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This paper provides a delay-dependent criterion for a class of singular stochastic hybrid systems with mode-dependent time-varying
delay. In order to reduce conservatism, a new Lyapunov-Krasovskii functional is constructed by decomposing the delay interval into
multiple subintervals. Based on the new functional, a stability criterion is derived in terms of strict linear matrix inequality (LMI),
which guarantees that the considered system is regular, impulse-free, and mean-square exponentially stable. Numerical examples
are presented to illustrate the effectiveness of proposed method.

1. Introduction

Over the past years, a lot of attention has been devoted
to singular systems, which are also referred to as descrip-
tor systems, generalized state-space systems, differential-
algebraic systems, or semistate systems, because they can
better describe physical systems than regular ones. Since
the introduction of the first model for a jump system by
Krasovskii and Lidskii [1], the Markovian jump systems have
become more popular in the area of control and operation
research due to the fact that they are more powerful and
appropriate to model varieties of systems mainly those with
abrupt changes in their structure [2-6]. Consequently, sin-
gular hybrid systems or say singular systems with Markovian
switching have been extensively studied in recent years. For
more details on this class of systems, we refer the readers to
see [7-10] and the references therein.

As is well known, environmental noise exists and cannot
be neglected in many dynamical systems [11]. The systems
with noise are called stochastic system. Up to date, some
results have been reported on stochastic systems with Marko-
vian switching [12-16]. It should be pointed out that the
problems of stability and control for singular stochastic
systems with Markovian switching or say singular stochastic
hybrid systems are more complicated than that for regular
ones, because the singular systems usually have three types
of modes, namely, finite-dynamic modes, impulsive modes,

and nondynamic modes, while the latter two do not appear in
state-space systems. That is the reason why only a few results
have been reported on this class of systems in the literature.
In [17], the stochastic stability and stochastic stabilization
for a class of nonlinear singular stochastic hybrid systems
were investigated. The problem of sliding mode control for
singular stochastic hybrid systems was investigated in [18].
In [19], under an assumption, authors study the problem of
mean-square stability for singular stochastic systems with
Markovian switching. However, no time delay was consid-
ered in [17-19], which often causes instability and poor
performance of the systems [20]. In addition, the stability
conditions in [17-19] are difficult to calculate since the
equality constraints are used, which are often fragile and
usually not met perfectly. To the author’s best knowledge,
the problem of delay-dependent mean-square exponential
stability for singular stochastic hybrid systems with mode-
dependent time-varying delay has not been fully investigated,
which remains important and challenging.

This paper will focus on the derivation of delay-
dependent mean-square exponential stability for a class of
singular stochastic hybrid systems with mode-dependent
time-varying delay. Inspired by the discretized Lyapunov
functional method proposed by Gu [21], a new Lyapunov-
Krasovskii functional is constructed to reduce conservatism.
Based on the functional, a delay-dependent stability criterion
is proposed, which guarantees that the system is regular,
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impulse-free, and mean-square exponentially stable. The
criterion is formulated in terms of strict LMI, which can be
easily solved by standard software. Finally, two examples are
given to illustrate the effectiveness of proposed method.

Notation. R" denotes the n-dimensional Euclidean space;
R™" is the set of all m x n real matrices. C, 4, =
C([-d,,0],R") denotes the Banach space of continuous
vector functions mapping the interval [-d,,0] into R” with
norm [[@(t)|l 5, = sup_zo.ol@(s)ll. (2, F,P) is a probability
space, Q) is the sample space, F is the o-algebra of subsets
of the sample space, and P is the probability measure on F.
E{-} denotes the expectation operator with respect to some
probability measure P. The superscript “+” denotes the term
that is induced by symmetry.

2. Problem Formulation and Preliminaries

Let {r,,t > 0} be a continuous-time Markov process with a
right continuous trajectory taking values in a finite set § =
{1,2,..., s} with transition probability matrix A = {r;;} given
by

A + 0 (A) if j#i

1
l+m;A+o(A) if j=i, @

Plrp=jlr=i= ‘[
where lim, _, go(A)/A = 0,7; > 0, j#i,and m;; = =} ; ., 70
for eachi € S.

Fix a probability space (Q, F, P) and consider the singular
stochastic system with Markovian switching as follows:

Edx(t)=[A(r,)x(t)+ Ay(r,) (x —d(tr,))]dt
+[C(r,)x (@) +D(r,)(x—d(t,r,))]dat) (2)
x(t)=¢(t), Vtel[-dt],

where x(t) € R” is the state vector, @(t) is a scalar Brownian
motion defined on a probability space. E € R™" may be
singular; we assume that rank E = r < n. A(r), Ay(r,),
C(r,), and D(r,) are real constant matrices of appropriate
dimensions.

For notational simplicity, in the sequel, for each possible
1, €i,i €S, a matrix M(r,) will be denoted by M;; for example,
A(r,) is denoted by A;, A4(r,) is denoted by A ;;, and so on.

The mode-dependent time-varying delay d,(t) is a time-
varying continuous function that satisfies

0<d;(t)<d,

ij

d{t)<u <1, VieS, (3

where d; and y; are constants; ¢(t) € [-d,0] is the initial
condition of continuous state with d = max{d;,i € S}.
The following preliminary assumption is made for system

(2).

Assumption 1. For singular stochastic hybrid system (2), the
following condition is satisfied:

rank (E) =rank [E C; D;], ie€S. (4)

The objective of this paper is to present a criterion for
mean-square exponential stability of system (2). It should
be pointed out that, for simplicity only, we do not consider
uncertainties and disturbance input in our models. The
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proposed method can also be easily extended to systems with
multiple and distributed delays.
The following definition and lemma will be used.

Definition 2 (see [22]). (1) System (2) is said to be regular and
impulse-free for any time delay d;(t) satistying (3), if the pairs
(E,A;)and (E, A;+ A 4;) are regular and impulse-free for each
i€S.

(2) System (2) is said to be mean-square exponentially
stable, if there exist scalars « > 0 and > 0 such that
Eflx(t)I} < ae P Ip(0)I2,. £ > 0.

(3) System (2) is said to be mean-square exponentially
admissible, if it is regular, impulse-free, and mean-square
exponentially stable.

Lemma 3 (see [23]). Suppose that a positive continuous
function f(t) satisfies

E{f®} <\E { sup f (t)} + e, (5)

t—d<s<t

wheree > 0,0 < A; <1,0< A <1, A, >0, anda > 0;
then

—&t
Ae

S e— 6
1- e (6)

E{fO}<eIf O+
Lemma 4 (see [24]). For any vectors x, y € R", scalary > 0,
and matrix P > 0 with appropriate dimension, the following
inequality is always satisfied:

_ 1
2xTy < yxTP x + —yTPy. 7)
Y

3. Stability of Singular Stochastic
Hybrid Systems

In this section, we study the mean-square exponential stabil-
ity of singular hybrid system (2).

Theorem 5. For any delays d,(t) satisfying (3), the singular
stochastic hybrid system (2) is mean-square exponentially
admissible for § > 0, if there exist symmetric matrices P; > 0,
Qi >0, U, >0,V >0,Q, >0 W, >0, andW >0
and matrices S, My, k = 1,2,...N, 1 = 0,1,...N + 1, with
appropriate dimensions such that for each i € S,

11)
[11)
[

Qi —il2 i13 éi14 i15
N
x =6YU, 0 0 0
@, = k=1 <0, (8)
* * -N; 0 0
* * * By AO
| * * * *  Hiss
S
Z”iijf <Q, k=1,2,...N, 9)
j=1
N
Zﬂi]-W]- <W, (10)
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where
T T T T T T
M, = [Mko My - Mk(N—l) Min Mk(N+1)] >
. N
N, =E'PE+8)V,,
k=1
N T
8= 6ZUkA 0 -+ 0 8YUAy|
k=1 k=1
g, :[NTC 0--0 NTD]T
—il3 i i i ~il
:114 - ~115 - [Ml Mz MN] > (11)
By = —diag (V},Vy,..., Vy),
;55 = —diag (U,,U,,...,Uy),
[Ei1 —~MyE + MysE =My E+ MyE -+ By —My, Eane) |
* i ~MyE+MyE -+ Epy —Mp Si2(N+2)
* * Ei33 o Ban My Si3(N+2)
Q=] ; ' '
* Evn My Binevez)
* ¥ S(NHD(N+1) S(N+1)(N+2)
L * * S(N+2)(N+2)
with EiNn(N+2) = ~E"My, N(N+1) +E" MN+1)(N+1)
Ens(ve2) = (1 Hi)

By = Al (RE+RS") +(E"P,+SR") A,
N
+Y m,E'PE
j=1

N
+Qu + W + SZQk +dW + M,,E + ETMITO,
k=1

Eian = ~Mn-1oE + MnoE,

T, T
Ein+2) (E P, + SR )Adi+E M, N1y

i = Qy —Q; - My E—E"M], + My E+ E'M],,
EiZN = —M(N_1)1E+MN1E,

EnN+2) -E" Ml(N+1 +E" M2(N+1

B3 = Qy — Qy — MyyE— E'M, + My, E+ E'M,,,

Esn = ~Mn-1)2E + My, E,

- T T
Enny = Qui — Quv-1)i ~ Mn-nyw-nE - E M(N—l)(N—l)

Ty T
+MN(N_1)E+E MN<N_1),
- T, T T T
Einve2) = —E Mncynen) T E My

T AT
~ MynE - E"MYy,

—
=)
fa

N+1)(N+1) = ~Qni

(12)

and R € R™"™ is any matrix with full rank and satisfying

E'R=0.

Proof. We first show that the system (2) is regular and

impulse-free.
Since rank E = r < n, there exist nonsingular matrices G

and H such that

- I, 0
E:GEH:[O o]' (13)

Then, R can be parameterized as R = G [ 3 ], where ® €
R0 i any nonsingular matrix.

Define
A. =GA.H = [Aill Ailz] ,
! ' A A
P, P S 14)
G Tpg™ = [ ill i12] , HTS = [ 11].
' Py Py S

Premultiplying and postmultiplying E;;, < 0 by H” and
H, respectively, we have

A?22®82T1 + Szlq)TAizz <0 (15)

and thus A, is nonsingular. Otherwise, supposing A;,,
is singular, there must exist a nonzero vector { € R"”



which ensures that A;,,{ = 0. Then, we can conclude that
{"(AL, @S] +8,,®"A,,,){ = 0, and this contradicts (15). So
Ay, is nonsingular, and thus the pair (E, A,) is regular and
impulse-free for each i € S. Since det(sE—-A;) = det(sE— Zi),
we can easily see that the pair (E, A;) is regular and impulse-
free. On the other hand, premultiplying and postmultiplying

Q, <Oby[I I --- Iland[I I --- I]7, respectively, we
have

(A;+Ay) (PE+RS)

+(E"P,+SR") (A; + Ay) 16)

S

+ Y m;E'PE < 0.

=1
This implies that the pair (E, A; + A) is regular and
impulse-free for each i € S according to Theorem 10.1 of [25].
Then, by Definition 2, system (2) is regular and impulse part.
In the following, we will prove the mean-square exponen-
tial stability of system (2). Define a new process {(x,,7,),t >
0}, by x,(s) = x(t +5), —2d < s < 0; then {(x,,7,),t >
0} is a Markov process with initial state (¢(-),7,). Choose a

Lyapunov function candidate as follows:

V(xp70t) = X" (t) (ETP (r,) + SRT) Ex (t)
N t-(k-1)8 T p
D, @A)

+ r x" (@)W (r,) x () dax
t=d;(t)

08t J

j Lﬁ ST @ULf @ dedf
—(k-1)6 t

[ ] o @vg@daas
) t4p

—(k-1)8 t
J L s X! (@) Qix () dad

+JO Jt xT(oc)Wx(oc)docd[S,
-d Jt+f3

where § = t/N and N is the number of divisions of the
interval [-d, 0],

f@O=[A(r)x®)+A(r)(t-d; )],

(18)
gt)=[C(r)x®)+D(r,) (t-d;@®))].
By It6’s Lemma, we have
av (x,,1,,t) = LV (x,, 1, ) dt
(19)

+2x" (1) E"P(r,) Eg (t) da (),
where
LV (x,,ist)
<2x" (1) (E"P,+SR") f ()
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+x (b) [inijETPjE] x(t)

j=1
+g" () E"PEg ()

N
+ Y x (t = (k=1)8) Qux (t - (k- 1))

k=1

N
= Y x" (t - k&) Quix (£ — ko)

k=1
N t—(k-1)8 - s
+ Z J x" (&) (Z”iijj x (o) da
k=1 t—k& ]':1
+xT (1) Wix (t)

~ (1= ) x" (t-d; (1) Wix (t - d; (1))

5 t
' J';nij Jtdj(t) < (@ Wix (a) dex
N
+8) fTOUS @)
k=1

N t—(k-1)6 T
j (@ U f (@) da

t—kd

N
+8) 9" (1) Vg (1)
k=1

N

t—(k-1)6 T
Y[ @Vig@da
k=1"""

N
+0) x" (£) Qe (£)
k=1

N (Do
- Z Jt " x" (o) Qex () dx
k=17t

+dxT () Wx (t)

- Jt X! (o) Wx (@) dax.
t—d
(20)

From (19), for any appropriately dimensioned matrix M,
k=1,2,...N,wehave

N
2 MM,
k=1
X [Ex(t—(k— 1)6) — Ex (t — kS)

t—(k-1)8 t—(k-1)0
—J f(oc)doc—J- g(@da) | =0,
t—ké t—ké
(21)
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where

O =[x" ) x" -8 «T(t-20) -

From Lemma 4, we obtain

t=(e-1)0 T 1, ,T
e (t)MkJ L 9@de@ =T OMYIMIL®

t—(k-1)8 T t—(k-1)8
+(J g(oc)dd)(oc)) Vk(J g(oc)ch(oc)).
t-ké t-kd
(23)

Thus, it follows from (20)-(23) that

LV (x,,i,t)

<2x" () (E"P,+SR") £ (1)

x(t)+g" (t)E"PEg (t)

N
+x (b) I:erijETPjE

=

N
+ Y xl (= (k- 1)) Qux (t— (k-1)9)

k=1

[v]z

x' (t = k8) Qux (t - ko)

k=1

+xT (1) Wix (¢)

— (1 - ) x" (t—d; () Wix (t - d; (£))

N N
+8Y fTOUSL ) +8) 9" (Vg ()
k=1 k=1

N
+0) &' () Qex (1) +dx" () W (t)
k=1

N
+23° 07 () My [Ex (t — (k — 1)8) — Ex (t - k9)]
k=1

—(k-1)8

—22: (t)MkJ )

f(x)da

N
+ ) (O MV M (8)
k=1

(= (N=1)8) 7 (t - NO) " (t—dy(0)] . (22)

N

+8)° ¢ (1) MU M C (1)

k=1

(k-1)6 T
- j 7" (@) Vig (@) dat
t_

N (k-1)6
—thk ({70 My + f7 (@)U

< U [ET () M+ fT () U] dex

N t—(k—1)8
([

t—(k-1)8
XV, <L_k6 9@ da ((x))

N t-(k-1)8 s
+ Z J X! () <Zﬂ'iijj> x (o) da
t— j=1

T
() do ((x))

. r x (a) Wix (@) da
d

t—(k-1)8
X! (o) Qex () dx

- Jt xT () Wx () de.
t—d
(24)

Noting ;; > 0 for j#iand 7; < 0, then we have

X! (o) Wix (o) da

S t
- J
]Zi Yeeae

(25)

_J:dx (oc)< i r[,JWj>x(oc)d(x.

j=lLj#i

Note

N / ct-(k-1)8 T
{Z([ g(a)dca(oo)
k=1

t—(k-1)8
x Vi ( J_k g(a)do (oc)) ’» (26)

t—ké

Nocekens
:E{g{ Jt—ké g (@ Vig (oc)doc},



From (9)-(10) and (24)-(26), we have
ELV (x,it) <B{T (0 [ + Q] C 0}, (27)

where

N
T T T
Q= 6Zr1iUkr1i +I,E° BET,
k=1

N
+ 6Zr27;vkr2i (28)
k=1

N N
+ Y MV ' My + 8 MU My
k=1 k=1

with

[=[A; 00 - 0 Ay,
(29)

L,,=[C; 00 -0 Dj.

From (8) and using Schur complement lemma, it is easy
to see that there exists a scalar p > 0 such that for each i € S,

ELV (x,,i,t) < —pE|x (t)]*. (30)

Since Aj,, is nonsingular for each i € S, we set G =
I, Ay, AL,
[ T i12 . 22 ] G‘

0 AXTZZ

It is easy to see that

I 0

GEH:[0 0

ral _ Kill 0]
], GA,H_[Km e 31

where A;{; = A1~11—A,-12A17212Al»21 and A, = A;212Ai21. Define

= — A A
P,=PE+RS', GAyH-= [ id1 tdz] )
l l a Aid3 Aid4
GThH - [}}11 f:)nz] HIWH = [W“ W12]
i ] ] > i « Wl
i21 i22 22

-1 _ Cm Cﬂz
H CiH—[ 0 0 ],

[ ®]
((t)_[d(t)]_H x(t).

(32)

— —_T —~ ~
From E'P, = P; E, we can deduce that P,;; > 0and P;;, =
0 for eachi € S.
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Then, for each i € S, system (2) is equivalent to

A, () = [A 0 () + Ayl (t—di (1))
+AG (- d; (D) ] dt
+[Cinn8y () + Ciinl, (1)
+D;,¢, (t-d; (1)) (33)

+D;,0, (t = d; (1)) d (1),

_CZ (t) = A\iZICI (t) + Aid3(1 (t - di (t))

+A,,0 (- d; (1)),

(O =y@t)=H "¢,

To prove the mean-square exponential stability, we define
a new function as

t € [-d,,0].

V(xt, T't, t) = estV (xt’ rp t) 5 (34)

where ¢ > 0. By Dynkin’s formula [26], we get that for each
i€s,

E {V (x5 7y t)} <E {\7 (%9, 79> 0)}

+E {Jt e [sV (xp 7 t) — plix (s)||2] ds} )
0
(35)

By using the similar method of [27], it can be seen from
(17), (34), and (35) that, if ¢ is chosen small enough, a constant
x > 0 can be found such that

min {d i, (B ) E {16 O}
<E{x' (1) E'Pix (1)} (36)
<E{V (x, 7 1)} < ke ¢ ()]
Hence, for any t > 0
E{C@)} < ne ¢ Ol (37)
where 17 = (min; g{A 3, (Py,)}) k. Define

e(t) = Al () + AusCy (8- d; (1) (38)

Then, from (37), there exists a constant 1 > 0 such that
whent >0

E {le(®)I?} < me™|¢ (1) (39)
Define a function as follows:

J(O) =8 (OYWyly (1) = (¢ —d; () Wyl, (£ - d; (1))
(40)
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By premultiplying the second equation of (33) with
{3 (t)PL,, we get
G () PGy () + &5 (0) Py Aaaly (£~ ds (1)

+ (2 (t)Pzze t) =
Adding (41) to (40) yields that

J(t) =85 (6) (Bl + Py + Way) &, ()
+ 2(2 t)P, 122 Al (£ —d; (1))

0 (t—d; () Wyol, (t = d; (£)) + 20 (t) PLe ()

(41)

[ A0 ]T
G (t—d; (1)
[Pt Bl [ Q)

+ T1C2 )G (1) + 1, et 1P i22 2ze (t),
(42)

where 7, is any positive scalar. Premultiplying and postmul-
tiplying Q;; < 0 by diag(HT -+~ HP)and diag(H --- H),
respectively, we get a constant 7, > 0 such that

By, + Py + Wi P122A1d4] <— [Tzl 0] (43)

* -W,, 0 0]

Since 7, can be chosen arbitrarily, 7, is chosen small enough
such that 7, — 7; > 0. Then, we can always find a scalar 7; > 1
such that

Wy, — (1, - 1,) I 2 1, W, (44)
From (40), (42), and (43), we get
G (O Wyly (6) =8 (E—d; (1) Wyl (£ = d; (1))
50 OGO +18 0 1) (45)
Phe(t).
It is easy to see that the above inequality and (44) imply

50 () Wyly (1) < & (8) (W = (1, = 1,) ), (1)

1T, N5
+1, e (t) Py,

< {3 (t—d; () Wayl, (t—d; (1)) (46)
+7,1e" (1) PyyPhe ().
Then, from above inequality, we have
G O Wyl (1) <7578 (8= d; (0) Wil (£ - d; (1) o
+(131y) 'e” (t) PyyPhye (8).

Then, from (39) and (47), we deduce that

E{f()}<7,'E { sup f(s)}+‘r4e o (48)

t—d<s<t

where 0 < § < min{g, d711n1’3}, f@) = CzT(t)WZZCZ(t), and

Ty = (7371)71”" maxies”Wm"z”(/)(t)"(zj-
Therefore, by Lemma 3, the above inequality yields that

E[C, O < Amhw (Wap) ke W) 2, O]

/\_ (sz) 74‘3_& (49)

min
1-7;led 7

which means that the system (2) is mean-square exponen-

tially 10 stable. This completes the proof. O

Remark 6. In Theorem 5, a delay-dependent criterion for
the mean-square exponential admissibility of system (2) is
derived in terms of strict LMI, which can be easily solved
by standard software. In order to reduce conservatism, a
new Lyapunov-Krasovskii functional is constructed base
on the discretized Lyapunov functional method. The func-
tional in (17) allows to take different weighing matrices
on different subintervals, which will yield less conservative
delay-dependent stability criterion. The conservatism will
be reduced with N increasing and will be illustrated via
examples in the next section. The method can also be applied
to this class of systems with interval time-varying delays by
decomposing the lower bound of the time delay.

Remark 7. Specially, if there are no stochastic terms, the
system (2) becomes a singular Markovian jump system with
mode-dependent time-varying delay:

Ar)x®) +Ay(r) (x-d(tr,))
x(t)=¢(t), Vtel[-dt].

Based on the proof of Theorem 5, we have the following
corollary.

Ex(t) =
(50)

Corollary 8. For any delays d,(t) satisfying (3), the singular
Markovian jump system (50) is mean-square exponentially
admissible for § > 0, if there exist matrices P; > 0, Qi; > 0,
U >0,Qc >0, My, k=1,2,...N,1=0,1,...N+ 1L, W, > 0,
and W > 0 and matrix S with appropriate dimensions such
that for eachi € S,

Ql é1’12 ‘::;‘114
N
Q,=| * —6ZUk 0 [<0
k=1
* * Biss
s (51)
YmiQy<Qe k=12,...N
j=1
N
W, < W.
j=1

Remark 9. Corollary 8 provides a new exponential stabil-
ity criterion for continuous-time singular Markovian jump
systems with mode-dependent time delays, which has only
been studied by Balasubramiam et al. [28]. It should be



pointed out that, even in the case N = 1, our criterion
still has less conservatism than the results in [28], which
will be illustrated via a numerical example. The reduced
conservatism of Corollary 8 comes from the matrices Q;; and
W;, which are selected to be mode dependent in our paper.

4. Numerical Examples

Example 1. Consider the system (50) with two modes and the
parameters as follows:

[-1.5 -2.6 -1.8 2.7
Ay = | -2.6 —1.5]’ Ay = [—2.7 —1.8]’
[-1.2 0.7 -13 0.6
An = | 0.7 —1.2]’ Ad?‘[o.6 —1.3]’ 52)
(-5 5 10 0
o P T b R

For given y;, = 04, 4, = 06, and d;, = d, = d,
the comparison results of the maximum upper bounds d of
the time delay are given in Table 1. From Table 1, we can see
that our results still have less conservatism than the results
obtained in [28] even with the case N = 1.

Example 2. Consider the following singular stochastic hybrid
system with mode-dependent time-varying delay:

A= _0101 _0()09] ’ Ay = [_0009 —0100] ’
Aa=los oa)  Ae=|T08 o)

¢ = :0(.)5 8]’ C, - [0(.)3 8]’ (53)
o[ e[l

e BT 1R A

By Theorem 5, for given d; = 0.1 and y; = p, = p,
the maximum allowable upper bound of d, to guarantee the
system is mean-square exponentially stable for different y is
listed in Table 2.

From Table 2, we can see that the conservatism will be
reduced with N increasing.

5. Conclusions

In this paper, the problem of delay-dependent stability
problem for a class of singular hybrid systems with mode-
dependent time delay has been investigated. Based on the
discretized Lyapunov functional method, a criterion which
guarantees the systems is regular, impulse-free, and mean-
square exponentially stable has been derived in terms of strict
LMI. Two numerical examples have been given to show the
effectiveness of proposed method.
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TABLE 1: Maximum allowed delay bound d via different method.

Balasubramaniam  Corollary 8 Corollary 8  Corollary 8
et al. [28] N=1 N=2 N=3
1.2741 2.1841 2.3936 2.4285

TABLE 2: Maximum allowed d, via different .

H
0.3 0.6 0.9
Theorem 5, N =1 7.836 4.397 1.037
Theorem 5, N = 2 8.163 4.712 1.373
Theorem 5, N = 3 8.311 4.890 1.514
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