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The existence of three weak solutions for the following nonlocal fractional equation (-A)'u — Au = uf (x,u) in Q,u =0in R"\ Q,
is investigated, where s € (0, 1) is fixed, (—A)® is the fractional Laplace operator, A and p are real parameters, () is an open bounded
subset of R”, n > 2s, and the function f satisfies some regularity and natural growth conditions. The approach is based on a

three-critical-point theorem for differential functionals.

1. Introduction

In this work we investigate the existence of three weak solu-
tions to the nonlocal counterpart of perturbed semilinear
elliptic partial differential equations of the type

—Au—Au = puf (x,u) in Q,
@)
u=0 inR"\Q,
namely,
(-A)'u—Au = puf (x,u) in Q,

2)
u=0 inR"\Q,
where s € (0,1) is fixed, Q is a nonempty bounded open
subset of R"”, n > 2s, A and y are positive real parameters,
f: QxR — Risa function satistying suitable regularity
and growth conditions, and (—A)* is the fractional Laplace
operator defined as

= (=A)’u(x)

- P.V.J u(x+y)+u(x—y)—2u(x)d
R

|y|n+25 Vs (3)

x e R".

Fractional Laplace operators have been proved to be valu-
able tools in the modeling of many phenomena in various
fields, such as minimal surfaces, quasi-geostrophic flows,
conservation laws, optimization, multiple scattering, anoma-
lous diffusion, ultrarelativistic limits of quantum mechanics,
finance, phase transitions, stratified materials, crystal dislo-
cation, semipermeable membranes, flame propagation, soft
thin films, and materials science. Recently, there has been
significant development in fractional Laplace operators; for
examples, see [1-13] and the references therein.

Motivated and inspired by the papers [13-15], in this
paper, a variational approach is provided to investigate the
existence of three weak solutions to a perturbed nonlocal
fractional Laplacian equation (2), by using a three-critical-
point theorem obtained by Bonanno and Marano in [14].

2. Preliminaries

Lets € (0,1) such that2s < n, Q ¢ R". The classical fractional
Sobolev space H*(R") is defined by

H* (R") = {v 2 (rY); PO _(ntgsy)/)zl e I* (R" x R”)} ,
[~y
(4)

endowed with the norm (the so-called Gagliardo norm)
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2 1/2
v(x)—v
IVl @y = IVIl2@ny + (” %dx dy> :
RxR" |x — y|
5)
Let
X,={9 € H (R"):g=0ae in R"\ Q}. (6)

By [6] in the sequel we can take the function

2 1/2
v(x)—v
Xo3 v vllx, = (” %dxdy)
(R"XR")\O -9

|x
(7)

asnormon X, where 0 = (Q)x(€Q) c R"xR". Itis easily
seen that (X, || - [lx,) is a Hilbert space, with scalar product

_ () -u(y) (v(x) -v(y)
<U, V>X0 B J.[(R”XR")\@ |x — y|n+25

dxdy.
(8)

Since v € X, we have that the integral in (7) (and in the
related scalar product) can be extended to all R” x R".

By a weak solution u of (2) we mean a function u € X
such that

” (u (x) —u(y)) (¢ (x) - q)(y))dxdy

| uwewadx ©)
Q

= HI f(xu(x)e(x)dx
Q

forall g € X,,.

Denote by A, > 0 the first eigenvalue of the operator
(=A)® with homogeneous Dirichlet boundary data

(-A)’u=Au in Q,
(10)

u=0 inR"\Q.

For the existence and the basic properties of A; we may
refer to [7]. From [7, 16], we know that if A < A, then we can
take a norm on X, as follows:

2
v(x)—v
Wiy, = (” | ,gs)l dxdy
(R"XR")\O - )’l

|

12
—AJ |v(x)|2dx> .
Q

(11)

Moreover, we have

mlvilx, < Vllx,a < Mylvilx,» (12)
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where

(13)
M ma A -A 1
= max 1t
2 N
Remark 1. If 0 < A < A, then
1

Taking into account Lemma 8 in [6], we know that the
embedding j : X, — L"(R") is continuous for any v €
[1,2"], while it is compact whenever v € [1,2"). Thus, form
any v € [1,2") there exists a positive constant ¢, such that

-1
Vlo@n < 6 lvlix, < 6my IVx,a (15)

forany v € X,,.
Let R := sup, ., dist(x, 0Q); simple calculations show that

there is x, € Q such that B(x,, R) c Q.

Set
ua(x)
8 ifxEB(x0)§>a
= %S (R—|x—xo|) if x€B(xqR) \B<x0,§>,
0 if x € R"\ B(x,,R).

(16)

Lemma 2. Let §,R > 0,s € (0,1),0 < A < Ay, and let

uy be defined by (16). Then us € X,, and there exist C, =
C.(n,s,R) >0and C* = C*(n,s, R) such that

C.m26 < fuglly , <6, )

where my is as in (14).

Proof. By Proposition 3.4 in [5], we have

lull, = 20057 [ 11 @F e, a9

where

C(ns) = <JRH 1_|;|+i2(51)df> . (19)

Here { = ({,...,{,). From the trivial inequality [§|* < 1 +
€%, s € (0, 1], and (18), we obtain

lull, = 2005 [ (1+ [eF) s @O e
N (20)

=2C(n, S)fl||ua||izl(w)'
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Moreover, according to the definition of norm for H LR™), we
get

Il = [, 19 G

(28)°

= dx
JB(xO, R\B(x,,R/2) R?

2

5 meas (B (5 R) - meas (B, X))

48 A" . (R\"
TR T(1+n/2) (R _<E> )

AR (1-1/27)

I'(1+n/2)
(21
By [5], we have
1-
Cln,s)™" = J %(fl)d( —A(ms)D(s),
R gl (22)
where
A(n,s) = J _ n
>V el 2y (n+2s)/2 >
([l
(23)
1-cost
D(s)=| ———dt.
( ) JR |t|1+25
By polar coordinates, for any s € (0, 1), we obtain
+00 pn—Z
A(n,s)= w,_ J —d
( ) 2 0 (1 +P2)(n+25)/2 p
1 n—2
=w,_ ——d
n-2 [L (1 +P2)(n+25)/2 P
+00 n-2
_r
+,[1 (1 +p2)(n+25)/2dP:|
2\ (n-2)/2
tp ) (24)

[ d
< w,_ —_—
2| ), (1 +p2)(n+25)/2 P
+00 n—2
p
i L (p2)(n+25)/2dP]

1 d +00 d
<o [ 755 S ]
o l+p 1P

T
=W, Z +

1
>:=C1,
1+2s

where w,_, is the Lebesgue measure of the unit sphere in
R™'. Furthermore, we have

*0 1 — cost
D (S) =2 J;) tlet
1 +00
1-—cost 1-—cost
=2 Ho 42 dt + L (2 dt]
1 2/2 +00 1 (25)
t
<2 |:J;] tszsdl’+2J‘1 tszsdt]
1 2
= + - :=C,.
2(1-s) s

Thanks to (20)-(25), we conclude that

S8R 7"% (1 -1/2")

C,C,8* ) 26
T(1+n/2) G0 <00, (26)

2
lusll, <
which implies that us € X,,. By (12), (14), and (26), we obtain
Jusll,n < s, < €%, (27)

where

872 (1-1/2")
C'i= —————"2C,C,R". (28
T(1+n/2) 72 :

Hence, the conclusion of right-hand side of (17) holds.
On the other hand, we have

Jus I,

2
:JJ |u8(x)_u8(y)| dxdy
R"xR™

|x _ |n+25

2
_ ” de dy
B(x(,R)xB(x¢,R) |x =y |

|“5 () — us (}’)|2

+ 2” dxdy
Bl RIX®\Bop R |x — y["**

|“6 (x) — us (J’)|2

Ix _ y|n+23

dxdy

” B(x0,R/2)x(B(x,R)\B(x0,R/2))

' JJ(B(xO,R)\B(xO,R/Z))X(B(xo,R)\B(xo,R/Z))

% |“8 (x) — us (}’)|2

|n+25

dxdy
[ -

|us (x) - us ()]’

+ 2” dxdy
Bl RIX®\Bop R |x — y[™**



862
R

2
- x| - R/2
XJ (J [l = %ol 2/ | dx>dy
B(x0.R/2) \ JBGxoR\BGxR/D) | — |

45*
TR

) ” (B(x0-R)\B(x0,R/2))x(B(x,R)\B(x(,R/2))

||x—x0| - |J’— x0||2

X n+2s dx d)/
EESY
2
+2J (J 6 n+23dx> dy
B(xo,R/2) \ JRMBG,R) | —
862
R

2
— x,||-R
||y x0|| | dx) dy

|x _ y|n+25

“ J
(B(x0.R)\B(x0,R/2) < R"\B(x,,R)

862

RZ

2
- x| —R/2
“ J AL
B(x0,R/2) \ JB(x0,R)\B(x(,R/2) |x - y|

62
Blxo:R/2) \ JR\BGoR) [x — |

[\

(29)
For x € R" \ B(xy, R) and y € B(x,, R/2), we have
R 3
|x = y| < | = x| + |y = x| < |x—x0|+5 = 5|x—x0|.
(30)

Thus,

1
———dx |dy
JB(xO,R/Z) <IR”\B(xU,R) |x - y|"+25 )

2 n+2s 1
SE I (A
3 B(x:R/2) \ JR"\B(xo.R) |x — x|

1

2 n+2s W, R\" (o) pﬂ*
=(5) () an [, e
1%

2 n+2$w2 R\" 1 _ B
-(3) =(3) r-ow

(31)
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25-1 jant2 2 .
where C, := (2°7 /3" ns)w;,_,. Moreover, we obtain

2
- xo| - R/2
J <J Hx x0| ni{ l dx)dy
Blxo,R/2) \ B, RNBGoR/2)  |x — |
R n
:)

lx = x| - 2
o

1 Wy
* GRR™E n (

2

dx

JB(xO,R)\B(xO,R/Z)

2s
_ 2 Wy—1
- n3n+25R25

X[J <|x—x0|2—R|x—x0|+R—2)dx
B(x,R) 4

2
(]x—x0|2—R|x—x0|+ %)dx]

JB(xO,R/Z)

2s
27w, n+2

- n3n+25R25 " Cn—

[ nw—n+2 1 ]
x +
dnn+1)(n+2) 2"nm+1)(n+2)

=C Rn+2725
=Cy )
(32)

where

C . 225(031,1 n—n+2 . 1
YT (n+ 1) (n+2) 302 4 on+l

Substitute (31) and (32) into (29), we get

] . (33)

2
” —|”a () ~up (y)| dxdy >2(C, +4C,) R4
R*xR"

|n+25

[x -
(34)
From (34) and (12), we obtain
sl » = malusl, = C.m38% (35)
where
C, :=2(C, +4C,) R, (36)
Thus, the conclusion of left-hand side of (17) holds. O

In this paper our main tool is a three-critical-point
theorem of [14] which is recalled below.

Theorem 3 (see [14]). Let X be a reflexive real Banach space;
let ® : X — R be a coercive, continuously Giteaux differ-
entiable, and sequentially weakly lower semicontinuous func-
tional whose Gdteaux derivative admits a continuous inverse
on X*, and let ¥ : X — R be a continuously Gdteaux
differentiable functional whose Gateaux derivative is compact
such that

® (0) = ¥ (0) = 0. (37)
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Assume that there existr > 0 and x € X, with r < ®(x), such
that

(i) SUPg) Y ()1 < W(E) /D)
(ii) for each u € A, ::]CD(a_c)/\I’(I),r/supq)(x)gr\l’(x)[ the
functional ® — u¥ is coercive.

Then, for each p € A, the functional ® — uV¥ has at least three
distinct critical points in X.

3. Main Result

Let f: O xR — R be a Carathéodory function such that

(H1) thereexista,,a, > 0and g € (1,2;),2; := 2n/(n-2s),
such that

|f ()| < ay + a7, V(xv) e QxR. (38)

Theorem 4. Let function f satisfy condition (HI). Assume
that
(H2) F(x,v) := jov f(x,7)d7 > 0 for all (x,v) € QA x R";
(H3) there exist two positive constants b and p < 2 such that
F(x,v) <b(1+vF), (39)

for almost every x € Q and for every v € R;

(H4) let 0 < A < A, such that there exist two positive
constants y and 8, with 8 > 2/C, (y/m,) such that

inf, oF (x,8) b

F >yt (40)
where
b nzn—l/za1 CIC* . nz"ﬁ'(q—z)/zazcgc* "
! w,_myR" 2 qwn_lng" ’
and two positive constants C* and C,, are as in (28) and
(36), respectively. Then, for every u belonging to
2n—lc* 62
A= n

@, R" inf, o F (x,0)" @, R" by/y +b,y1™>
(42)

n2"c* 1 |:

problem (2) possesses at least three weak solutions in
X,.

Proof. Let us apply Theorem 3 with X, and

o W) = @) (u) —p¥ (u), ueX,, (43)

1 e -u), A 2
Dy (u) := J-J-R”X[R” |x _ylst dxdy 5 J;) |u (x)|"dx,

Y (u) == J F(x,u(x))dx.
: (44)

5
For each u, v € X, one has
' (1) (v) = ” (u(x) -u(y)) (: +(;c) -v(y)) dx dy
=]
—Aj () v (x) do,
Q
¥ () (v) = L f (6, u(x)) v (x)dx.

(45)

From the proof of Theorem 1 in [16], we obtain that @,
is coercive, continuously Gateaux differentiable, and sequen-
tially weakly lower semicontinuous functional. Moreover,
similar to the proof of proposition in [17], we get by (12) that

(@) ) - Dy () (- )

_ U [(@-V@-w-nO)] iy
R"xR"

|x _ y|n+25
(46)

-1 J (u(x) — v (x))*dx
Q

2 2 2
= lu vl ) = mlu— v,

for every u and v belonging to X,. This actually means that
(Df\ is a uniformly monotone operator in X,. In addition,
standard arguments ensure that @) also turns out to be coer-
cive and hemicontinuos in X,,. Therefore, CDf‘ admits that a
continuous inverse in X follows immediately by applying
Theorem 26. A. of [18]. Furthermore, the functional ¥ is well
defined, continuously Géteaux differentiable with compact
derivative and @, (0) = ¥(0) = 0.

By [16] we know that being u a weak solution of problem
(2) is equivalent to being a critical point of the functional
I - Since 0 <A < Ay, from Lemma 2, one has

1 1
O, (ug) = 5"”5“;,/\ > EC*mi(?Z. (47)

Bearing in mind that § > /2/C, (y/m,) (H4), it follows that
D, (ug) > yz. By (H2), we obtain

W (u5) = I F (%, us (x)) dx > I F(x,8) dx
Q B(xq,R/2)
(48)
> infF (x, ) - %<B> .
x€Q n 2
By Lemma 2, we have
= Yl < Leve? 49
D) (us) = Eliusuxo,a < EC : (49)
So, by (48) and (49), one has
W (ug) . w, R" inf, oF (x,8)‘ (50)

(D/\ (u(;) - n2""1C* 62



Thanks to (H1), one has
F(x,u) <a |u|l + &|u|q, (x,u) € QA xR. (51)
q

Thus, by (15) and (51), forevery u € X, : @, (u) < r, we obtain

a
¥ (u) = jﬂ FGou @) dx < il + il

2d/2.4 (52)
< \/zalcl N Gh pal2
my qmi
Therefore
2d/2.4
P c
sup ¥ (u) < Vg N qq 2. (53)
ued;'(J-co,r]) my qm,,
Denote the function
SUP,cp-1(1—co ) T (1)
x(r) = 4edy (eor) , r>0. (54)
r
By (53), we have
2d/2:4
x () < Vaay 2y qa2 a1 5. (55)
my qm,
Owing to (50), (55), and (H4), we have
a/2 q
) s e T e el (B )
m,y qm, n2"C* \y
wn—an infxEQF (X, 8) \P(MS)
n2"-1C* 62 T @, (ug)
(56)
Hence, the assumption (i) of Theorem 3 is satisfied.
Furthermore, if p < 2, for each u € X, [ul? € L*?(Q),
Holder’s inequality and (15) give
[l <l g, meas (@)1
Q &
Cép P @-p)/2
< —p||u||X0)/1 meas (Q) ,  VueX,.
A
(57)
Due to (H3) and (57), we deduce that
1 bc?
T @) 2 Sl )~ 2 meas(@) P ul,
2 0> m
A (58)
—ub-meas(Q), VYueX,.

Hence, 7 Mi(”) is a coercive functional for every positive
parameter g, in particular, for each y € A c]®, (ug)/¥(us),
yz/sup%(u)syz‘l’(u)[. So also condition (ii) holds. So all the
assumptions of Theorem 3 are satisfied. Thus, for each 0 <
A < A, there exists ¢ > 0, depending on A, such that, for
any p € A, the functional 7 /\,;4(”‘) has at least three distinct
critical points that are weak solutions to problem (2). O
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Remark 5. Similar to Example 3.1 in [15], we can give a
concrete example of function satisfying hypotheses (H1)-
(H4). Setg € (2,2]),s € (0,1),and 0 < p < 2 and let

h .= max{l’i\/ci)(Al +A2)1/(q—2)q1/(q2)} . (59)

m A %
where

- « (q-2)/2 9+
n2"2¢ C n2" ¢C
Ay=——20,  Ay=———— . (60)
W, MR qu,_;miR

From (H4) we know thatb, = g;A, and b, = a,A,. Letrbea
positive constant such that » > h and consider the following
continuous and positive function f: QxR — R:

1+ ]!
f(x> V) = _

ifv<r,
(61)

1+rTPyPt ify > r,

Obviously, f(x,v) <1+ [v|77! for each (x,v) € Q x R, and
(H1) holds. Furthermore, for every 5 € R, we have

F(x,n) < <r + ;) (1 + [P ) (62)

Thus the conditions (H2) and (H3) are satisfied. Moreover,
r>h=>(1/my)42/C, and

"foat)de a2
IOf%:r—+l>Al+A2, (63)
q r

which implies that (H4) holds.

r
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