,) carries over to
A = A, but just in the weak sense; precisely, we may assume
that for A = A* there exists a minimal weak solution. In other
words, it is legitimate to assume

v(x) 2u", almost everywhere x € B. (87)

The idea of the proof is as follows: first, we prove that the
function

1

Uy = -

72

is a supersolution to the following perturbation of problem

(1),

(u* +v) (88)

1-u

in B; (89)

in B;
0O<uc<l,

= Z—Z =0, on JdB,
for a standard cut-off function {(x) € C;°(B) and ¢ > 0 to
be suitably chosen; besides, a solution is understood in weak
sense unless otherwise stated. Second, we construct, for some
A > A,, a supersolution to (1), by using a solution of (89)
and this will enable us to build up a weak solution of (1), for
A > A, and thus necessarily v = u”.

Indeed, we first observe that for 0 < R < 1 and for some
¢ =¢6(R)>0

u

vix)2u" +¢ |x| <R (90)

To prove this, we recall Green’s function for A* with Dirichlet
boundary conditions

AZXG (%, y) = 8, xeb;
G(x,y)=0, xe€0B; 1)

Z—(n;(x,y)=0, x € 0B,
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where §,, is the Dirac mass at y € B. Boggio gave an explicit
formula for G(x, y) which was used in [17] to prove that in
dimensionn > 5

2 2
G(x,y)~|x- y|47n min(l, M) , (92)

=y
where
d(x) = dist (x,0B) = 1 — |x]|. (93)
Formula (92) yields
G(x,y) = cd(x)’d(y)’ (94)

for some ¢ > 0, and this in turn implies that, for smooth
functions v and u such that v —u € Hé([EB) and A’(V-1u) > 0,

= LB(anG (x,y)i?—ﬁ—AxG(x,y) 8(2;’11))

on,

N4

+J G(x, y) A* (7 - @) dx
B

> cd(y)2 JB A? (¥ - @) d(x)*dx.
(95)

Using a standard approximation procedure, we conclude that

V) -ut )2 ed)n | (1 -

) d(x)*dx.
(96)

Since v>u*,v # u*, we deduce (92).
Let uy = (u™ + v)/2. Then, by Taylor’s theorem,

11 V-1, (v —u,)
1-v  1-uy (1-u)? 4(1-u,)
3 4 ©7
(v—u) + (v—u)
18(1-1,)°  96(1-¢)"
for some u, < & < vand
11 u —u, (- uy)’
L-w* I-uy  (1-u,)  4(1-u,)
, (98)
(1" —up) (1" —up)
18(1-u,)°  96(1-¢,)*
for some u” < ¢, < u,. Adding (97) and (98) yields
* 2
1 1 1 1 1 -
= ( + ) > +— (u v)2 (99)
2\1-v 1-u* 1-u, 16(1_%)
and in turn we obtain
A A (u =)
J uy A pdx > J 4+ (" —v) d
B B|l-uy 16(1—1u)
(100)

A6t (x) ] "
16(1-uy) |

f, |
> +
B|1-—u,

Thus, u, is a weak supersolution of (89) with y = /\*cg /16
and the cut-off {(x) with support in B,. Now, reasoning as in
Lemma 19, we may assume, for ¢ > 0 sufficiently small, that
(89) possesses a classical solution 0 < u, < 1 with parameter
A, replaced by A, —e. Set y, := [(A, — s)cg]/16 and let v €
C*(B) be the unique classical solution of the following:

¢ (x)

1-u

0
I/J:BLZ: on 0B.

Ay =

in B,
&

(101)

We also, by the Boggio principle, have that there exists M > 0
sufficiently large such that u, < My. Next, let § > 0 and set

A, —¢e)+0
w = ?Ms - 'l// (102)
Choosing § sufficiently small, we obtain w < u, < 1;
moreover, from

A (u-y)=(A, —e) L 20 B,

1-u,

0 (us - 1//)
U, — 1// = T =0
we have again by the Boggio principle that v < u, and

eventually that w > 0. Finally, we have

(103)

on 0B, (104)

1 +(A*_£+8)Cg s(x)
- u, 16 1-u,

Nw= ()L*—e+6)1

(105)
I (x)
He 1—u

1
> (A, —e48) ——
. l-w
since w < u,. Thus, it is enough to choose 0 < € < § to
provide a classical solution to (1), for A > A,, which is a
contradiction; this completes the proof of Theorem 9. O

4. Behavior of the Minimal Solutions as
A — 0: Proof of Theorem 11

Proof of Theorem 11. We first show that

uy — 0 uniformly as A — 0. (106)

Since this standard, we just briefly sketch its proof. By
Theorem 7, we know that

0<)L<pt<)t*=>g/\(x)<g#(x) if |x| <1. (107)

Then, by multiplying (1), by u, and by integrating by parts,

we obtain that [Ju, || H(®) remains bounded. Hence, up to a

subsequence, {u,} converges in the weak H(B) topology to

0, which is the unique solution of (1),. By convergence of the

norms, we infer that the convergence is in the norm topology.
Next, note that U, satisfies

AU, =) inB,

108
Y (108)

y=5, = on oB.
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Therefore, A’u;, > A’U,; one concludes that u, > U, by
Lemma 13.

In order to prove the last statement of Theorem 11, note
that from (106) we know that for all € > 0 there exists A, > 0
suchthat A <A, = [yl <e

So, fixe > 0 and let A < A,. Then,

U
Nu, = A A el
1-¢ 1-

(109)

This shows that u, (x) < U,(x)/(1 - ¢) for all x € B, and the
proof is completed according to the arbitrariness of €. O

5. Further Results and Open Problems

First, we give the following result which is the main tool to
guarantee that u” is singular. At the same time, it gives a
precise estimate for A,. The proof of this result is based on
an upper estimate of u* by a stable singular subsolution.

Proposition 26. Suppose there exist \' > 0, > 0 and a
singular radial function w(r) € HY(B) with 1/(1 - w(r)) €
© (B \ 0) such that

loc

A,
A2w£1 for0<r<1,

Y (110)
wl)=w (1) =
¢’ R i
ﬁjﬂ (1-w) : JB (A¢)" V¢eH,(B). (1)

IfB> M, then A, <A andu® is singular.

Proof. First, note that (111) and 1/(1 — w(r)) € LlOC(B \ 0)
yield 1/(1 - w) € LY(B). Equation (110) implies that w(r)
isa Hg([EB)—weak subsolution of (1),:. If now A < A*, then
by Lemma 17w(r) would necessarily be below the minimal
solution u,,, which is a contradiction since w(r) is singular
while u), is regular. In the following, we will prove that u* is
singular.
Now, let A'/B < y < 1 in such a way that

12
_ (M*) <L (12)

)L’
Setting @ := 1 — at(1 — w), we claim that
u"<w inB. (113)

Note that by the choice of & we have A < .» and therefore
to prove (113) it suffices to show that, for a?) <A <A, we
have u) < w in B. Indeed, fix such A and note that
A o) A
No=ahw<s 2 = < . 114
N Ts R T T S

Assume that u, < w does not hold in B, and consider

R :=sup{0 <R<1|u (R)>w(R)}>0. (115)
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Since w(1) =1 —a > 0 = u, (1), we then have

R <1, u(R)=a(R), u(R)<w (R). (116)

Now, consider the following problem:

ANu=-—"—in [EBRI,

u=u,(R;) on dBg, (117)
ou
pw u'y (R)) on 0By

Then, u, is a solution to the above problem while w is a
subsolution to the same problem. Moreover, w is stable since
A< A, and

A A B B
1-0° 1-w? (1-w)?

(118)

By Lemmal9, we deduce that u; > @ in By which is
impossible, since @ is singular while u, is regular This
establishes claim (113) which, combined with the above
inequality, yields

A A B (119)
(1-u,)  @1-w’ (-0
and thus
Ag)’ — (X, 0*/(1 —u*))]d
inf Jo [(49)” - (1.9*/(1 - w')')] oo (120)
9eC(B) |y Pdx

This is not possible if u* is a smooth function since otherwise
one could use the Implicit Function Theorem to continue the
minimal branch beyond A . The proof is over. O

(i) Open Problem 1. Does (1), possess a stable singular
subsolution? We know that Cowan et al., with the help
of Maple, construct such solution of (P)) with p = 2
by improved Hardy-Rellich Inequalities; see [4, 9]. But the
method used there seems invalid when p = 1.

We now turn to the extremal solution u*. We suggest the
following open problems.
(ii) Open Problem 2. Does one find the precise estimate for
u” asin [4, 9, 15], which plays a crucial role for investigating
the regularity of u*? In [4], the precise bound for u” is
obtained by finding a stable singular subsolution which
relies on the “ghost” singular solution, as mentioned in the
Introduction section. However, in the present paper, we
cannot find any “ghost” singular solution, so a new trick is
needed.
(iii) Open Problem 3. For the corresponding second equa-
tion, the extremal solution u* is regular for dimensionsn < 6
and singular for dimension n > 7; for details, see [11]. The
threshold n* = 7 between regular and singular solutions
is called the critical dimension. There is a natural question:
whether there exists a critical dimension N* for (1);. We
conjecture that N* = 8.
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