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By applying the remarkable orthonormal basis constructed recently by Ausher and Hytonen on spaces of homogeneous type in the
sense of Coifman and Weiss, pointwise multipliers of inhomogeneous Besov and Triebel-Lizorkin spaces are obtained. We make no
additional assumptions on the quasi-metric or the doubling measure. Hence, the results of this paper extend earlier related results

to a more general setting.

1. Introduction

The main purpose of this paper is to provide pointwise multi-
pliers of inhomogeneous Besov and Triebel-Lizorkin spaces
on spaces of homogeneous type in the sense of Coifman and
Weiss. By a pointwise multiplier from a function space & into
another function space %, we meant that a function defines a
bounded linear mapping from & into 98 by pointwise multi-
plication. Pointwise multipliers arise in many different areas
of mathematical analysis and have many applications; for
example, coefficients of differential operators and symbols of
more general pseudodifferential operators may be considered
as pointwise multipliers. For the theory of pointwise multipli-
ers acting on several function spaces such as Sobolev, Besov,
and Triebel-Lizorkin spaces on R” we refer to [1]. See also [2-
5] for more details.

It was well known that the Fourier transform is a crucial
tool to study pointwise multipliers on R”. However, it was not
clear how to generalize pointwise multipliers on R" to spaces
of homogeneous type introduced by Coifman and Weiss [6]
because the Fourier transform is no longer available on spaces
of homogenous type. To be more precise, let us first recall
briefly these spaces. A quasi-metric d on a set X is a function
d: X x X — [0, 00) satisfying that (i) d(x, y) = 0 if and only
ifx = y; (i) d(x, y) = d(y, x) forall x, y € X; (iii) there exists
a constant A, € [1,00) such that forall x, yand z € X,

d(x,y)<Ay[d(x,2) +d(z,y)]. (1)

Any quasi-metric defines a topology, for which the balls
B(x,r)={yeX:d(y,x)<r} (2)

forall x € X andallr > 0 form a basis. We say that (X, d, p) is
a space of homogeneous type in sense of Coifman and Weiss
if d is a quasi-metric and y is a nonnegative Borel regular
measure on X satisfying the doubling condition; that is, for
all x € X, r > 0, then 0 < u(B(x,r)) < co and

(B (x,2r)) < Cu(B(x,1)), ©)

where p is assumed to be defined on a o-algebra which
contains all Borel sets and all balls B(x, r) and the constant
0 < C < oo is independent of x € X and r > 0. Spaces of
homogenous type in the sense of Coifman and Weiss have
many applications in analysis. For example, Coifman and
Weiss introduced atomic Hardy space HE, for p € (0,1] in
[6, 7] that proved that if T' is a Calder6n-Zygmund singular
integral operator and is bounded on L?, then T extends
a bounded operator from H” to L? for suitable p < 1.
However, note that the quasi-metric, in contrast to a metric,
may not be Holder regular and quasi-metric balls may not
be open. For this reason, in many applications, the additional
assumptions on the quasi-metric d and the measure y are
required. For instance, in order to provide the maximal
function characterization of the Hardy spaces HZ, on spaces
of homogenous type, Macias and Segovia in [8] showed that
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the quasi-metric d can be replaced by another quasi-metric d
such that the topologies induced on X by d and d coincide,
and, moreover, d has the following Hélder regularity: there
exist positive constant C and 0 < 6 < 1 such that for all
0<r<ooandallx,x',y € X

.c?(x,y) - J(x',y)|

. or+ ~ 1-6 @)
< Cd(x,x') [d (%, y) +d(x',y)] .

Furthermore, if balls B(x, r) are defined by d, thatis, B(x,r) =
{yeX: J(y, x) < r}, then

u(B(x,1)) ~r. ©)

Macias and Segovia provided the maximal function charac-
terization of the Hardy spaces H?(X) for (1+6)™' < p < 1,
on spaces of homogeneous type (X, d, u) with the regularity
condition (4) on d and property (5) on the measure p.

A fundamental result for these spaces (X, d, u) is the T'(b)

theorem of David-Journé-Semmes [9], where d and p satisfy
(4) and (5), respectively. The crucial tool in the proof of the
T(b) theorem is the existence of a suitable approximation to
the identity. The construction of such an approximation to the
identity is due to Coifman. We would like to point out that
for Coifman’s construction the additional assumptions (4) on
d and (5) on y are crucial. Later, based on the conditions in
(4) and (5), the Calderdn reproducing formula, test function
spaces and distributions, the Littlewood-Paley theory, and
function spaces on (X, d, p) were developed in [10-12].

In [13], Nagel and Stein developed the product L? (1 <
p < 00) theory in the setting of the Carnot-Carathéodory
spaces formed by vector fields satisfying Hormander’s finite
rank condition. The particular Carnot-Carathéodory spaces
studied in [13] are spaces of homogeneous type with a smooth
quasi-metric d and a measure y satisfying the conditions

p(B(x,sr) ~ "2 u(B(x,1) (6)

fors > 1and

(B (x,57)) ~ s'u (B(x,1)) )

fors < 1.

These conditions on the measure are weaker than prop-
erty in (5) but are still stronger than the original doubling
condition in (3).

Recently, pointwise multiplier theorems of Besov and
Triebel-lizorkin spaces were obtained by the first author on
spaces of homogeneous type with the additional assumptions
(1.3) and (1.4) in [14] and with the conditions (1.3) and (1.5) in
(15, 16].

A natural question arises: whether pointwise multipliers
still hold on spaces of homogeneous type in the sense of
Coifman and Weiss with only the original quasi-metric and a
doubling measure?

Very recently, Auscher and Hyténen constructed an
orthonormal basis with Holder regularity and exponential
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decay on spaces of homogeneous type [17]. This result is
remarkable since there are no additional assumptions other
than those defining spaces of homogeneous type in the
sense of Coifman and Weiss. Motivated by Auscher and
Hyt6nen’s orthonormal basis on spaces of homogeneous type,
the purpose of the current paper is to answer the above
question. More precisely, in this paper, we will provide point-
wise multipliers on spaces of homogeneous type in the sense
of Coifman and Weiss with the original quasi-metric d and
doubling measure .

The main tool used in this paper is the orthonormal basis
constructed by Auscher and Hytonen [17]. We now briefly
recall the orthonormal basis constructed in [17] and inhomo-
geneous Besov and Triebel-Lizorkin spaces obtained in [18]
on spaces of homogeneous type in the sense of Coifman and
Weiss.

The orthonormal basis of L?(X) constructed by Auscher
and Hytonen [17] is given by the following.

Theorem 1 (see [17] Theorem 7.1). Let (X, d, u) be a space of
homogeneous type in the sense of Coifman and Weiss. There

exists an orthonormal basis 1//{2, k € Z, y{; e ¥, of LA(X),
having exponential decay

C < (d(yii,x))“>
T P\ T ) ) ®
u (B (¥, o%))

Hoélder-regularity

TACIE

|vh () - vl ()]

< ¢ d(x,y) ”ex —v(d(yi’x)>a>
) u(B(yi;,ak))( ) p< o

€)

for some 17 € (0,1) and for d(x, y) < 8, and the cancellation
property

J Vi du) =0, kez ey Qo)
X

Moreover,

F =3 Y (fAve)vi&) a

keZ xeyk
in the sense ofLZ(X).

Herea = (1 + 2log 240)71 8 is a fixed small parameter,
say 8 < 1074, and » > 0 and C < oo are constants
independent of k, «, x, and y{;; see [17] for more details. In
what follows, we also refer to the functions * as wavelets.

To develop function spaces such as the Hardy, Besov
and Triebel-Lizorkin spaces, the key point is to introduce
test function and distributions spaces. For this purpose, the
following definitions were introduced in [18, 19].
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Definition 2. For fixed x, € X, r > 0,7, B € (0,%], where 7 is
given in Theorem 1. A function f is said to be a test function
of type (x,,7,3,y) centered at x, € X with width r if f
satisfies the following decay and Holder regularity properties.

(i) Forall x € X,

[feal=C

)
V() v (5 x0) ( T ey ) - @
(if) Forall x, y € X with d(x, ) < (1/24,)(r + d(x, xo)),
|f )= f ()]

NS B
G ) V) )\ red(xx)

(13)

If f is a test function of type (x,, 7, 3,y) centered at x, € X
with width r > 0, we write f € &(x,, 1, 3,y). The norm of f
on &(x,,1,B,y) is defined by

[ f||g(xO,r,ﬁ,y) =inf{C > 0: (i) and (ii) hold}. (14)

We denote by &(8, y) the class of all f € G (x,,1,3,9). It
is easy to check that &(x,,r, ,y) = Z(B,y) with equivalent
norms for any fixed x; € X and r > 0. Furthermore, it is also
easy to see that Z(f3, y) is a Banach space with respect to the
norm on &(f,y).

For given A € (0,7], let (B, y) be the completion of
the space (A, 1) in Z(B,y) with 0 < B,y < A. Obviously,
Z(M,A) = €(A, A). Moreover, f € Z(B,y) if and only if f €
(B, y) with 0 < B,y < A and there exists {f;} ey € T(A, 1)
such that "f_fj”g(ﬁ,y) — 0asj — oco.If f € Z(B,y), we

define IIfII?(ﬁ)y) = IIfIIg(M). Obviously, ?(,8, y) is a Banach
space and we also have ”f"?(ﬁ,y) = limj_,oollfjllg(ﬁ » for the
above chosen {f} e

We denote by (?(ﬁ, y))’ the dual space of ?([3, y) con-
sisting of all linear functional £ from Z(,y) to C with the
property that there exists a constant C, for all f € €(8,7),

(NI = Clflz s, (15)

We denote by (f, h) the natural pairing of elements h ¢

—_ ! —_ —_ —_
(2(B,y)) and f € Z(B,y). Since T(x,,7,5,y) = C(B,y)
with the equivalent norms for all x; € X and r > 0. Thus,

for all h € (?(ﬁ, y))l, (f,hy is well defined for all f €
©(xo,1, B y) with x, € X and r > 0.

We now give definitions of inhomogeneous Besov and
Triebel-Lizorkin spaces on spaces of homogeneous type

in the sense of Coifman and Weiss. Denote Py(x,y)
= Yo VEOVE(Y) and Qu(x ) = T vEVE(). Let
Py()x) = [Pyl y)f(n)du(y) and Qu)(x) = [ Qlx,
) f(du(y).

Definition 3 (see [18]). Let 1 < p,q < oo and |s| < 7. The
inhomogeneous Besov space B:,’q(X ) is defined by

BAX) ={fe(Z(B) £l < oo} 6)

where

1/q9
=l [Ty} o

k>0

If

The inhomogeneous Triebel-Lizorkin space F;’q(X) is
defined by

EAX) ={fe(ZBy) :|f

F;q < 00} s (18)

where

1/q
If {2(6"“ |Qc (f )I)q} (19)

k>0

o= IR (P, +

p

We would like to point out that on R", H ;(R”) = F;’Z(IR”)
are the Bessel-potential spaces (Lebesgue spaces, Liouville
spaces). If m = 0,1,2,...and 1 < p < oo, then W;”(IR") =

HZ’([R”) = F;”’Z([R”) are the usual Sobolev spaces. If 0 < s, 1 <
p <ooand1 < g < oo, then B,!(R") coincides with the
classical Besov spaces (Lipschitz spaces A;’,q(R”)).

In this paper, we will consider the following.

Definition 4. Suppose that g is a given function on X. Then g
is called a pointwise multiplier for B;’q(X )if f — gf admits
a bounded linear mapping from B;?(X) into itself. Similarly,
g is called a pointwise multiplier for F;’q(X) it f - gf
admits a bounded linear mapping from F;’q(X ) into itself.

The main results in this paper are as follows.
Theorem 5. Let |s| < #, 1 < p,q < co;theng € €% isa

multiplier for B;,’q with a > |s|. Moreover, there exists a positive
constant C such that

laf

forall g € € and all f € B)".

f

B} S C||9 eIl lIB (20)

Theorem 6. Let |s| < 5,1 < p,q < oo; then g € € isa
multiplier for F;’q with a > |s|. Moreover, there exists a positive
constant C such that

l9f1lga < Cllgles]f

forallg € € and all f € F,".

F (21)

Here, the Holder space €%(X) is defined as the collection
of f such that

|f ) - f (»)]

+—— < 00. (22)
d(x, y)

I llge = 1lco + sup
xX#y



We remark that Theorems 5 and 6 were proved in [4]
on R” based on Fourier transform. As mentioned before,
the Fourier transform on spaces of homogeneous type is not
available and hence the idea used in [4] does not work for
this more general setting. A recent work on pointwise multi-
pliers of Besov and Triebel-Lizorkin spaces on Carnot-
Carathéodory spaces was developed in [14-16]. However, all
results in those papers require the additional assumptions on
both the quasi-metric d and the measure p. Therefore, results
in the present paper extend all results given in [4, 14-16].

Throughout this paper, we use C to denote positive con-
stants, whose value may change from one occurrence to the
next. For the measure of ball B(x,r) =: {y € X : d(x, y) < r},
we sometimes use the abbreviations

V, (x) == u(B(x,1)), V(x,y):=V(xd(xy)). (23)

A brief description of the contents of this paper is as
follows. In Section 2 we prove Theorem 5. The proof of
Theorem 6 will be given in Section 3.

2. Proof of Theorem 5

Let P, and Q be orthogonal projections onto Vi, and W, with
k € N, respectively. The next lemma gives some estimates on
kernels of operators P, and Q.

Lemma 7 (see 17, 18]). Let 1 be the Holder regularity, k € N
and € > 0. Suppose that Py(x, y) and Q,(x, y) are kernels of P,
and Qy, respectively. Then there exists a constant C such that

(@)

|Py (x,y)| <C

1 1 ¢
v1<x>+V(x,y>(1+d<x,y>>’ 24
(ii) ford(y,y") < (1/2A,)(1 +d(x, y)),
P, (x. )~ Py (x.5")]

d(yy) Y 1 1Y
SC(1+d(x,y)> Vl(x)+V(x,y)(1+d(x,y)>’

(25)
(iii)
L Py (x,y) du (x) = 1, (26)
(iv)
1 sk ¢
SACSUE CV5k (x)+V (x,y) ( &k +d(x, y)) > (27

) ford(y, y') < (1/24)(* + d(x, y)),
Qi (%) = Qi (x.5")]

<o 2y 1 ( o )
T\ +d(xy) ) Vg (0)+V (6, )\ S +d (x,y) )
(28)
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(vi)
J;( Qi (x, y)du(x) = 0. (29)
Note that (ii), (iii), (v), and (vi) still hold with x and y inter-
changed.

The key tool used in this paper, as mentioned, is the
following version of the wavelet expansion.

Lemma 8 (see [18]). Let Py and {Qi}icz, be the same as in
Definition 3. Then

f=P(f)+ ) Qf) (30)

k=0
holds in L¥ with 1 < p < oo.
For our purpose, we need the following lemmas.

Lemma 9 (see [18]). Let 0 < f3, y < y. Then (30) still holds in
—_ —_ !
G(B,y) and (Z(B,y)) .

Lemmal0. If f € (B, y) with|s| < B <1, 0 <y <, then
fEB;’qandfeF;’qwithIsl<17,1<p<oo,1<q<oo.

Proof. Suppose that f € Z(B,y) with [s| < B <5,0<y <#.
We claim that

||| 2o Gey) £ () s o)
(1)

1 Y
<C
1A 1s.) V, (x0) + V(1 xo)( 1+d (xo,y))

and for k € N

[ Qo) £ () dut)

kB 1 ! "
<d "f“?(ﬁ’)’)vl (x0)+V(y,x0)<1 +d(xo,}/)> .
(32)

We first verify (31). By the size condition of P, and
definition of test functions, we have

|| 2 Gey) £ (o)

- J' C”f"?(ﬁ,y) ( 1 )y 1
Tlx Vi) +V (e y)\1+d (x,y) ) Vi (x0) +V (%, xp)

] y
><<l+d(x,x0)) dp (%)

1 1 '
< WMlewn vy e v im) ( 1+d (xgy) ) '
(33)
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To estimate (32), by the cancellation condition on Q(x,
¥), we have

[ Qe Ger) £ i)
~|[ Qe 1 - 7 )] du )
< | lQGllf @£ 0)ldut
( (34)

+[ eI e
W,

e[ eIl

=R, + R, +R;,

where W, = {x : d(x, y) < (1/2A,)(1 + d(xy, ¥))} and W, =
X\W,.
For R,, for any € > 0, we have

Ry < C| fllgs,)

: le Ve (x) +1V (%, ) ( 5k+;zx,y) ) ( lfd(zcoy))y) )ﬁ

« ! ( ! )ydu (%)
Vi (xo) + V(xo>)’) 1+ d(xO))/)

” 1 <1 ¢ 0> >
( 0) ( O’y) ( 0 y)

<C|f ||3(;3,y)8ﬁk

wheree > f3> 0.
For R,, d(x, y) = (1/2A,)(1 +d(x,, y)) implies V(x, y) =
Vi(x) + V(y, x,); then

Re< by |, v (o)
2= G(By) w, Vo (%) +V (x, ) \ 8% + d (x, y)

y ! ( ! )yd (%)
V, (x0) + V (xp )\ 144 (xg,%) )

1 1 '
”f”?(ﬁ,y) v, (xo) +V (xo,y) 1+d (xo’ )/)

(36)

wheree > 3> 0ande >y > 0.

To estimate Rs, since d(x, ¥)/(d(y,x,) + 1) = 1, then

R; < C"f"?(ﬁ,y)

“J, ) i)

Y
) dp (x)

y 1 ( 1
Vi (%) + V (0, y) \ 1+ d (0, ¥)

1 1 '
<C o ’
< "f"?(ﬁ,y) V, (x,) +V (xo,y)< 1+d (xo,y))

(37)

where € > 3 > 0. The claim is concluded.

We now return to the proof of Lemma 10 and only prove
that (B, y) C B, since the proof of ¥(B,y) ¢ F,* is similar.
By applying (31) and (32), it follows that

1
= I {3640 01, ) | '
) Y4 (38)
< Ul * | 36}
< Clflyisyy
where B > 5. Thus £(8, y) < B, 0

Lemmall. Let g € €% and k,l € N. Fore >y,

1 1 e
[PagFo (x: )] < Clalle 55 ) < 1+d(x,) ) ;

(39)

|ngQl (x, y)| < Cllg"%“élkfll(a/\q)

) ) e
8 Vi (x)+V (x, y) ( S*N) +d (x, y) ) '
(40)

|PogQi (%, y)]

C 6l(oc/\11) 1 ! L
< C|lglpe v, (x)+V(x,y)(1+d(x,y)> ’

|ngP0 (x, J’)l

k(ann)
6* 9

1 1 ¢
v (x)+V(x,y)(l+d(x,y)) ’
(42)

<Clg

where a A\ b denotes the minimum of a and b.



Proof. We first consider (39). By the size conditions of P, and
the definition of Holder space €%, we have

[PogPy (x, y)| < Cl|g|| 5

xj 1 ( 1 >€
x Vi (x)+V (x,2)\1+d(z,x)

€

1

1
Vi (J’)+V(}/,Z)(1+d (Z,y) ) du (z)

= CVI () +1V (», x)( 1+ dl(x)y) )e'

(43)

For (40), we only consider that the case for [ > k > 1 and
the proof for k > | > 1 are similar. In fact, if | > k > 1, we
have

Qg Qi (x,y)]

|| 1@ a9@ -0 g1 Q (2 7)du(a)
< [ et -l o @l i)l dute)

+ JX Qi (%, )19 (2) - 9 ()] |Q (2, y)| du (2)

=L, +L,.
(44)

We estimate L, by further splitting it into

L, = Jw |Q (x,2) = Qi (x, ¥)| |9 (2)] |Qi (2 ¥)| du (2)
¥ JW Qi (. 2)[ |9 )] (2 y)] dus (2)
+[ e lls @l e ldn )
=L, +L,,+Lys,
(45)
where W, = {z € X : d(z,y) < (1/24,)(" + d(x, y))} and
W, = X\ W,.

For L,,, for any € > 0, we have

Ly < Clglge

S e e Zm)e

y ! ( & )edmz)
Vs () +V (3,2)\ &' +d(z )
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_ sk ‘
< C|lgll 0" !
< Clal Vg (%) +V (x, y) \ 8 +d (x, y)

1 61 €1
XLvsz(y>+v<y,z)(a’+d<z,y>> @

] 1 * Y
< Clal.60* ,
lgll¢ Vi (x)+V(x,y)(5k+d(x,y))
(46)
where € > 7.

For L,,, note that (1/2A0)(6k +d(x, y)) < d(z, y) implies
that Ve (y) + V(x, y) < V(z, y); then we have

1 & )
L < C «
12 < ”g"% V(;k (x)+V(x,y)<8k+d(x>y))

1 & ‘
8 L{ Vs (x) +V(y,x)<6k+d(z,x)) 4 (2)

. 1 sk ¢
< C aa(l k)}’] >
lgle Vi (%) +V (x, y) \ 8% +d (x, y)

(47)

where € > 7.
For L5, we have

Ve v 5oy
Ly =< ggaVk(x)+V(x,y) ok +d(x,y)

1 Y €
X Jm Vs ()/)+V(y,z)<51 +d(Z,y)) du(z).
(48)

Denoting t = (1/2A,)(8" + d(x, y)), then

[, orroa(raey) %o
w Ve ) +V(n2)\d+d(zy) ) ¥

o 1
B ]Z:(:) Lf't<d(z,y)szf“t Vg (y) +V (3,2)

5! ¢
X(aud(z,y))d”(”

0 € 1 J
— du (2)
JZ‘(:)<ZJt ) Vo () datepezins

_ CZ( )t

Vait ()/)

IN

C(S(Z_k)e.

(49)
Thus

) 1 & ‘
L;<C LU ,
1 = Clgle Ve (%) +V (x, y) \ 8 +d (x, y)
(50)
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where € > 7 and we obtain

. S ‘
L, <C ol ! .
1= Clle Ve (%) +V (x, y) \ 8 +d (x, y)
(51)

We now return to verify L,. By the size condition of Qy,
Q; and the definition of €%, we have

1 8 )
L2 s C"gH%‘x V@k (x) + V(x, y) ( 6k +d (x))/))

x Jx d(z, )"

1 < s ) s )
Vo () +V (@) \ 3 +d(zy) )

< Clgf¢8"

1 < 5k )E
Ve () +V (x5, y)\ 85 +d (x,y) )’
(52)

where € > a. Then

L,+L,

} 1 & ‘
<C aa(l k) (ann) ,
"g”% Vé‘k (X) + V (x) }’) 6k + d (x, y)

(53)

wherel > k.
The proofs of (41) and (42) are similar to the proof of (40)
and we omit the details. O

We are now ready to prove Theorem 5.

Proof of Theorem 5. We first show Theorem 5 for the special
case; that is, if f € G(B,y) with [s|] < B <#,0 <y < yand
g € " with |s| < «, then

19l = Clale £l 64

To verify (54), we write

- 1q
T Y R DG NP I S

k=0

=Y, +Y,.

By the wavelet expansion, Holder’s inequality, and the esti-
mates in (39) and (41), we obtain

Y, <

ra (R0 + ¥ 0)

Lr

< |PogPoPy ()| +

3290 (/)
1=0

LP

<Clg

w<lEo (Pl + Cllgll g
% Z(Sl(zx/\r/+s)6—ls"Dl(f)"LP (56)
1=0

<Clg

g lEo (Nl + Cllgll g

. 1/q
» { $(6 "D, <f>||Lp)q}

=0

< Clgle-f

S 5
BP

where we use the fact that (¢ A ) + s > 0 and in the
third inequality, by (39) and (41), we use the estimates

[ 1P,gPy(x, p)ldu(x) < Cliglges [ [PogPy(, p)ldu(y) <
Clglge [ 1PgQix, Pldu(x) < Cliglgd""" and

.[ |P,gQy(x, »ldu(y) < Cligllad™ .
For Y,, instead of using (40) and (42), we have

00 o qy 1/q
Y, < {z(aks Qk<g<P§ )+ et (f))) ) }

k=0

<ol ¥ (a0 (f)ilu)q}l/q

k=0

. 1/q
N c{ Y (67| (f )Ilu)q}

k=0

<Clg

Py ()l

&

[’} e} q 1/q
+C{Z(26’“6""'(““">||g||ga||<z, (f)lle> }

k=0 \1=0

< Cllglg=lPo (£ s

00 00 1/q
%a{ZZs“‘k”é'k"'w(6"5||Qz (f)llm)q}

1=0k=0

+Clg

<Clg

Py (Nl

[

(o]

1/q
+C| gl ‘{Z(SZSIIQz (f )Ilm)q}

1=0

<Clg

f"B;’q’

-
(57)



where [s| < n7and |s| < . Thus,

Yy + Y, < Clglal flp- (58)

This completes the proof of (54).

To show Theorem 5 for f € B;,’q, note that if f € B;,’q, in
general, f could be a distribution and the multiplication of
gf is not well defined even for g € €“. For this purpose, we
make the following observation: for any f € B;q with 1 < p,
q < 00,]s| < yand g € € with « > |[s], there exists a
sequence {f,},y such that f; € ¥(A,A) with0 < A < n,
||fn||3;-q < ||f||B;q and lim,, _, . (gf,h) converges for any h €
Z(B, y) with B, y satisfying |s| < B < 7,0 < y < . Indeed, for
any f € B;’q with 1 < p, g < 00, |s| < 7, set

fo= Y Bi(f), (59)
k=—1

where B_, = Py, B, = Q; for k € Z,. By the Proposition 4.4
of [18], f,, € €(A,A), and ||fn||3j;‘1 < "f"B;,q. Now we prove

that lim,,_, . (gf,» h) converges for any h € Z(f3,y) with B,y
satistying [s| < 8 < #,0 <y < . To do this, for n,m € N,,
m < n, by duality in [18] and the estimate in (54), we have

l(fn_fm’gh>| < ”fn_fm B’ gh|

< Clglgs £ = fu

'
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Note that IIhIIB,Wr < CllAliz ) and || f,, — fol B tend to zero

as n, m tend to infinity. This implies that [{ f,, — f,,,gh)| — 0
asn,m — oowithl < p,q<oo,ls| <.

Now forany g € €% with |s| < &« < 77and f € B, with1 <
P> q < 00, |s| < #, by the above observation, lim,,_, ., {(gf,, 1)
exists. Therefore, we define

(gf.h) = lim (gf,.h) (61)

for h € ©(B,y) with B,y satisfying |s| < B < 7,0 <y < 5.1t
is easy to see that limit is independent of the choice of f,,. By
Fatou’s lemma and (54), we have

laf

< < lim inf||gf,

e " (62)
< Jlim infClglgeLf s < Clalge Ll
which gives the proof of Theorem 5. O

3. Proof of Theorem 6

We first prove the following technical version of Theorem 6.

Lemma 12. Forany g € €%, f € G(B,y) when0 < 3,y <1,
then

|79l < Clall=1 1

wherel < p<00,1<g<00,-<s<nand—a<s<a.

ED (63)
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Proof. Applying the wavelet expansion, for any g € €7, f €
Z(B,y) when 0 < 3,y < 1, we have

Ifo pa( 30l ()

pa < [PogB ()], +

Lr

- /g
. {z[a-ks QuoP? <f>|]Q}

k=0

g

k=0

73 (64)
I

The estimate of Z, is the same as in the proof of Theorem
5. We only estimate Z,, Z5, and Z,. By applying the inequality
(39)-(42), the Holder inequality and the Fefferman-stein
vector-valued maximal function inequality for 1 < p < oo,
1 < g < oo in [20], it follows that

ngief (f)

L»
=7\ +Z,+Zs+ Z,.

Zy < Clgllge| Y8 P08 M (Q (f))
1=0 I
0o 1/q
—Is q
< clal,|{ Yol 1)}
1=0 P
s C“g ©* f F;’q;
o 1/q
ann)—s q
Z3 < Clalse {2[6"“ M (B (£))] }
k=0 o
= C“g € POf“LP < C"g @x f F;;q;
00 00 qy /g
Z4 S C“g @ {Z |:6—k326—|k—l|(71/\(x)M (Ql (f))] }
k=0 1=0 L

!

M3

k

d

{i(S_ksM (D, f))q} "

=0

o q/9
|: Z@*(k*l)salk*ll (nhe) :|
oLi=o0

< Cl gl ‘l

18

]
(=]

1/q
5-k-Ds 8|k—l|(’1/\¢x)(5_lSM (Qf ))q”’

Lr

<Clg

[

Lr

< Cllgle-lf

F;q >
(65)

where we use the fact that —(y A ) < s < (nA«). This verifies
Lemma 12. ]

To show Theorem 6, we also need the following technical
lemma.
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Lemma 13 (see [18]). Forany f € F., there exists a sequence
{futnez, € E(By) for 0 < B,y < n, such that f, — fin

F;’q with ||fn||F;,q < CIIfIIF;,q, wherel < p < 00,1 < g < 00,
-N<Ss<H.

Suppose that f, f,, are given as in Lemma 13 and g € €”.
Note that if [s| < f < 7,0 < y < ,thenh € Z(B,y) C

F;’q N F;,s ‘1. By duality given in [18] and Lemma 12, it follows
that

g (fi= fe)-m)| < |9 (f; - )

F;’q " h ” F‘;’s,q’

< “g"%"‘ fj - fk F "h”?(ﬁ,)/) —0
as j,k — oo.

(66)

The above estimate implies that lim, _, . (gf,, h) exists
and the limit is independent of the choice of f,. Therefore,
for g € %, f € F," we define

(gf.h) = lim (gf,.h), (67)
where h € &(B,y) for 0 < B,y < nand f, is a sequence
defined in Lemma 13.

We now apply Fatou’s lemma and Lemma 13 to show
Theorem 6.

Proof of Theorem 6. For any g € €%, f € F,% applying
Fatou’s lemma and Lemma 13 implies that

[Zlemnoar}

lim Bk (gfn)

"gf n— 00

<
¥ =

p

< lim inf||gf, | 5o (68)

< Clim inf|l gl g« ./
< Cllglla ) flps

where, as before, B_; = P, B, = Q, fork € Z,.
The proof of Theorem 6 is concluded. O
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