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We study existence of solutions for the fractional Laplacian equation (—A)*u + V(x)u = |u|2*(s)72u + f(x,u) in RN, u € HY(RY),
with critical exponent 2%(s) = 2N/(N - 2s), N > 2s, s € (0,1), where V(x) > 0 has a potential well and f : RVNxR - Risa

lower order perturbation of the critical power lul? (-2

solutions for the equation.

1. Introduction

In the last 20 years, the classical nonlinear Schrodinger
equation has been extensively studied by many authors [1-
10] and the references therein. We just mention some earlier
work about it. Brézis and Nirenberg [1] proved that the critical
problem with small linear perturbations can provide positive
solutions. In [3], Rabinowitz proved the existence of standing
wave solutions of nonlinear Schrédinger equations. Making a
standing wave ansatz reduces the problem to that of studying
a class of semilinear elliptic equations. Floer and Weinstein
[10] proved that Schrodinger equation with potential V and
cubic nonlinearity has standing wave solutions concentrated
near each nondegenerate critical point of V.

However, a great attention has been focused on the study
of problems involving the fractional Laplacian recently. This
type of operator seems to have a prevalent role in physical
situations such as combustion and dislocations in mechanical
systems or in crystals. In addition, these operators arise in
modelling diffusion and transport in a highly heterogeneous
medium. This type of problems has been studied by many
authors [11-18] and the references therein.

Servadei and Valdinoci [11-14] studied the problem

Lyu+ Au+ |u|2*(5)72u +f(xu)=0 inQ,
€]
u=0 inRY \ Q,

u. By employing the variational method, we prove the existence of nontrivial

where s € (0, 1), Q is an open bounded set of RN, N > 2s,
with Lipschitz boundary, A > 0 is a real parameter, and
2%(s) = 2N/(N - 2s) is a fractional critical Sobolev exponent.
L is defined as follows:

Lyu(x) = %JRN (u(x+y)+u(x-y)-u(x)) K (y)dxdy,

x € RN,

Here K : RN\ {0} — (0, +00) is a function such that

mK € L' ([R{N) ,  where m (x) = min {lxlz, 1}; (3)

there exists @ > 0 such that K(x) > Glxl_(N+25) and K(x) =
K(-x) for any x € RN\ {o}. They proved that problem (1)
admits a nontrivial solution for any A > 0. They also studied
the case f(x,u) = 0 and K(x) = lef(N *29), respectively.
Felmer et al. [15] studied the following nonlinear
Schrodinger equation with fractional Laplacian:
(AN *u+u=f(xu) inRY,
(4)

u>0 in IRN, lim u(x) =0,

|x| = co

where 0 < « < I, N > 2,and f : RYxR — Ris
superlinear and has subcritical growth with respect to u. The
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fractional Laplacian can be characterized as p((-A)*$)({) =

I |2 F(¢)(0), where f is the Fourier transform. They gave the

proof of existence of positive solutions and further analyzed

regularity, decay, and symmetry properties of these solutions.
In this paper, we consider the following problem:

(A u+V () u=u 9 %u+ f(xu) inRY,
(5)
ueH (RN) ,

with critical exponent 2*(s) = 2N/(N - 2s), N > 2s,s €
(0,1), where V(x) > 0 has a potential well, where (—~A)* is the
fractional Laplace operator, which may be defined as

u(x+y)+u(x-y)-2u(x)
N+2s dy
b

>

GOLCEEI R

x € RY.

H*(RY) is the usual fractional Sobolev space.

f:RYN xR — Risalower order perturbation of the

critical power [ul* %1, Now we give our main assumptions.

In order to find weak solutions of (5), we will assume the
following general hypotheses:

(V0) V(x) is a continuous nonnegative function on RN and
satisfying

LY () = +oos 0)
(f0) f: RN xR — R isa Carathéodory function;
(f1) lim, _, ,(f(x,t)/t) = 0 uniformly in x € RY;

(f2) there exist a;, a, > 0and q € (2,2%(s)), 2%(s) =
2N/(N - 2s), such that

|f (e, t)| < ay + |t ae xeRY, teR;  (8)

(f3) sup {l f(x,t)| : ae. x € RY,|t] < M} < +co for any
M > 0;

(f4) there exists y > 2 such that, forallt > 0 and a.e. x €
RY,

0 < uF (x,t) < tf (x,1), )

where F(x,t) = Iot f(x,7)dT.
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The aim of this paper is to find solutions for (5) by
variational methods. For this, we give the weak formulation
of (5) by the following problem:

J e -u() e -¢ k) dy

|X _ y|N+2$

+J V() u(x) ¢ (x) dx

RN

_ 2% (s)-2

= JRN lu (x)] u(x) g (x)dx (10)

+ J f(xu(x)e(x)dx, VeeH’ (IRN),
RN

ueHS(IRN).

This problem represents the Euler-Lagrange equation of the
function I : HS(RY) — R defined as

1 |t -u)f
I(w) = E JRZN |x _ y|N+25

+ % JRN V (%) [u (x)|*dx

dxdy

(1)

_ 2"(s)
5 ) e Vax

- J F (x,u(x))dx,
RN

where F is defined as in (f4). Critical points of I are weak
solutions of (5). We will prove the existence of the critical
points of the functional I.

It is convenient to define

S.:= inf S R

s oo} s (W) (12)
S .= inf S . (u),
7,8 ueHj(RN)\{O} r,s( ) (13)

where E will be defined in Section 2 and for any u € E \ {0}
S (u)
3 Jeon () =u(p) |-y
. 2°(5)
(fon I ()P Wdx

N+2

S) dxdy+ IRNV(x) [u(x)[*dx
)2/2*(s)

(14)

and H:(IRN ) will be defined in Section 2 and for any u €
H(RM) \ {0}

S, (u)
i Joon (Ju ) = ()] /] = ]
(Jo lu (o)1 P

N+25)

dxdy+IRN lu (x)|?dx
)2/2* (S) :

(15)

Now, we give our results as follows.
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Theorem 1. Let N > 2s, s € (0,1), V(x), and f satisfy (V0)
and (f0)-(f4), respectively. Then, (5) possesses at least one
nontrivial solution.

We prove Theorem 1 applying the mountain pass theorem
to the functional I. Although the Palais-Smale sequences
might lose compactness in the whole space RY, we cannot
apply the mountain pass theorem directly. In [15], they used
a comparison argument to over this difficulty. But we will
use allow it to us to over this problem related to the lack
of compactness and to show that the Palais-Smale condition
holds true in a suitable range related to S,.

Theorem 2. Let N > 2s, s € (0,1), V(x) = 1, and f satisfy
(f0)-(f4). Then, (5) possesses at least one nontrivial radial
symmetric solution.

For the case V(x) = 1, the proof of the existence of
solutions is similar to the proof of Theorem1. To prove
symmetry of solutions, we consider the subspace H*(R") of
HS(RM). H:(IRN ) consists of radial symmetric functions of
HY(RY).

This paper is organized as follows. In Section 2, we give
some preliminary results. In Section 3, we prove the geometry
and Palais-Smale condition of the functional I and finish
the proof of Theorem 1. In Section 4, we finish the proof of
Theorem 2.

2. Preliminary Results

We consider the fractional Sobolev space

2
H (IRN) _ ‘[H c L2 (RN) | J |u(x)_—u(y)|dxd)/
R2N

Ix _ y|N+28

+J lu (x)|*dx < +oo} ,
RN

(16)

equipped with norm

u) —u(y)’ 2\
el = J N —dxdy + J [u(x)"dx | .
R2N |x _ yl RN

17)

We denote a subspace of the fractional Sobolev space H*(R™Y)
by E. This subspace E is defined as the completion of C*°(R™)
with respect to the norm

([ lreo-uO)l 2\
el = jRZNdedeRwa) ju(o)ldx)

(18)

Obviously, (E, || - lg) is a Hilbert space, with scalar prod-
uct

(u(x)-u(y)) (p(x) -9 (y))

|N+2$

dxdy
(19)

(o) = |

R2N |x_y

+ J V(x)u(x)e(x)dx
RN

and E is continuously embedded in H S(RM).

On the other hand, we also consider the subspace H; (RM)
of H*(RM). Hj([RN ) consists of radial symmetric functions of
H*(R") and has the same norm with H*(R"), and its norm
is denoted by [lu]| e H:([RN ) is continuously embedded in
H(RN).

The following two lemmas about the fractional Sobolev
space H*(RYN) are proved in [15].

Lemma3. Let2 < g < 2%(s) = 2N/(N — 2s); then one has
leallamny < Cllully  Vu € H* (RY). (20)

Consequently, the embedding E  — L*ORY) and
H:(RN) — L2 ORN) are continuous. If further 2 < q <
2%(s) and Q ¢ RY is a bounded domain, then the bound

sequence {u,} ¢ H*(RN) has a convergent subsequence in
L(Q).

Thanks to Lemma 3, we can define the constants S, and
S,sand getthat S, > 0and S, ; > 0.

Lemma4. Let N > 2. Assume that {u;} is bounded in H(RY)
and it satisfies

lim sup J |14 (x)|2dx =0, (1)
B (&)

k—»ooEGRN

where R > 0. Then u,, — 0in Lq(RN)forZ <q<2%(s).

Lemma 5. (a) If (V0) holds true, then the embedding E —
L'(RN) is compact for any v € [2,27(s)).

(b) The embedding H:(IRN) — LIRN) is compact for any
q € (2,27(9)).

Proof. (a) We give the proof as in [19].

Case v = 2. We will show that u, — 0 strongly in L*(RY),
whenever u,, — 0weakly in E. Indeed, let C > 0 be such that
lul; < C. Given & > 0, pick R > 0 such that V(x) > 2C*/e
for all |x| > R and denote by By the ball of radius R in R™.
Then we have that 4, — 0 weakly in H*(Bg). The compact
embedding H¥(Bg) < L*(By) implies that for some natural
number 7,

JB |u, (x)|2dx <=, Vn>n, (22)

£
2



On the other hand, by our choice of R > 0, we have

2 2
- JRN\BR |un (x)| dx

1 1 (23)
2 2
o IRN\BRW ity () dx < 5 < 1.

Combining (22) and (23), we obtain that "un"iz(RN) < g for
all n > ny.

Case 2 < v < 2%(s). Using Lemma 3, together with the
interpolation inequality (where 1/v = (¢/2)+((1-0)/2"(s))),

1_
"u”U(RN) < ”u"ZZ(RN)"u”LzE(s)(RN)a
vue L’ (RY) n 1”@ (RY)

and by the fact that the embedding E < L*(R") is compact,
we can obtain that the embedding E — L’(RY) is also
compact.

(b) We give the proof as in Corollary 4.7.2 of [20].

For all x € RY, for all R > 0, let m(x, R) be the largest
number of disjoint balls with radius R and the centers lie on
the same sphere with radius |x| centered at 0. It is easily seen
that m(x,R) — oo as |x| — ©00. By definition, for all u €
L*(RN) and forallr > 0,

(24)

JB ( julPdx < mx, 1)l (25)
X

s

If{uj} isabounded sequence in Hi(IRN), foralle > 0,3R > 0,
we have

sup “B( )’Uj (x)|2dx [ |x] = R} <e. (26)

xeRN

We may assume that u; — 0 weakly in H(RY); then,
by Lemma 3, after a subsequence JB Iunjlzdx — 0, it
R

follows that

sup { J
xeRN B, (x)

By (26), (27), and Lemma 4, we have

+(0)

, (x)|2dx | x| < R]» —0.  (27)

. q N
U, — 0 inL (RY) (28)
for g € (2,27(s)). O

In [11, Lemma 6], Servadei and Valdinoci proved the
following result.

Lemma 6. Assume that f satisfies (f0)-(f4). Then, for any
e > 0, there exists 8 = 8(¢) such that a.e. x € RY, and for any
teRN

|f (1) < 2et] + g8 (e) £, (29)
and S0, ds d consequence,
IF (x, )] < elt]” + 6 (e) |t]%, (30)
where F is defined as in (f4) and q € (2,27 (s)).
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In [17, Lemma 4], Servadei and Valdinoci proved the
following result.

Lemma7. Assume that f satisfies (f0)-(f4). Then, there exist
two positive measurable functions m = m(x) and M = M(x)
such that a.e. x € R, and for any t € R,

F(x,t) >m(x)|t]" = M (x), (31)

where F is defined as in (f4),2 < p < 2%(s), and m, M €
LP(RY).

3. The Proof of Theorem 1

In this section we study the mountain pass geometry and
Palais-Smale condition in a suitable energy range and finish
the proof of Theorem 1. We consider the functional

IJ |M(x)—u(y)|2
2 Jr2N

T(w)=- o -dxdy + lj V (%) lu (x)|*dx
|x -] v

2Jr

1 2°() 7 _
) JRN lu (x)]” Ydx JRN F (x,u (x))dx,
(32)

where F is defined as in ( f4).
Then I € C'(E, R) and critical points of I are solutions of

(A u+V (@) u=lu? O2u+ f(xu),
(33)
ueH (RN )

The Fréchet derivative of I is

() [, “O=EN @000,

Ix _ le+25

+ J V(x)u(x)e(x)dx
RN

- j ()2 920 (x) ¢ (x) dx
[RN

[ fmue@ar vpeE.
en

Proposition 8. Let N > 2s, s € (0,1), V(x), and f satisfy
(V0) and (f0)-(f4), respectively. Then, there exist p > 0 and
B > 0 such that for any u € E with |ulz = p it results that
I(u) = B.
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Proof. Let u be a function in E. By Lemma 3 and (30), we get
that, for any € > 0,

)-u(y)

|u (x
N+2s
b

1
I(u) > —J
2 Jr2N |x_

o J |u(x)|2*“>dx—sj u (x)Pdx
2% (s) JrN RN

dxdy + lj V (%) |u (x)[*dx
2 Jpy

)
€) JRN lu (x)|%dx

| S 2 2%(s)
= EHMHE - 8||M||L2(RN) - ( )” “Lz 6 (RN
- ( )"u"Lq(RN)
1
> )2 - eClul2 - ———Clluly ) = & (e) Cslul.
2 2 ()
(35)

Choosing € > 0 such that (1/2) —eC, > 0, by (35), it easily
follows that

1) 2 Cyllully (1= Csllully @7 = CellulE), (36)

for suitable positive constants C,, Cs, and Cg.
Now, let u € E be such that |lul|z; = p > 0. Since 2%(s) >
q > 2, we can choose p sufficiently small, so that

inf  I(u)>C,p* (1 —Cyp? D2 _CypT 2) = f>0.
weE Jullg=p
(37)

Hence, Proposition 8 is proved. 0
Proposition 9. There exists u, € E \ {0} with u, > 0 a.e. in

RY, such that

sup I (tu,) <3 SN/, (38)

t>0

Proof. By definition of S, we have that there exists u, € E\{0}
such that

2
—”u‘)"E <S +¢ (39)
“L‘OHLZ*“)(RN)

for any & > 0. We have 1, > 0 a.e. in RN, or else we can take
lug| € E. Indeed, by triangle inequality, a.e. x, y € R,

[[stg (O] = |ttg (D] < g (%) =g ()] (40)
and so
Hosol 1 < (41)
Thus,
2
llly s ., -

”“0 "L2* ©(RN)

It follows that there exists t, > 0 such that

max [ (tug)

2"(s)
ma (Sl - 2ol

- J F (x,tuy (x)) dx)
RN

Y 2o
= Sl - 35 ||uou;*zw) - [ Pty () dx

(
< 1’1;1;})X< ”l/lO"E 2% ( )" 0||iz ?s) RN))

- J F (x, tguy (x)) dx
RN

N/2s

2
U,
o e T I ELCEISILS

N o (RY)

< (8, + o)V - j F (x,touy (x)) dx,
N RN

(43)

thanks to (39). Since .[RN F(x,tyuy(x))dx > 0, so we can
choose € > 0 such that

supl (tu,) < iSﬁ\]/zs. (44)
t>0
Hence, Proposition 9 is proved. O

Proposition 10. Let N > 2s, s € (0,1), V(x), and f satisfy
(V0) and (f0)-(f4), respectively. Then, there exists e € E such
thate > 0 a.e. in RY, lellz > p, and I(e) < B, where p and 3
are given in Proposition 8.

In particular, we can construct e as follows:
e = tyu, (45)
with u; as in (38) and £, > 0 large enough.

Proof. We fix u € E such that [u]| # 0. By (31), we get

1o [#@-uO)
I(tu)szt JRZN P

+ %tz JRN V (x) |u (x)*dx

1 fwj 2" (s)
- —t u(x dx
e RNI €3]

dxdy

—tt J m (x) [u (x)|¥ = M (x) dx
RN

=t Ol g,
2(s)

+C,,

1o 2
= St lully -
_t C "u”U‘(RN)
(46)
where C;, C, > 0 are constant. Since 2*(s) > 2 and u > 2,
passing to the limit as t — +o00, we get that I(fu) — —oo,



so that the assertion follows taking e = tu, with ¢ sufficiently

large.
In particular, we can take u = u, € E, then e = t,u, with
t, large enough. O

We easily see that I(0) =
Proposition 8. Now, set

0 < p, with f given in

c=inf sup I(u),
TGFMET([O 1) (47)

where
I'={T eC([0,1];E):T(0)=0,T(1) =e}, (48)

with e = t,u, in Proposition 9.
In [11, the proof of Theorem 1], Servadei and Valdinoci
proved the following result.

Proposition 11. The constant c is given in (47) such that

SN/ZS

N
S<_ > 4
Bsc< s (49)

where [3 is given in Proposition 8 and S, is defined in formula
(12).

By [6, Theorem 2.2], we have a sequence u jinE such that
I(u;) —ec (50)

sup {[(' ()

as j — +oo.

,g0>|:(p€E,||go||E=1}—>0 (51)

Proposition 12. There exists u,, € E such that, up to a
subsequence, IIuj - uOOIIE — 0asj — +oo.

Proof. We proceed by steps.
Step 1. The sequence u; is bounded in E.

Proof. For any j € N by (50) and (51) it easily follows that
there exists C; > 0 such that

)<y

(rerpr)

As a consequence of (52), we have

Lo
1) = (1 () w) s (e fw]) - 63

By (f2) and (f4), we have u < 2*(s) and

|
I(u;) - u (1" () ;)
(11 'u,- (x) - )’)'
= (2 M><JR2N |x_y|N+25
+ JRNV(x) 'uj (x)|2dx>

(52)
<C,.
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* <i - 2*1(s)> Jo s ™

- JRN F (x, u; (x)) dx

i i JRN f (o u; () u; (<) dx
2(5- 5 )bl (-

We obtain that u;is bounded in Eby 2 < u < 2%(s), (53), and
(54).

7 )l
(54)

Step 2. Problem (10) admits a solution u, € E.

Proof. By Step 1 and since E is a reflexive space, up to a

subsequence, still denoted by u; j there exists u,, € E such
thatu; — u,, weakly in E; that is,
u; (x)—u; (x) -
JZN ( J ](y))g\(izs ¢(y))dxdy
. [x =]
+J V(x)u;(x) ¢ (x) dx
: (55)
I JONC R TR
N+2s xay
R2N |x _ |

+ J V(x)ug, (x) @ (x)dx
RN

asj — +00.By2 < p < 27(s), (53), and (54), we have that u;

isbounded in L>'© (RM). Since '
up to a subsequence,

(RN) is a reflexive space,

weakly in L (RV) (56)

Uj — Ug,

as j — +00, while by Lemma 5(a), up to a subsequence,

U — Uy, in L (RN) , (57)

ae in RY (58)

Uj — Ug,

as j — +oo, for any v € [2,2%(s)). By (56) and since

;1> ©u; is bounded in L* /" OD(RY), we have

|u '2 (s)— 2 |Hoo| g, weakly in LZ*(S)/(Z*(S)*U(RN)
(59)

as j — +00. By the proof of Lemma 6 [11, Lemma 6], we get

JRN f(x,u(x))dx
(60)
lu ()7 dx.

< ZSJ | (x)| dx + g6 (¢) J
B, RN\B,
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Moreover, we have, by taking € = 1,
J f(xu(x)dx <C, +C, j lu ()| dx.  (61)
RN RN\B,
By (61), u; being bounded in E, and Lemma 5(a), we obtain
f (-,uj (-)) is bounded in L@ (IRN). (62)

Since L7V (RN) is a reflexive space, we get

F(51;0))— fo g () weakly in L7V (RY)
(63)

as j — +o0o0. Itis easily seen that
JRN f (x, u; (x)) ¢ (x)dx — JRN (% ug (%)) @ (x)dx

Vo € L7(RY)
(64)

as j — +ooand so, in particular,

JRN f (x, u; (x)) ¢ (x)dx — JRN (% ug (%)) @ (x)dx

Yo € E
(65)
as j — +oo0. Since (51) holds true, for any ¢ € E,
0 —(I'(w;).9)
J (”j (x)_“j ()’))(Q"(x)—?’()/))d
- N+2s xdy
e =]
+| V@ e @ (66)
RN

e e dx

_ JRN f (x, u; (x)) @ (x)dx.

Passing to the limit in this expression as j — +o00 and
taking into account (55), (57), (59), and (65), we get

I (o () ~ 1100 (¥)) (9 () — 9 () dy

+ J NV(x)uOO (%) ¢ (x)dx
N (67)

= [ oo GOF P () ()

- JRN f (% ug (%) e (x)dx =0

for any ¢ € E; that is, u, is a solution of problem (10).

Step 3. The following equality holds true:
S 2%(s)
I = — d
(o) = 7 JRN oo ()| Pddx

+ 1 J f (% ug (X)) tgy (x) dx (68)
2 JrN

- J F(x,uq, (x)) dx > 0.
RN

Proof. By Step 2, taking ¢ = u,, € E as a test function in (10),
we have

I ltto () — 11 ()|
RZN

|x _ y|N+ZS

_ J g, GO Vi + J (%t (1)) 1, (x) dx
RN RN
(69)

dxdy + J V (x) |u00 (x)|2dx

RN

so that

I(u,) = SJ

RN [t (x)|2*(5)dx

z|

3 e @ @dx 00
RN

N =

- J F(x,uq, (x))dx > 0.
RN

The last inequality follows from assumption ( f4).

Now, we conclude the proof of Proposition 12.

We write v; := u; — u,; then, v, — 0 weakly in E.
Moreover, since (58) holds true, by the Brézis-Lieb Lemma,
we get

J [y ) 0, )
RZN

|X _y|N+2$ dXdy

+ JRN V (x) 'uj (x)|2dx

g [y v O 0
RZN

|X _ |N+2$

+ JRN V (x) 'vj (x)|2dx

2
RZN

|x _ y|N+25

+ j V (%) oo () dx + 0 (1),
RN

2*(s) 2%(s)
JRN 'uj (x)| dx = JRN 'vj (x)| dx
+J oo O Ve +0.(1).
RN

(71)



N+2s

u; () ~u; (y)
c— I(uj) = % J-sz %dxdy

+ % JR V (x) .u. (x)|2dx

Ty (s) J iy
- JRNF(x, u; (x)) dx

_ lj [y - v, O
a 2 JpoN

N+2s
y

dxdy

| -

+ 1 JRN V (x) 'vj (x)'zdx

[\S]

l\)lr—t

R2N Ix _ S
J V (x) |u00 (x)|2dx
RN

2* (S) J ' J( )'2 (S)

. Jhmuwww
s) Jry

NI»—A

\S]

- F (x,uq, (x))dx + (1)
RN

v, ) - v, )

1
=1 + - —————dxd
(the0) 2 J-RZN I — y|N+25 xay

1
+ 3 JRN V (x) .vj (x)'zdx

- 2*1(5) JRN 'vj (x)'z*(S)dx +o(1),
u; (x) (y )2
(' () ) = | L——WELM@

R2N |

+ JRN V (x) |uj (x)|2dx

- u; (x) 2*(S)dx
@)

- JRNf(x,uj (%)) u; (x) dx
N I, (x)_vzifzys)'zdxdy
B -y

+ JRN V (x) |vj (x)|2dx

(72)
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oo (x) = e, ()]
+ _[Rm N+2$ dxdy

+JRNV(x)|u (x)| dx - JR |vj(x)|* dx

el
z

- JRN F (% gy () thgg () dx + o (1)

v ) —v; )

N+2s
-

= <I (to) > uoo> J dxdy

R2N |

o[ vyl

- JRN |Vj (x)'z*(S)dx +o(1).
(73)

By (I'(uoo), U.) =0and (I'(uj), uj) — 0, we get

j v (%) —v; (J’)|2
RZN

N+2s
y|

dxdy + J V (x) |v. (x)|2dx — b,
= w0

JRN |vj (x)|2*($)dx — b.

(74)

By the definition of S;, we have

(75)

[l = sl

LZ (s)(RN)
and so b > S,b**© Eitherb = 0 or b > SN2 1f b = 0, the
proof is complete. Assuming that b > Sﬁ\] /25 we obtain, from

(49), (68), and (72),

1 1
R T T
S

which is a contradiction. Thus b = 0 and

"u —0 (77)

i uOO"E

as j — +o00. This ends the proof of Proposition 12. O

We have finished the proof of Theorem 1 by Propositions
8,10, and 12 and the mountain pass theorem.

4. The Proof of Theorem 2

In this section we consider the case V(x) = 1, study the
mountain pass geometry and Palais-Smale condition in a
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suitable energy range, and finish the proof of Theorem 2. We
consider the functional
1 u(x)—u( ’
L= Ju) —u ()l
RZN

1 2
dxdy + - d
2 y|N+25 X y+ 2 JRN Iu (X)I X

| -

F (x,u(x)) dx,
(78)

P - |

RN

@l
2% (s) Jr
where F is defined as in (f4). Then I, € C'(E, R) and critical
points of I, are solutions of

(A u+u=u 9%+ f(xu), ueH (RN).
(79)

The Fréchet derivative of I is

(I w)g) = J . M@ -u(N@®-e0), 4

|X _ y|N+2$
+ J u(x) ¢ (x)dx
RN
—j|ﬂ@ﬁ*%uwuwx
RN

- JRN f(xu(x) e (x)dx
(80)

forany ¢ € H:(IRN).
Similar to the proof of Theorem 1, we have the following
conclusions.

Proposition 13. Let N > 2s, s € (0,1), and f satisfy (f0)-
(f4). Then, there exist p > 0 and > 0 such that for any
ue H:(RN) with IIuIIH: = p it results that I, (u) > f3.

Proposition 14. There exists u, € H, (RM)\ {0} with u, =0
a.e. in RY, such that

N/2s

s
supl, (tuy) < NSM : (81)

20
Proposition 15. Let N > 2s, s € (0,1), and f satisfy (f0)-
(f4). Then, there exists e € H(RN) such that e > 0 a.e. in
RY, lells > p, and I,(e) < fB, where p and [3 are given in
Proposition 13.

In particular, we can construct e as follows:
e =ty (82)
with u, as in (81) and ¢, > 0 large enough.

We easily see that I;,(0) = 0 < f, with 8 given in
Proposition 13. Now, set

c=inf sup I, (u),
TeruGT([O,l]) 1 (83)

9
where
I={TecC([0,1];H (RY)):T(0)=0,T (1) =¢},
(84)
with e = t,u, in Proposition 13.
Proposition 16. The constant c is given in (83) such that
S oN/2
B<c< NS”S 5 (85)

where 3 is given in Proposition 13 and S,  is defined in formula
(13).

By [6, Theorem 2.2], we have a sequence u; in H(RM)
such that

I (u;) — ¢

sup {| (1} (), 9)| : @ € H; (RY), |

=1 —0
, (86)

as j — +oo.

Proposition 17. There exists u., € H(RN) such that, up to a
subsequence, ||uj - uOO|IHS — 0asj — +oo.

We have finished the proof of Theorem 2 by Propositions
13,15, and 17 and the mountain pass theorem.
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