Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2014, Article ID 942092, 14 pages
http://dx.doi.org/10.1155/2014/942092

Research Article

Multiple Solutions for a Class of N-Laplacian Equations with
Critical Growth and Indefinite Weight

Guoging Zhang"? and Ziyan Yao'

! College of Sciences, University of Shanghai for Science and Technology, Shanghai 200093, China
? Department of Mathematical Sciences, University of Nevada Las Vegas, Las Vegas, NV 89154-4020, USA

Correspondence should be addressed to Ziyan Yao; ziyanyaol60@163.com

Received 7 September 2013; Revised 10 December 2013; Accepted 20 December 2013; Published 23 January 2014

Academic Editor: S. A. Mohiuddine

Copyright © 2014 G. Zhang and Z. Yao. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Using the suitable Trudinger-Moser inequality and the Mountain Pass Theorem, we prove the existence of multiple solutions for
a class of N-Laplacian equations with critical growth and indefinite weight —div([VulV V) + V)N u = /\(|u|N72u/|x|ﬁ ) +
(f(x, u)/|x|ﬁ) +eh(x), x € RN, u+0, x € RY, where 0 < B < N, V(x) is an indefinite weight, f : RY x R — R behaves like
exp(ocIuIN /™N-Dy and does not satisfy the Ambrosetti-Rabinowitz condition, and h € WNRN)",

1. Introduction

In this paper, we consider the existence of multiple solutions
for the N-Laplacian elliptic equations with critical growth
and singular potentials

— div (IVulN2Vu) + V (x) [uNu

N-2
=WI' |ﬁu f|(x|’ﬁu) +eh(x), xeRY, (1)
X X
u#0, xeRY,

where N > 2,0 < A < A, Ay = inf{[ (Vul™ +
VElulMdx : u e WNRY), [(ul™/IxFdx = 1},

0<B<N,he WNRN)), Ayu = div(|VulN2Vu) is the
N-Laplacian, the indefinite weight V(x) € R(V}), and R(V,))
is the classes of rearrangement of V{;; V, satisfies the following
conditions:

(H1) V, € LYRNY),vg > 1,
(H2) ”VO_”Lq([RN) < SnghorVy 2 =Sy + d, for some & > 0,

(H3) (1/V,) € L'(RM),

where 1/q + 1/qg' = 1, S,(r = N,Ngq') is the best
constant

S”"u"i\z(RN) < jRN IVulVdx, Vuew"N (RN); )

that is,
S, = inf {J IVulNdx : u e WY (RN) Ml ey = 1} ’
RN
(3)

Note that if V is a measurable function which satisfies
(H2), there exists §, > 0 such that ||V IILq(RN) <(1- 8O)SNq:.

Recently, N-Laplacian equations had been studied by
many authors. Marcos do O [1] studied the existence of
nontrivial solutions for the following N-Laplacian equations
with critical growth:

x € Q),

(4)

where Q is bounded smooth domain in RN(N > 2).
Adimurthi and Sandeep [2] proved that the singular
Trudinger-Moser inequality

uEWOl’N(Q), u>0, -Agu = f(x,u),

J exp((x|u|N/<N_1))
(ORa

leﬁ dx < +00 (5)

sup
uew N
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holds if and only if /oy + B/N < 1, where oy =
NwyND o > 0,0 < f < N, and |Vulng < 1, and
studied the corresponding critical exponent problem. For the
unbounded domain, Li and Ruf [3] proved that, if we replace
the LN-norm of Vu in the supermum by the standard Sobolev
norm, the supermum can still be finite. Adimurthi and Yang
[4] obtained the following Trudinger-Moser inequality

dx < +00, (6)

J exp (oc|u|N/(N71) - Snoz (o, u))
RN |x|/3

where « > 0,0 < B < N, u ¢« WEN(RN),
and Sy (o, u) = Zzlc\]:_oz(ock/k!)lulNk/(N_l), and studied the
existence of nontrivial solution for the corresponding N-
Laplacian equations with critical growth. In particular, using
inequality (6) and the Mountain Pass Theorem, Lam and Lu
[5] studied the following nonuniformly elliptic equations of
N-Laplacian type of the form

—div (a (x, Vu)) + V (x) |u|N—2u _ f|(x, u)

o 5t eh(x),
7)
xeRY N
where V(x) > V, > 0, and obtained the existence and
multiplicity results of problem (7).

On the other hand, some authors have studied the
case for the nonlinear term which does not satisfy the
Ambrosetti-Rabinowitz condition. Lam and Lu [6, 7] studied
the existence of nontrivial solutions for the N-Laplacian
equations and systems and polyharmonic equations without
Ambrosetti-Rabinowitz conditions, respectively. Miyagaki
and Souto [8] discussed a class of superlinear problems for the
polynomial case without Ambrosetti-Rabinowitz conditions.
Motivated by a suitable Trudinger-Moser inequality, we
assume the following growth conditions on the nonlinearity

fx,u):
(f1) the function f : RYxR — R iscontinuous, for some
constants a,, b;, b, > 0 and for all (x,s) € RY x R,
|f (x,8)] < byIsI™

(8)
+b, [exp (040|5|N/(N_1)) ~ Sn-2 (o, 5)] ;

(f2) H(x,t) < H(x,s), forall 0 < t < s, Vx € RN, where
H (x,s) = sf (x,s) = NF (x,s),

s ©))
F(x,s) = L f(x,7)dT;

(f3) there exists ¢ > 0 such that for all (x,s) € RN x RY,
0 < F(x,s) < c|s|N + cf(x,s);

(f4) lim, _, . (F(x, 9)/1sIN) = oo, uniformly on x € RYN.

We state our main result in this paper.

Abstract and Applied Analysis

Theorem 1. Suppose that (H1)-(H3) and (f1)-(f4) are satisfied
and 0 < A < A,. Furthermore, assume that

(f5) lim sup,_, j+ (NF(x, $)/Is™) = o, uniformly on x €
RN
and there exists r > 0 such that

(f6)

lirr})sf (x,s) exp (—(xolslN/(N_l))

2
> exdN-p)/N) L CrN-B_(yN-B/ (N - g)) ~ (10)

N - g\
(=)
%o
uniformly on compact subsets of R™, where d and C are defined

in Section 3. Then there exists &, > 0 such that, foreach 0 < € <
&, problem (1) has at least two nontrivial weak solutions.

In this paper, as the function V(x) is an indefinite
weight, we establish a singular Trudinger-Moser inequality
(see Lemma 8) and investigate the eigenvalue problem cor-
responding to problem (1). Using the singular Trudinger-
Moser inequality, the eigenvalue problem and the Mountain
Pass Theorem, we prove the multiplicity result for problem
(1). Furthermore, condition (f2) is used by Lam and Lu [5],
and it implies that the function f(x,u) does not satisty the
Ambrosetti-Rabinowitz condition.

The paper is organized as follows. In Section 2, we
recall some important lemmas and consider the eigenvalue
problem corresponding to problem (1). Section 3 is devote to
prove Theorem 1.

2. Preliminary Results

2.1. Key Lemmas. Now, we define the following Sobolev space

E= {u e WY (RY) J IVulNdx
A ()
+ J V (x) [ulNdx < +oo} ,
RN

and the corresponding norm,

1/N
el = (IRN (1™ +V (x) |u|N)dx) (V)

From the Radial Lemma [9, 10], we have

1/N
|u<x)|s|x|‘1( ) lullvyy Vx#0,  (13)

N-1
for all u € WUN(RY) being radially symmetric, where
wy_, is the surface area of the unit sphere in RY. V(x) is a
rearrangement of Vj, if

er RN:V(x)ZocH
(14)
=|{x e RY:V;(x) 2 af|, VaeRY,

where | - | denotes the Lebesgue measure.
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Lemma 2 (see [11]). Let V, satisfy (H1) and (H2). Then there
exists 8, > 0 such that

8, J VuPdx < iy, WeR(Y).  (5)
R
Proof. Assume that ||V || Ry < Snyg'- Since

> [ (19 + v () ™) v,
[RN

Nd (RN)

[,V 0 it < V7 (Ol (16)

= Ve ) lpaem 1l oy
Then, by (H2), there exists §, such that
Vo ()| oy < (1= 85) Sy (17)
Therefore, we have

Yy > aoj VulVdx. 18)
RN
0

Remark 3. In this paper, we denote C as positive (possibly
different) constants.

Remark 4. IfV € R(V,), then V satisfies (H1)-(H3).

Lemma 5. If (H1)-(H3) are satisfied, then

(1) the embedding E — W"N(RN) «— LYRY) is
continuous, for all 1 < q < oco;

(2) the embedding E < LURMN) is compact, for all g > N.
Proof. (1) From Lemma 2 and Sobolev-Poincare inequality,
we obtain the conclusion.

(2) Let {uy} C E satisty [lu | < Cforall k, and we assume

U, — u, weakly in E,
w, — u, strongly in L?OC ([RN) , Vq=1, (19)
u, — u, ae. in RY.

In view of (H3), for every ¢ — 0, there exists R > 0 such

that
. 1-1/N
——dx <e. (20)
(«beR Vol/(Nfl) )

Hence, we have
1/N

—uld :J- 0y —uld
JIX|>R|M1< u| X «[>R VOI/N |uk u| X

. 1-1/N
< ———dx
(LM VIa-D ) (21)

1/N
X <J Volue - u|Ndx)
|x|>R

< efuy - u||E < Ce.

From (19), we have 4, — wuin LI(BR(O)) and By(0) ¢ RN
is the ball centered at 0 with radius R. This together with (21)
leads to lim sup;, _, , ., .[[RN | —uldx < Ce. Since e is arbitrary,
we have

lim J |uk - u| dx =0. (22)
RN

k— +00

Hence, for every q > N, we have

q 1/2 q-1/2
JRN vy — u|dx < J-RN [ — u| | — u|" T dx

1/2
< (J |4 —u|dx>
RN

(23)
a1 1/2
x (JR o "
1/2
< C(J v — u dx) — 0.
RN O
Lemma 6. E is a reflexive Banach space.
Proof. Suppose that Vu, € E, Vu, € E, we have
fale<t alp<t Ju-wly>e @4

and there exists § = 1 — /1 - (e/D)N, using the following

inequality

a+bl? la+bl? 1
< = (lal” + |bl?),
2 2 2 (25)
Va,b,p € R,
such that
|u1+u2N
2 E
_|u1+u2N lul—uzN ’ul—uzN
- 2 E 2 E 2 E
1 N J N )
< - Vu,| dx + Vu,| dx 26
AN (26)

Ll e (5)°
1‘(§>N<(1—6>N-

Hence, E is uniformly convex. We obtain that E is a reflexive
Banach space.
Now, we define the functional I : E — R

IN

1 N 1 N
I = — —_
(u) N JRN [Vu| " dx + N JRN V (x) |u| dx

I F (x,u) A I [ulN
- dx - = =
Ry x| N Jgv |x|f

X —& J hudx;
[RN
(27)



then the functional I(u) is well defined by Lemma 5. More-
over, I(u) is the C' functional on E and Vu,v € E; we
have

DI (u)v = J |VulN 2VuVvdx + J V () [ulV Puvdx
RN RN

_JRNf(x u)vd

N-2
_ AJ’ M—de
|x|ﬁ RN

|x|P

- J. hvdx.
RN
(28)

Hence, the critical point of the functional I(u) is the weak
solution of problem (1). O

Lemma7. Let0 < o < (1 - 3/N)ay, 0 < B <N, u € Eand
lulz < 1; then for some g > N and afoayy + B/N + 1/ < 1,
one has

J [exp ((x|u|N/(N_1)) - Snos (o, u)] |u]
[RN

|x|ﬁ d.x < C”u"Lq(RN).

(29)

Proof. Let R(et,u) = exp(ocIuIN/(N_l)) — Sy_p (o, u); u” is the

Schwarz symmetrization of u; we can conclude that

J R (o, 1) |u|d
RN

R , * *
e JRN —(“|”|/3)|” lax.  Go0)
X X

Letu' = u/||ul g It is easy to obtain that R(«, u) is increasing
with respect to |ul. If lu| ; < 1; then there holds

NIN-DY

J exp (oclul Snz (o, 1)
d
RN |x|ﬁ
(31
exp ((x'u'|N/(N_l)> - Sy ((x, u')

< dx.
JRN ||

Now, we prove that there exists a uniform constant C such
that, for all radially decreasing symmetric functions u €
WENRY) and Jlullg = 1,

N/(N—l)) _ SN—Z (oc*,u)

J = (“*M dx<C (32)
RN -

|x|?

where «* = (1 — f/N)ay. In the following, assume that u
is radially decreasing function in RY and |u] g = L. Taker
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sufficiently large; that is, 7 > N'/Nw} 1/Nllu ¥ ®~y- By the

radial lemma, for all |x| > r, we have " (x) < 1 and

R *’ *
e J R(a"u™)
|x|>r |x|ﬁ

R(a",
J (@”u)
|x|>r

|x|?

L (@)
= L( (N 1!

0 s\M| s |mN/(N-1)
+ z ((X ) ll/l I )dx

|
=N m.

l” "LN(RN)< S (af) >
- m:; 1

Define the set S = {x € B,(0) : |u(x) — u(r)| > 2|u(r)[}.
Assume that S is nonempty; then for all x € Sand € > 0 we
have

(33)

o () Y/

= lu(x) —u () +u (VY
3 B N/(N-1) u(r) )N/(N_l)
R (o
/(N-1)
<l (N N () (34)

x | ()| |u () = u ()| YN

<(+e)|ulx)-—u (1’)|N/(N_1)

3\NOD £y ()]
+<5> ((N—l)s)

Since
Iy = WVl + | V@ ax =1, G5
so we have
Vi = 1= |V 0l
(36)
N/(N-1) N, \/&D
Walls = (1= v eowax)

Thus, we obtain

| 1 /(N-1)
i - (37)
Vel iy ( 1= [ V) |u|Ndx>

From Hardy-Littlewood inequality, we have

J V(x)|u*|Ndxzj Voo luNdx.  (38)
RN RN
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Since V(x) € R(V,), we have .[[RN Vi)l Ndx =
Jw V@O lulNdx. Let

1

N/(N-1)
Ivul,

1/(N-1)
1= [ V (20) [l dx
1/(N-1)
1
1= o Vo () [l dx

1/(N-1)
. ( I ) |
1-(6-Sy) IRN lu|™dx

Applying the mean value theorem to the function y(¢) =
$1/(N-1)

(39)

, we obtain that there exists & which satisfies
1= (8 = Sy) lulvgamy <E< 1, (40)

such that

/(N-1)
1- [1 _(8_SN) "u"i\]N(RN)]l o

(41)
_ (6 - SN)E(Z—N)/(N—I)"u”N
N-1 IN(RN)®
So we have
”u"é\;\l(RN)
€= -1
(N = 1) EN2IND(1— (8 =) s )
"””i\]N(RN)
- N-1

(42)

By |u(r)| < (N/wN,l)I/NIIuIILN(RN)/r, we have

_1)2 1/(N-1)
(i)N“N g (ﬂ) <, (43)
2 (N-1)e

andVx € S,

N/N-1) _ lu(x)—u (r)|N/N-D
e - N 7D TC (44)
(vl ey )

Obviously, u — u(r) € W"N(B,(0)), and

J IV (u—u(r)[Vdx < j VulNdx <1.  (45)
) )

(0 ,

5
Letu' = (u(x) - u()/|V(u(x) - u(r)) |~ wy); we obtain
oc*lulN/(Nfl)
——dx
JB,(O) |x|?
‘X*IMIN/(N—I) a*lulN/(N—l)
e
- j —dx+j € _dx  (46)
S |x|ﬁ B, (0)\S |x|ﬁ
o PO

e
R —
B |x/P

Hence, we obtain that (32) holds. For 0 < & < (1 — 3/N)ay,
|| ullz < 1, we have

exp (oc|u|
.[RN

dx+C<C.

N/(N-1)
_ S )
)~ Sua@w <c. (47

|x|?

Since afoyy +B/N+1/q<1land1/q+1/q =1,q> N, that
is, aq’ < ap, aq' [ + Bq' /N < 1, we have

J R (o, u) luldx
RN |x|ﬁ

!
SJ R(ocq ,,u)
RN

|x|P1
As the proof of Lemma 7, we can obtain the following.

(48)
dx”u"Lq(RN) < C”l/l"Lq(RN).

O

Lemma 8. For0 < a« < (1 - B/N)ay, 0 < < N,u € Eand
| ulg<1,q>N,andajoy + B/N +1/q < 1, one has

j [exp (oclu|N/(N_1)) —Sn-2 (@, M)] |u|qu
RN |x|ﬁ (49)

< C(N, @) Jull.

2.2. The Eigenvalue Problem. We consider the following
eigenvalue problem:

|u|N—2u

N
—, x€eR7,
|x|P

= div (V" ?Vu) + V () Jul ¥ Pu = A

(50)

Now, we denote the set M = {u € E : IRN(|u|N/|x|ﬁ)dx =
1}, and define

A =0;B€fM{IN(u) :u€ E\{0}} >0, 0<B<N, (5
where Iy(u) = [ (IVul™ + V(x)lul¥)dx.

Lemma 9 (see [12]). Let u > 0, v > 0 be two continuous
functions in Q differentiable a.e., and

P wooop W b
Lu,v)=|Vul’ +(p-1) v—prvl —pFWvI VvV,

-2 MP
R(u,v) = |Vul? — |Vv[P°V (—_) V.
yp-1
(52)



Then (1) L(u,v) = R(u,v) >0, (2) L(u,v) = 0 a.e. in Q if
and only if u = kv for some k > 0.

Proposition 10. Assume that (HI)-(H3) hold; then A, > —co
is the lowest eigenvalue of Problem (50) and A, is principal.

Proof. From Lemma 2, we have A, > —oo. Furthermore, any
minimizing sequence {u,} is bounded. Up to a subsequence,
there exists u € E such that
u, — Uy, Iink,
) (53)
u, — uy, inLN" (RN).

Hence, we have
Iy (o) < Jlim Ty (up) = A1, 1y € M, (54)
and consequently we have
I (ug) = A (55)

From Lemma 5, we obtain that M is weakly closed in E.
By the Lagrange Multipliers rule, A, is an eigenvalue of
problem (50). Moreover Iy (|u]) = Iy(u) for any u, so that A,
possesses a nonnegative eigenfunction. We conclude that the
eigenvalue is principal from Harnack inequality in [13]. [

Proposition 11. The eigenvalue A, is isolated. That is, there
exists € > 0, such that there are no other eigenvalues of problem
(50) in the interval (A, A, + ¢€).

Proof. Assume by contradiction there exists a sequence of
eigenvalue A, of problem (50) with 0 < A, \ A,. Let {u,,,}
be an eigenfunction associated with A,,. Then {u,,} satisfies

|N—2
m

Bt +V (0 ity = 1, Lt
x|
J |Vum|Ndx+J V(x)|”m|Ndx (56)
RN RN
A N
W dx = 0.
JRN Sl
We define
v, = Up,
(o (1) )™ (57)

The coercivity of the functional Iy(u,,) = [ Vi, |"dx +

JRN V(x)lumlN dx implies that {u,,} is a bounded sequence.
Hence {v,,} is bounded in E. So there exists a subsequence
(still denoted) {v,,} and v € E such that

v, — Vv, weaklyinFE,

(58)
v, — Vv, stronglyin N (IRN ),

Abstract and Applied Analysis

and JRN(IumlN/IxIﬁ)dx = 1. On the other hand, we have

J |Vv|Ndx + J. V (x) VWdx
RN RN

< lim inf(J Vv, Vdx + j Vedx) =1,
n=>00 \ Jpn RN
(59)

and .[RN [Vv[Ndx + JRN V()Wdx = A, > 0. So we conclude
that v is an eigenfunction associated with A; and v > 0.
Then we conclude from the convergence in measure of the
sequence {v,} towards v that

|Q,| — o, (60)

where () denotes the negative set of v,, which contradicts
Proposition 11. O

Proposition 12. The first eigenvalue A, is simple, in the sense
that the eigenfunctions associated with it are merely constant
multiples of each other.

Proof. Let ¢, { be two eigenfunctions associated with A;.
We assume without restriction that ¢ > 0, { > 0; then ¢
satisfies —A@+V (x)o™N " = A, (N)(o"""/|x|P). Testing it with
function ¢, we get

N A N
\Y/ dx—j —Vx+—1] dx = 0. 61
J[RNl §D| RN [ () |x|ﬁ v (61
Lete — 0, from Lemma 9, we have

OSJ L(p,{+¢€)dx
RN

= J R(p,{ +¢e)dx
RN
] (62)

N
_ N-2 ()
jRN vg[N 2y (—(( e ) V¢ dx.

The function (pN /(¢ + s)N_l, where ¢ > 0, belongs to E and
then it is admissible for the weak formulation of —A ¢ +
VEIINZE = 4,(8N2¢/1x1P), ace., and

N
J eV rvev—Fdx
RN (

N-1
¢+e) . (63)
1 N O
- - A— ————dx=0.
L«N[ VO G
It follows from (62) and (63) that we have
0<L(p,(+¢)
N1 ] (PN
= A -— | —d
J[RN 1[1 @+ |xf * (64)

N cNfl
_ JRNV(x)q) [1 - —(C+€)N71 ] dx
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Lete — 0; we have L(¢,{) = 0. By Lemma 9, there exists
k > 0 such that ¢ = k(. O

3. The Proof of Theorem 1

3.1. Palais-Smale Sequence. Now, we check that the functional
I satisfies the geometric conditions of the Mountain Pass
Theorem.

Lemma 13. Suppose that (H1)-(H3) and (f1)-(f5) hold. Then
there exists €, such that, for 0 < € < &,, there exists p, > 0 such
that I(u) > 0 if | ull g = p,. Furthermore, p, can be chosen such
that p, — 0,ase — 0.

Proof. From (f5), for every ¢ > 0, there exists ¢ > 0 such that
|u| < o implies

mes§M¥ Vx e RY. (65)

Moreover, using (1), for each g > N and k/ay + /N +1/q <
1, we find a constant C such that

F(x,u) < Clul? [exp (k|u|N/(N_1)) —Sn-2 (k,u)] ,
(66)
Viul >0, x¢€ RY.

Combining (65) and (66), we have
€ N

F(x,u) < — + Clu|?
(x,u) NIul |u]

X [exp (k|u|N/(N_1)) -

V(x,u) € RY x R.

Sna (kow)],  (67)

Since the embedding E — LY(RYN) is continuous, we obtain

s+AJ' w

I N
I > — -
(u) N||u||E N o ff

= Cllullg - ellhll lullg

1 /\+s
25 1- Nluall

= Cllullg — ellhll, l1ull -

(68)

Thus, we have

1 A+¢
I —(1-
(W) > ul [ < ( .

) lully ™ = Clul} " - ellhl,
(69)

Sinceq > Nand 0 < A < A, and letting e < A, — A, we choose
p > O0such that(1/N)(1—(/\+e)/Al)pN_1—Cpq_l—sllhll* > 0.
Thus, if € is sufficiently small, we find some p, > 0 such that
I(u) > 0if ||ully = p,and even p, — Oase — 0. O

Lemma 14. If0 < A < Ay, there exists e € E, with |lelz > p,,
such that I(e) < infuqu:pEI(“)-

Proof. Let u € E\ {0}, u > 0 with compact support Q =
supp(u). By (f4), we obtain that for p > N, there exists a
positive constant C > 0 such that for every M > 0,

Yiul>C, VxeQ, F(xu)>Mu. (70

Then, we have

N
I(tu) < ﬁllullE -

—stJ hudx —ij |tu|
Q N Ja |x|P

Ny
~ 1l (71)

N
- N<M+A>J- ﬂd —stJ hudx
N/ Ja x| Q

N N
(M (4, 2Y[ i)
N N/ Jix<r |x|/3

Choose R > 0 and Bg(0) Q and let

IN

RPJlully A RFJlully
N~ Njul™

h (72)
N”u"g’(RN) LN(RN) N
we have I(tu) — —ocoast — 00. Setting e = tu with t being
sufficient large, we obtain the conclusion. O

It is well known that the failure of the (PS) compactness
condition creates some difficulties in studying the class of
elliptic problems involving critical growth. In Lemma 15,
instead of (PS) sequence, we analyze the compactness of
Cerami sequences of the functional 1.

Lemma 15. Let (u,) C E be a Cerami sequence of I; that is,

I (“n) — Cyp (1 + "”n"E) ”DI (un)”E’ — 0,

(73)

as n — 00.

Then there exists a subsequence of (u,,) (still denoted by (u,,))
and u € E such that

f(x’ n) f(x,u) in 1
|x|P |x|?

N
Vu, — Vu, ae. in R7,

2 Vul, (LN/(N—I) (RN))N,

loc

|Vun|N_2 |Vun| — | vuN"

u, —u, ink,

(74)

where Cy; € (0, (1/N)(1 - B/N)(ay/axy)). Furthermore, u is a
nontrivial weak solution of problem (1).



Proof. Letu, € E,v € E,asn — 00; we have

s J |Vun|Ndx + L J V(x) lunlNdx
N RN N RN
N
—J F(x’u”)dx—ij 14 dx (75)
RY x| N Jrr x|

—SJRN hu, — C,,

|DI (u,) v|
= 1 J } |Vun|N_2Vuandx
R

f(xu,)v

+ J V () | |N uv dx - J dx
RN RV x|
|u lN_zu v
—AJ " dx —sJ hvdx
RN |x|/3 RN
A
(1 [l )
(76)
where 7, — 0Oasn — ©00. Let v = u, in (76); we have
_ J Ve, |V dx - J V() || dx
RN RN
s J floun)uy
RN |x|ﬁ
N (77)
||
A J ——dx+e¢ J hu, dx
RN |x|P RN
< M — 0, asn-— oo.
(1 + ]| )
Suppose that
||un||E — 0. (78)
Set
un
V= 79
[P 72)
we have ||v, ||, = 1. From [5], we have
F >
j lim inf(x—u")N|v;|Ndx = +00. (80)
RN 7= +00 |x|ﬁ|uz (x)l

However, since {u,} is the Cerami sequence at the level C,,,
we have that

N
= NI N
bl = V1) 8 [ =

(81)

N |x|ﬁ
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Then there exists some constant C such that

A
o, [1 - Neuhn*]

F(x,u,
SNCM+NJ (x—;:)dx+o(1), as e — 0,
RY x| )
82
which implies that
F(x,u,
J (x,u )d e
RN |x|ﬁ
F(x,u,), +N
limi J v dx 83
n—00 JpN |x|l3|u+|N | (83)
F >
—lngmfj %
" w1 us |y
LetV¥ = jRN(F(x, un)/lxlﬁ)dx; then we have
F >
11m1nfj Mvledx
P e g
< liminf hd
n—00 NCM+N\P+NSI hu+dx+o(1)
(84)
So we can conclude that
F >
liminfj (x—ul |
P e g
b4

< liminf
"= NCy + N + Ne [ hufidx + o (1)

1
N
(85)
Note that F(x,u,) > 0; by Fatou Lemma, (80), and (85), we
get a contradiction. So v < 0 which means that v; — 0in E.
Lett, € [0, 1], such that

I(t = I(t

(n n) tlg[l()a)l(] ( un) (86)
For any given R € (0,(1 - B/N)ay/ap) NN, lete = (1 -
B/ Ny /RNND _ > 0, by (£1); there exists C = C(R) > 0
such that

N, (1-B/N)ay

F(x,u,) < Cl”nl RN/(N-1)

— oy R0y +&1y,),

V(x,u,) € QxRN
(87)

Since [u,ll; — ©0, we have

I(tu)>1<” ”E)_I(Rv) (88)
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and by (83), Iv,l; = 1, and [ (F(x,v))/IxlP)dx =
[ (FCx,v,)/1x1P)dx, we have
NI (Rv,)
N N N | +|N
> RY - (NCRY + AR )J Cnl_
RN |x|ﬁ
(1-B/IN)ay R (o + & R|v!])
- N —RN/(N—I) —(XO JRN de
(1_ﬁ/N)(xN +
_NR‘—RN/(N_I) - JRNh|vn|dx
N N N |"+|N
> RY - (NCRY + AR )J T dx
RN |x|ﬁ
(1-B/N)ay
NIy %
R((oqg + &) RN/ 1yt
XJ (( 0 ) | nl)dx
RY Jxl?
(1-B/N)ay +
_NR‘—RN/(N_I) - JRNh|vn|dx
N N N |V+|N
> RY - (NCRY + AR )I Lnl_dx
RN |x|ﬁ
(1-B/N)ay
R T —
R((1=B/N)ay, |v?
o[ RO-BNMebi),,
RY |x?
(l_ﬂ/N)OCN +
_NR‘—RN/(NI) - JRNh|vn|dx.
(89)

Since v, — 0 in E and the embedding E — LN(RM)
is compact from and the Holder inequality, we have
_[RN(IVZIN/IxIB)dx — 0 (n — 00). By Lemma 7, we have
Jaw R((1 = B/N)axy, viD/Ix1P)dx < C.
Letn —» ocoin(89)and R — [(1 - [)’/N)ocN/ocO](N_l)/N;
we get
1-pB/N

lim infT (¢,u,) > 1[( Jo 1™ >C (90)
1m 1n u,) = .
00 n“n N 0 M

Note that I(0) = 0 and I(u,) — C,; we suppose thatt, €
(0, 1). Since DI(t,u,)t,u, = 0, we have

Nu N f (. t,u,) tu
A B
(91)
I TR I
+8nJRN u,dx + nJRNW X.

9
By (f2) and ¢, — 0, we have
,t t
NI (tnun) — J f(x Vluﬂ) nundx
RN |x|ﬁ
(92)
F(x,t
Nj (5 8hn) 4 o)
RN |x|ﬁ
Moreover, we have
J f(x’ u;l) undx_NJ F(x’;ln)dx
RY x| RN x| (93)

= [z + NCys = Iz +0(1),

which is a contraction to (75); this proves that {u,,} is bounded
in E. Thus, we have

b F b
J fouw)uw, o [ Elow) 1o (on)
RN |x|P RN |x|f

From Lemma 5, the embedding E — LIRY) is compact for
allg > N.If {u,} € E, we get
in E,

u, — u,

in Ltlioc (RN) ’ (95)

u, — u,

. N
u, — u, ae inR",

From (f1), the Trudinger-Moser inequality, and the Holder
inequality, we have f(x, un)/lxlﬁ el

loc(RN)' From Lemma
2.1in [14], we have

. in Li (RY).  (96)
For any fixed 6 > 0, set

55 = {xeRNzlim im, | (|Vun|N+|un|N)dx26}.
B

r—0n—00 ,(x)

97)

Because {u,} is bounded, Z; is a finite set. From Lemma 4.4
in ([4]), for any compact set K cc RY \ 4, we have

lim j 'f (1) 4y ~ f (35,10 u| dx =0. (98)
K

n— 00 |x|ﬁ

Now, we prove that
. N
lim J |Vun - Vu| dx =0. (99)
n— 00 K

It is enough to prove that for any x’ € R \ Z; and B,(x") ¢
R\ 2, there holds

(100)

n— oo

lim J |V, — Vu|Ndx =0.
Br/Z(x,)
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We take ¢ € CS°(B,(x")) with0 < ¢ < land¢ = 1on
B, /z(x'). Then {¢u,} is a bounded sequence. Choosing v, =
¢u, and v = ¢u in (76), we have

J ) (|Vun|N72Vun - |Vu|N_2Vu) (Vu,, — Vu) dx
B,(x')

< J Vit [N 2V, Vb (4 — ) dx
B,(x)

+ J S|VulN*Vu (Vu - Vu,) dx
B.(x)

(101)
g L,
B (x') x|
el rloulsve | ol —u)dx
+AJ |uAﬁb(u,,—u)dx.
B |x|f
Adapting an argument similar to [4], we have
lim I Vi, — Vu[Vdx = 0. (102)
n— 00 K

Since X is finite, it follows that Vu,, — Vu a.e. This implies,

up to a subsequence that |Va, |N2Vu, — |Vu|V*Vu in
N

(LNIN"D(RNY) T Letn — ocoin (76), and f(x,u,)/|x|F —

loc
f(x,u)/|x]P in L} _(RN); we obtain

loc

(DI (u),v) =0, VveCy(RY). (103)

O

Remark 16. The idea and proof of Lemma 15 follow as in
Lemma 4.1in [5].

3.2. Min-Max Value. In order to get a more precise informa-
tion about the minimax level obtained by the Mountain Pass
Theorem, we consider the following sequence of scale which
is called the Moser function:

(log )™ VNif x| < ;,

M, (x,r) = — M, ifs <|x|<r, (104)
Wn-1 | (logl) !
0, if |x| > 7.

Hence, we have Z\;I:(;,_;) e WEN(RN), the support of MT(TC?’)
is the ball B,(0), and

[ |VMT(7cTr)|Ndx =1,

. . (105)
J |Ml (x,r)' dx = o(—).
RN log!
Let My(x, 7) = My(x%, 1)/ IM,(x, 1)l s we have
MV (1) = wi N Vloglady, for |x] < ;
(106)
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where

dy = o M ogt (M G, 1), a07)

From (105), we conclude that |M;(x,7)ll; — 1,as] — oo.
Consequently, we have
as | — oo. (108)

Lemma 17. Suppose that (H1)-(H3) and (f1)-(f6) hold. Then
there exists k € N such that

N F (x,tM M, [N
max{t——J de_ij @dx]»
RN RN

20 | N |x|? N |x|P
(109)
1 (N—[SaN>N_1
N\ N « ’
Proof. Choose r > 0 as in (f6) and f3, > 0 such that
. 1 N/(N-1)
Slgrgosf (x,s)exp ( ool )
> B, > 2
= ﬁo e(ocNd(N—/S)/N) + CrN—ﬁ _ rN—ﬁ/ (N _ ﬂ)
N - g\N!
(525
X
(110)

where
&k
C= klim fklogkj exp [ (N-P)
— 00 0

xlogk (sN/(N_l) - Eks)] ds >0,

. 1— e—(N—ﬂ) logn
=Ml C>
b= [, -
(1)
Suppose, by contradiction, that, for all k, we get
N F(x,tM tM [N
max t__J de_ij @dx
0 | N Jpv |5 N Jrv  |x|P
1 ((N=B)ay o
"N\ N |« ’
(112)

where M, (x) = M;(x,r). For each k, there exists ¢, > 0 such
that

N
e _J F(x’tkMk)dx_ A J' |t M| dx
RN RN

N || N ||
N F (x,tM}.)
= max {ﬁ _ JRN — (113)

N
A g
N Jav - [x)f
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Thus; we have

N
t _j F(x’tkMk)dx_ AJ |t M|
N RN |x|/3 N RN
(114)

=

IN(CELEN

N N «

From F(x,u) > 0,0 < A < A, we obtain

N-1
tsz(N ﬁ“—N> . (115)
N «

Lett = t;, we have

N _ IRN (tkMkf (2, t M) /leﬁ) dx
(1 —A IIxISr (|Mk|N/|x|ﬁ) dx)
N -[|x|Sr (M f (e, txMy) [1x1F ) dox
- 1+ A\,

By (6), given that T > 0, there exist R, > 0 and |x| < r; we
have

(116)

uf (x,u) > (B, — 1) exp (oc0|u|N/(N71)). (117)

From (116) and (117), for large k, we obtain

tN - /\1 (ﬁO - T) «[lesr/k (exp (“OltkMklN/(N_l)) /|x|ﬁ) d-x

ko (A +2)
(ﬁo - T) k_N+ﬁwN—1”N_ﬁ
2(N-B)
X exp (ocot,l:’/(N_l)wI_\,_/fN_l) logk + ocoti\]/(N_l)dk) .
(118)
Let
ayN log k _ _
Lp=—"——— . t N gyt — (N - B) log k;
(119)
we have
_ N-p
> (BO T) r wN—l eXpL (k) . (120)

2(N-B)

Hence, the sequence {t;} is bounded. Otherwise, up to
subsequences, we have lim; _, . L(k) = oo, which leads to a
contradiction. From (108) and (115) and

N (Bo—7) TN_ﬁwN71

TN

an N/ N-1)
X exp [(Nok— —(N—ﬁ))logk (121)

N

+OCOtII;’/(N71)dk ] >

1

it follows that

N <_(N ~F) “_N)N_l. (122)

k N «
From [4], we have

N/(Nfl))
dx

J exp (0‘0|tkMk|
lxl<r |x|P

dx

. J exp (“N|Mk|N/(N71) (N-B) /N)
Y |x|P

J exp (“Nle|N/(N_1) (N-B) /N)
+
r/k<|x|<r |x|/3

dx,

N/(N-1)
exp (ocN|Mk| (N-P5) /N)
J 5 dx
|x|<r/k | x|
_ Wn- N=BIN-p+(dyay/logk)(N~-B)/N]
N-p
(123)

Now, using the change of variable

_log(r/|xl)
"~ (ilogk

by straight forward computation, we have

with { = | M| (124)

exp (oM [N (W - B)/N)
J dx
r/k<|x|<r

|x|?

= wyy PG logk (125)

X Lk exp [(N - ) logk (sN/(Nfl) - (ks)] ds,

which converges to Cwy_, N ask — co, where
&k
C= klim (klogkj exp [ (N-B)
— 00 0
xlogk (sN/(N_l) - Eks)] ds>0.
(126)

Finally, let k — oo in (118); from (108) and (115), we have

(CECEY T

N «a 2

“ [rN_ﬁ WN-1 (and(N-B)/N)
(N-B)
N Pwy
N-p
(127)

+CrV P Wy_p —
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which implies that

2
ﬁO = e(“Nd(N_ﬁ)/N) + CrN_ﬁ — rN_ﬁ/ (N — ﬁ)

(X8

Remark 18. The idea and the proof of Lemma 17 come from
Lemma 3.6 in [5].

(128)

O

Lemma 19. There exist T > 0 and v € E with ||v|g = 1 such
that I(tv) < 0 for all 0 < t < ¢. In particular, infuquscI(”) <0.

Proof. See Lemma 3.3 in [10]. O

Corollary 20. Under the conditions (H1)-(H3) and (f1)-(f4),
ife — 0, then one has

N-1
1/ (N-
maxt (ev) < L[ N =B} )
£20 N N  «
From Lemmas 13 and 19, we conclude that
o0 < CO = inf I (u) < 0. (130)

Ivlg<¢

Corollary 21. There existe, € (0,&] andu € WEN(RN) with
compact support such that, for all 0 < & < &,,

1 N — N-1
I(tu)<C0+N<%Z—I:) , ve=0. (131

Lemma 22. If {u} is a Cerami sequence for I1(u) at any level
with
o (N-PB) ay "
ILIEL%fH”kHE < (T(x_o , (132)
then {u} possesses a subsequence which converges strongly to a
solution u of problem (1).

Proof. See Lemma 4.6 in [4].
In conclusion, we have

(133)

N e
wopn)”

1
0<Cy <Cy+ —
M 0 ( N a

N

3.3. Multiplicity Results. In order to prove the existence of
the second solution of problem (1) follows by the minimum
argument and Ekeland’s Variational Principle.

Proposition 23. Under the conditions (H1)-(H3) and (fl)-
(f6), there exists & > 0 such that, for each € with 0 < € < ¢,
problem (1) has a solution u,; via Mountain Pass Theorem.

Proof. See Proposition 4.11in [5]. O
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Proposition 24. There exists €, > 0 such that, for each € with
0 < € < &, (1) has a minimum type solution uy with I(u,) =
C, < 0, where C,, is defined in (130).

Proof. See Proposition 5.1 in [5]. O]

Proposition 25. If &, > 0 is sufficiently small, then the
solutions of problem (1) obtained in Propositions 23 and 24 are
distinct.

Proof. By Propositions 23 and 24, there exist sequences {u,,},
{v,} in E such that
I(u,) — C,, DI (u,)u, — 0,

Uy Up>

Ve =ty I(v,) — Cy >0, (134)

DI (v,)v, — 0, Vv, — Vu,, ae. in RY.

Suppose by contradiction that 4, = u,,. As in the proof of
Lemma 15, we have

flow)  fou)

.1 N
leﬁ leﬁ in L) ([R ), as 1 — 00.

(135)

Hence, by (f2) and (f3) and Generalized Lebesgue’s Domi-

nated Convergence Theorem, we obtain that there exists R >
0 such that

F(xv,)

—

<l I

inLy_(Bg), asn — co.

(136)

Claim 1. [ (F(x,v,)/1x|P)dx — [ (F(x,u0)/|x1P)dx, as
n — o00.Indeed, by (£2) and (f3), we have

F(x,5) < Cls|Y + Cf (x,5) < C|s|™ + CR (atg 5) s,

bl F bl
[
RN |x|/3 RN |x|ﬁ
(137)
Hence, on the domain {|x| > R and |v,| > A}, we have
F(x,v,
J (x,v )dx
{Ix|>R,|v,|>A} |x|‘6
N
SCJ |V"|ﬁ dx+CJ f(x’;")dx
IxI>R |x] {IxI>Rlv, >4}  |x]
- £||Vn||ij L C J feov)v
RA Alpy |x)f
(138)
Since IIVnIIIE\] is bounded, and using (137), we have
F >
J (x V”)dx <26. (139)
{x>Rivl>4;  |x|P
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For |s| < A, we have

|F (x,s)| < C|s|N+CR ®,S) S
0

N & o Nj/(N-1)+1-N
<lsV[C+C Y —rARINTDHEN

(140)
j=N-1J"
< C(ap, A) Is|™.
Since IIV,LIIEI is bounded, we have
F(x.7,)
J 200 4 <o, (141)
{xl>Rlv,l<a)  |x|P
Combining (139) and (141), we have
F >
J Flov) o ss. (142)
Ix|>R |x|/3
Similarly, we also have
F(x,
j Flom) ;35 (143)
|x|>R |x|ﬁ
Combining (136), (142), and (143), we obtain
J F('x’ Vﬂ)dx_ J F(x’ uO)dx‘
RN |x|ﬁ RN |x|ﬁ
< J F ('x’ vn)dx _ J F ('x’ uo)dx‘
By |x|/3 By |x|’3
f de—[ Elowm) N _ s
Ix|>R |x|ﬁ IxI>R |x|/3
(144)
Hence, the claim is proved.
Claim 2.1(v,) — I(u,) = C, < 0. Indeed, we have
. N
Jim [V, [ gy
. N
=NC,, - nango JRN V (x) |vn| dx (145)
N
F >
NJ de+/\J- de.
RN |x|ﬁ RN |x|‘6
From [10], we have
J f (x’ Vn) (Vn B uO)dxl —0,
RN |x|,3
J y [V, |N Vv, (T, — Vug) dax (146)
R

+ J V(X) |Vn|N_2vn (Vn - uO) dx — 0.
RN

13
On the other hand, since v, — u,, we have
N-2
J- |Vuo|™ Vg (v, = Vuy) dx — 0,
RN
(147)
N-2
J V(x) o] 1y (v, — ug) dx — 0.
RN
By the inequality (x| 2x - IyINfzy)(x -y) = 227 N|x - yIN,

we have

J |Vv, - Vu0|Ndx + J V(x)|v, - u0|Ndx
RN RN
<C J (|an|N_2an - |Vu0|N_2Vu0> (v, — up) dx
RN

+ Cl j \%4 (x) (|Vn|N72Vn - |uf)\172| Uy (Vn - uO)) dx.
RN
(148)

Hence, we have v, — u,in Eand I(v,) — I(u,) = C, < 0.
It is a contradiction. The proof is complete. O

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

The authors are grateful to the reviewers for some valuable
suggestions. This paper was supported by Shanghai Natural
Science Foundation Project (no. 11ZR1424500) and Shanghai
Leading Academic Discipline Project (no. XTKX2012).

References

[1] J. Marcos do O, “Semilinear Dirichlet problems for the N-
Laplacian in R™ with nonlinearities in the critical growth
range,” Differential and Integral Equations, vol. 9, no. 5, pp. 967-
979, 1996.

[2] Adimurthi and K. Sandeep, “A singular Moser-Trudinger
embedding and its applications,” Nonlinear Differential Equa-
tions and Applications, vol. 13, no. 5-6, pp. 585-603, 2007.

[3] Y. Liand B. Ruf, “A sharp Trudinger-Moser type inequality for
unbounded domains in RN} Indiana University Mathematics
Journal, vol. 57, no. 1, pp. 451-480, 2008.

[4] Adimurthi and Y. Yang, “An interpolation of Hardy inequality
and Trundinger-Moser inequality in RY and its applications,’
International Mathematics Research Notices, vol. 13, pp. 2394—
2426, 2010.

[5] N. Lam and G. Lu, “Existence and multiplicity of solutions to
equations of N-Laplacian type with critical exponential growth
in RY? Journal of Functional Analysis, vol. 262, no. 3, pp. 1132-
1165, 2012.

[6] N. Lam and G. Lu, “Existence of nontrivial solutions to poly-
harmonic equations with subcritical and critical exponential
growth,” Discrete and Continuous Dynamical Systems A, vol. 32,
no. 6, pp. 2187-2205, 2012.



14

(7]

[8

5

(10]

N. Lam and G. Lu, “Elliptic equations and systems with sub-
critical and critical exponential growth without the Ambrosetti-
Rabinowitz condition,” Journal of Geometric Analysis, vol. 24,
no. 1, pp. 118-143, 2014.

O. H. Miyagaki and M. A. S. Souto, “Superlinear problems
without Ambrosetti and Rabinowitz growth condition,” Journal
of Differential Equations, vol. 245, no. 12, pp. 3628-3638, 2008.
H. Brézis and E. Lieb, “A relation between pointwise conver-
gence of functions and convergence of functionals,” Proceedings
of the American Mathematical Society, vol. 88, no. 3, pp. 486-
490, 1983.

J. Marcos do O, E. Medeiros, and U. Severo, “On a quasilinear
nonhomogeneous elliptic equation with critical growth in R™}
Journal of Differential Equations, vol. 246, no. 4, pp. 1363-1386,
2009.

L. M. Del Pezzo and J. Fernandez Bonder, “An optimization
problem for the first weighted eigenvalue problem plus a
potential,” Proceedings of the American Mathematical Society,
vol. 138, no. 10, pp. 3551-3567, 2010.

W. Allegretto and Y. X. Huang, “A Picone’s identity for the p-
Laplacian and applications,” Nonlinear Analysis: Theory, Meth-
ods & Applications, vol. 32, no. 7, pp. 819-830, 1998.

J. Serrin, “Local behavior of solutions of quasi-linear equations,”
Acta Mathematica, vol. 111, pp. 247-302, 1964.

D. G. de Figueiredo, O. H. Miyagaki, and B. Ruf, “Elliptic
equations in R? with nonlinearities in the critical growth range;”
Calculus of Variations and Partial Differential Equations, vol. 3,
no. 2, pp. 139-153, 1995.

Abstract and Applied Analysis



