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We define two sequential transforms on a function space C,; [0, T] induced by generalized Brownian motion process. We then
establish the existence of the sequential transforms for functionals in a Banach algebra of functionals on C, , [0, T]. We also establish
that any one of these transforms acts like an inverse transform of the other transform. Finally, we give some remarks about certain
relations between our sequential transforms and other well-known transforms on C,; [0, T].

1. Introduction and Preliminaries

Let C,[0, T] denote one-parameter Wiener space; that is, the
space of all real-valued continuous functions x(t) on [0, 7]
with x(0) = 0. The study of the Fourier-Wiener transform of
functionals on C;[0, Tl was initiated by Cameron and Martin
[1-3]. This transform and its properties are similar in many
respects to the ordinary Fourier function transform. Since
then, many transforms which were somewhat analogous to
the Fourier-Wiener transform have been defined and devel-
oped in the literature. There are two well-known transforms
on Cy[0,T]. One of them is the analytic Fourier-Feynman
transform [4-6] and the other is the integral transform [7-
10]. Each of the transforms on Wiener space has an inverse
transform. For an elementary survey, see [11].

In [12-16], the authors studied the generalized analytic
Fourier-Feynman transform and the generalized integral
transform for functionals defined on a more general function
space C,;[0,T]. The function space C,,[0,T], induced by
generalized Brownian motion process, was introduced by Yeh
[17, 18] and was used extensively by Chang and Chung [19].
The Wiener process used in [1-10] is stationary in time and is
free of drift, while the stochastic process used in this paper, as
well as in [12-17, 19], is nonstationary in time and is subject
to a drift a(t). In case a(t) = 0 and b(t) = t on [0,T],
the general function space C_, [0, T] reduces to the Wiener
space C,[0, T] and so most of the results in [4-6, 9] follow
immediately from the results in [12, 13, 15, 16].

However, the existence of an inverse transform of each
of the two generalized transforms on C,;[0,T] has not yet
been established. It is a critical point that the generalized
transforms on C,,[0,T] are essentially different from the
transforms on Wiener space C,[0,T]. The main purpose of
this paper is to define a transform on C, [0, T] which has an
inverse transform.

In this paper, we define two sequential transforms on
the function space C,;[0,T]. To do this, we investigate a
representation for sample paths of the generalized Brownian
motion process and introduce the concept of the &-s-
continuity for functionals on C,;[0,T]. We then proceed
to establish the existence of the sequential transforms for
functionals in a Banach algebra #*(C, [0, T]) of functionals
on C,,[0,T]. Next, we establish that any one of these
transforms acts like an inverse transform of the other trans-
form. Finally, we examine certain aspects of the generalized
analytic Fourier-Feynman transform, the generalized integral
transform, and the sequential transforms.

We briefly list some of the preliminaries from [12, 13, 17]
that we will need in order to establish the results in this paper.

Let a(t) be an absolutely continuous real-valued function
on [0,T] with a(0) = 0, a'(t) € L2[0,T], and let b(t) be
a strictly increasing, continuously differentiable real-valued
function with b(0) = 0 and b'(t) > 0 for each t € [0,T].
The generalized Brownian motion process Y determined by
a(t) and b(t) is a Gaussian process with mean function a(t)



and covariance function r(s,t) = min{b(s), b(t)}. For more
details, see [12, 13]. By Theorem 14.2 in [18], the probability
measure y induced by Y, taking a separable version, is
supported by C_,[0,T] (which is equivalent to the Banach
space of continuous functions x on [0, T'] with x(0) = 0 under
the sup norm). Hence, (C,;[0,T], B(C,,[0,T]), ) is the
function space induced by Y where %(C, , [0, T) is the Borel
o-algebra of C,; [0, T']. We then complete this function space
to obtain (C,,[0, T], #'(C,;[0,T]), u), where #'(C,,[0,T])
is the set of all Wiener measurable subsets of C, [0, T].

A subset B of C,,[0,T] is said to be scale-invariant
measurable provided pB is %' (C, [0, T])-measurable for all
p > 0, and a scale-invariant measurable set N is said to be a
scale-invariant null set provided u(pN) = 0 for all p > 0.
A property that holds except on a scale-invariant null set
is said to hold scale-invariant almost everywhere (s-a.e.). A
functional F is said to be scale-invariant measurable provided
F is defined on a scale-invariant measurable set, and F(p-) is
W (C,;[0, T])-measurable for every p > 0. If two functionals
F and G defined on C,;, [0, T'] are equal s-a.e., we write F = G.

Let Li’b [0, T] be the space of functions on [0,T] which
are Lebesgue measurable and square integrable with respect
to the Lebesgue-Stieltjes measures on [0, T'] induced by a(-)
and b(-); that is,

L2, 10,7

T T
= {v: J v (s)db (s) < +00,J Vv (s)dal (s) < +oo]>,
0 0 N

where |a|(-) is the total variation function of a(:). Then,
(Li,b[O, T1, - ll,p) is a separable Hilbert space with inner
product defined by

T

(U V)p = J u()v(t)d[b(t)+|al ()]. (2)

0

Note that [lull,;, = /(, u),p, = 0ifand onlyifu(t) = O a.e. on
[0, T]. Also note that all functions of bounded variation on
[0, T] are elements ofLi)b[O, T].If a(t) = 0 and b(t) = t, then

Li,b[O, T] = L*[0, T]. In fact,

(L2 10,71, Mlap) € (L5, 10, T1, IMlo)

i 3
= (L0, T1,11l,)
because the norms || - [|,; and || - ||, are equivalent.
Let
Ctll,b [0> T] = {w € Cu,b [0, T] Tw (f)
(4)

t
= J z (s)db(s) forsome z € Li’b [0, T]]» .
0
Forw € C;,b [0, T, with w(t) = L: z(s)db(s) for t € [0,T1], let
D: C;)b[O, T] — Li,b [0, T] be defined by the formula

w' (t)

o 5)

Dw(t)=z(t) =
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Then C;’b = C;’h[O, T1 with inner product

T
(wy, wZ)C;,b = L Duw; (t) Dw, (t) db (t)
. (6)
= J 2, (t) 2z, (1) db (t) = (21, 2),,

0

is a separable Hilbert space.
Note that the two separable Hilbert spaces Li,b [0,T] and

C;)b [0, T] are homeomorphic under the linear operator given
by (5). The inverse operator of D is given by

t
(D7'2) (1) = L z(s)db(s). (7)

Recall that above, as well as in papers [12-16], we require
thata : [0,T] — Risanabsolutely continuous function with

a(0) = 0 and with JOT la'(1))?dt < +0c0. Our conditions on

b:[0,T] — Rimplythaté < b'(t) < Afor some positive real
numbers & and A, and b’ () is continuous on [0, T]. Hence, we
have

T / 2 T ! 2.
| 1o @fab = | |o' @ e < +0. ®
0 0
But we cannot ensure that

T 2
L |a" )] dlal (t) < +o0 )

under current conditions. Note that the function a(t) = >/,
0 <t < T, does not satisfy condition (9) even though its
derivative is an element of L*[0, T].

In this paper, we add the requirement (9). Then we obtain
the following lemma.

Lemma 1. The function a : [0,T] — R satisfies the require-
ment (9) if and only if a is an element ofC;,b [0, T1].

Under the requirement (9), we observe that for each z ¢
L*,[0,T]
ﬂ,b > >

T T
j z(t)da(t):J Dw () Da (1) db (t) = (w.a)er , (10)
0 0 ab

where w(t) = [ z(s)db(s) for t € [0, T].
The following integration formula is used several times in
this paper:

JR exp {—ocuz + ﬁu} du = \/gexp {g} (1)

for complex numbers & and f with Re(«) > 0.

2. A Representation for Paths x in C,_,[0,T]

In this section, we investigate a representation for paths x
in C,,[0,T]. To do this, we first define a Paley-Wiener-
Zygmund (PWZ) type stochastic integral.
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Let {g,, g,,...} be a complete orthonormal set of func-
tions in the separable Hilbert space C’ 4510, T1, such that for
each j = 1,2,. Dg](t) = o (t) is of bounded variation

on [0,T]. Then, for each w € Ca’b[O T] with Dw = z €
Lza’b [0, T], we can write

(9]

w(t)= ) (w.9;)e 9;® =

j=1 ' J

M8

(z0;),,9, ) (12

I
—

n [0, T].
Foreachw =Dz € C;)b[O, T1, the PWZ type stochastic
integral (w, x) & 18 defined by the formula

T n
(w, x)C, = lim J Z(w,gj)c, Dg] (t)dx (t)

n— oo 0

j=1

T n
= lim_ L j:zl(z, o;),, (1) dx (1)

(13)

for all x € C,,[0, T] for which the limit exists.

The following are some basic properties of the PWZ type
stochastic integral. They are nontrivial, but straightforward to
prove.

(1) For each w € C;’b[O, T1], the PWZ type stochastic
integral (w, x)g, exists for y-a.e. x € C,,[0,T].

(2) The PWZ type stochastic integral (w, x)c, is essen-
tially independent of the choice of the complete
orthonormal set {g]}]:1 in Ca’b[O T].

(3) It follows from the definition of the PWZ type
stochastic integral and from Parseval’s equality that if
w e C;)b[O, T]and x € C;)b[O, T1], then (w, x)g,bexists

and we have (w, x)& = (w, ) R

(4)If Dw = z € L_,[0,T] is of bounded variation on
[0, T'], then the PWZ type stochastic integral (w, x)& ,
equals the Riemann-Stieltjes integral .[OT z(t)dx(t) for
p-a.e. x € C,p[0,T].

(5) The PWZ type stochastic integral has the expected
linearity properties. That is, for any real number c,
w e C;’b[O, T]and x € C,;[0,T], we have

(w, cx)é;b = c(w, x)g;b = (cw, x)g;b. (14)

Thus, the assertions (1) and (4) hold for s-a.e. x €
C,p[0,T].

(6) For each w ¢ Cab[O T], (w, x)C,
random variable with mean (w, a)cf

is a Gaussian

and variance

IIwIIC;b. Forallw,,w, € Ca’b[O, T], we have

[ ), (), de )
a,b[O’T] ? ? (15)

= (wpw,)o +(wpa)y (wya)y .
ab ab ab

Now, we are ready to examine a representation for paths x
in C,_, [0, T]. Throughout the rest of this paper, we will use the

symbol & for a complete orthonormal set {g ]} ~,in Cu »10,T],

such that for each j = 1,2,..,, Dg; = «; is of bounded

variation on [0, T']. Then, for eachj =12,...,

N T
yj(x) = (gj, x)C;b = L o; (t) dx (t) (16)

is a Gaussian random variable with mean
T
A;=(g; a)% = L o (t)da (t) 17)

and variance

T
laile., = JO o (0 db (1) = 1. (18)

We note that the set {y, (x), y,(x), ...} forms a set of indepen-
dent Gaussian random variables on C,; [0, T'].

Let & = {g]} be as above, and let x € C,,[0,T]. For
eachn=1,2,. deﬁne
Z, (x)(£) = Yy (%) g; (). (19)
=1

Then, Z,(x) is an element of C;,h [0,T]
andalln=1,2,....
For each t € [0,T], let ¥,(s) =

observe that for each t € [0, T,

[0,T] forall x € C,,

IOS Xo.1(T)db(7). Then, we

T
x(t) = L Xos () dx (5)

= (%),

n

T
hm (t,gj) Jaj(s)dx(s)
] 1

(20)

nooot
nli_)rréoz J a;(s) db (s) y; (%)
j=1-0

= nlinéoZVJ

nILr%oZ" (x)(t).

By the property of the PWZ type stochastic integral, the last
expression of (20) converges for p-a.e. x € C,,[0,T].

Remark 2. By the definition of the PWZ type stochastic
integral, the last expression of (20) is independent of the
choice of the complete orthonormal set & in C"z)b [0,T]. If we

choose the complete orthonormal sine sequence & = { gj}]‘?zl
in C;’b[O, T], where
j—1/2) b (t
o0 B [G=1mo)
(ji-12)n b(T)



that is,

2 [(j—l/z)nb(t)

a;(t) = Dg; (t) = \jb(T) cos b(T) ] (22)

for j = 1,2,..., then the corresponding Z, (x)(t) converges to
x(t) uniformly in ¢ with probability one. For more details, see
[20] and the references therein.

We now state a fundamental integration formula on the
function space C,,[0,T]. Let y;(x) and A; be as above, let
h : R" — C be Lebesgue measurable, and let H(x) =
h(y,(x),...,9,(x)). Then

j H (x) du (x)
Cop[0,T]

EJ h(y (). 7, (X)) dp ()
Cop[0,T]

(23)
- (271)_”/2J h(uy,...,u,)
R"
2
n{y. — A
xexpxi—gi[u] 5 J] ]»du1 du,

in the sense that if either side of (23) exists, both sides exist
and equality holds.
Let F be a functional on C, ;,[0, T] and let & = {gj}?zl be

a complete orthonormal set in C;)b[O, T1. Then, we say that F
is ¥-continuous at x if

Aim F (Z, () = F(x), (24)

where Z,(x) is given by (19).

Example 3. For each t € [0,T],let F : C,,[0,T] — R be
given by F(x) = x(t). Then, using (20) and (14), we see that F
is ¥-continuous for s-a.e. x € C_,[0,T]andall x € C;’b[O, T].

Example 4. Given w =
Ca)b[or T]

(w, x)g,h = (w,x)c;)b for every x € C;,b[O,T], by the

D'z e C,,[0,T), let F
— R be given by F(x) = (w, x)g/b. Since

definition of PWZ type stochastic integral, we obtain that

Jim F(Z, (x))

nleréo(w’ Zn (x))c;,b

T
lim j z(H)dZ, (x) ()
n— 00 0

T n
tim [ z@d( Yy, 9,0
n—oo J, st
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n T
nangOZyj (x) J z (t) dgj (t)
j=1 0

n
lim (z, "‘f)o,be (x)

n— 00
i1

= (w, X)E;,b =F(x)
(25)
for s-a.e. x € C,,[0,T] and all x € C,, [0, .

Proposition 5. Let F : C,,[0,T] — C be u-integrable.
Assume that F is G-continuous for p-a.e. x € C,,[0,T]. Then

| Fedu
Ca,b[OaT]
(26)
= lim J F(Z,(x))du(x),
Ca,b[OsT]

n— 00

where Z,(x) is given by (19).

Proof. For eachn = 1,2,...,let F,(x) = F(Z,(x)). Then F, is
p-integrable. By our assumption, we observe that

Jim B, (0) = im F(Z,(2) =F(x)  (27)

for y-a.e. x € C,,[0, T]. Thus, by the dominated convergence
theorem, it follows that

(28)
- J lim E, () dy (x)
Capl0,T]#7
= J F (x)du(x)
Copl0T]
as desired. O

3. Sequential Function Space Integrals

In [21], Cameron and Storvick defined the “sequential” Feyn-
man integral by means of finite dimensional approximations
for functionals on Wiener space C,[0,T]. The sequential
definition for the Feynman integral was intended to interpret
the Feynman’s uniform measure [22] on path space C,[0, T,
because there is no countably additive measure which weights
all paths x in C,[0,T] equally in much the same way as
Lebesgue measure weights all points in R equally. Thus, the
Cameron and Storvick’s sequential Feynman integral is a
rigorous mathematical formulation of the Feynman’s path
integral.

The Cameron and Storvick’s sequential Feynman integral
is related by sequential Wiener integral [23]; that is, the
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integral is based on polygonal path approximations. In this
section, we define different kinds of sequential function space
integrals for functionals on the function space C,,[0,T].
In Section 4 below, we also adopt sequential approaches
to define our function space transforms on C,;[0,T]. The
sequential definition for the Feynman integral in [21] was
defined as the limit of a sequence of finite dimensional
Lebesgue integrals. Essentially, our sequential function space
integrals and transforms are defined in terms of a sequence of
complex measures on the function space C, [0, T].

Next, we introduce two sequential definitions for certain
function space integrals on C, [0, T]. Throughout the rest of
this paper, let C, and C, denote the set of complex numbers
with positive real part and nonzero complex numbers with
nonnegative real part, respectively. Furthermore, for all A €
C, M2 is always chosen to have nonnegative real part.

Let & = {gj};xz’l, yj(x), and A ; be as in Section 2. For A €
C,,x€C,[0,T]and eachn =1,2,..., let

W (hx) = 12 exp {(%) AT
=1
: (29)

+(a2 1) iAjVj ()
=1
and let

W, (x) = 1" exp {<%> 3y )
j=1

(D =1) Y Ay (0 + ZAi} :
j=1 j=1

(30)

Using (23) and (11), we observe that for all A € C, and
everyn=12,..,

j W (s x) it (x)
C,p[0,T1]

I,

(a

(31)
W, (A x)du (x) = 1.

b[0T]

We are now ready to state the definition of the sequential
function space integrals.

Definition 6. Let F be a measurable functional on C, [0, T].
Let g#0 be a real number and let {1,}7” be a sequence
of complex numbers in C, such that A, — —ig. If the
following limit exists, one calls it the sequential Z-function
space integral of F with parameter g, and we write

Pq
J F(x)d*x
Ca,b[O)T] (32)

n—00

= lim J F(Z,(x)) W, (A5x)du(x).
Copl0.T]

We also define the sequential .//"-function space integral
of F with parameter g by the formula

JNq F(x)d*x

Ca,b[O’T] (33)
= lim J- F(Z,(x)W, (A;x)du(x)
neeJe,lom
if it exists.
Let F)(x) = 10n C,,[0,T] and let
0, x€C,,[0,T],

F,(x) = @b 34
2(%) {1, x€Cay[0,T] = CLy [0,T]. (34)

Then, since C;’b[O, T1] is a scale invariant null set, we have
F, = F,. But by the definition of the sequential function space
integrals, we see that

Pq Nq
J F, (x)d*x = J F, (x)d*x =1,

Capl0,T1] Cop[0,T]
(35)
Pq Nq
J F, (x)d*x = I F, (x)d*x = 0.
Capl0,T1] Copl0,T1]

Given two complex-valued measurable functionals F and
GonC,_,[0,T], wewill write F = Gif F = G and furthermore
if F(x) = G(x) for all x € C;)b[O, T1]. The relation = is clearly
an equivalence relation.

Definition 7. Let F be a functional on C,,[0,T]. If F is &-
continuous for s-a.e. x € C,,[0,T] and every x € C;’b[O, T],
then one says that F is &-s-continuous.

The functionals discussed in Examples 3 and 4 above
are &-s-continuous. Next we introduce a class of functionals
which are €-s-continuous.

Let A/ (C;)b[O, T1) be the space of complex-valued, count-

ably additive (and hence finite) Borel measures on C;)b[O, T].

M (C"Lb[O, T1) is a Banach algebra under the total variation
norm and with convolution as multiplication.

Definition 8. The Fresnel type class F*(C,;[0,T]) is the
space of functionals on C_; [0, T] expressible in the form

F(x)zj

cl,l01]

exp fiw, )5 Fdf @) (6)

for s-a.e. x € C,,[0,T] and every x ¢ C;,b[O, T1], where
the associated measure f is an element of ‘/%(C;’E[O, T)).
More precisely, since we will identify functionals which
coincide under the relation = on C,,[0,T], #*(C,,[0,T])
can be regarded as the space of all =-equivalence classes of
functionals of the form (36).

The Fresnel type class #*(C,, [0, T]) is a Banach algebra
with norm

FI=Nfl= |, dlflw. e



In fact, the correspondence f + F is injective, carries
convolution into pointwise multiplication, and is a Banach
algebra isomorphism where f and F are related by (36).

Proposition 9. Let F ¢
continuous.

F*(Cp[0,T)). Then F is G-s-

Proof. Let F be given by (36), and for each n = 1,2,.., let
Z,(x) be given by (19). Then substituting Z, (x) for x, we have

F(Z,00) = |

abt™

L ep i 2,@)g, b @) G9)

By Example 4, the exponential in (38) approaches the expo-
nential in equation (36) asn — ©0. Note that for eachn € N,
the exponential in (38) is measurable in (w, x) on C;,b [0,T] x
C,10,T]. Thus, by the bounded convergence theorem, we
observe F(Z,(x)) — F(x)fors-a.e x € C,,[0,T] and every
x € C"Z,b[O, T1, and the proposition is proved. O

The functional F, defined by equation (34) above is not
&-s-continuous. Thus, F, ¢ 9*(C;,b[0, ).

The following lemma plays a key role in the proofs of
Propositions 12 and 13 below.

Lemma 10. For eachn = 1,2,..., let Z,(x) be given by (19)
and let W," and W, be given by (29) and (30), respectively.
Then for all w € C;’b[O, Tl,allA € C,, and eachn = 1,2,...,
the function space integrals

J exp {i(w, Z, (X)) } W, (A;x) dp (x),
»[0,T1] ab
(39)
j exp [i(w, 2, ()5 | Wy () du ()
Ca,h[O)T] b

exist and are given by (40) and (41) below, respectively.

Proof. Using (19), (29), (23), the Fubini theorem, and (11), we
obtain

j ot T {i(w’ Zn (x));;,,,} W, (s x) dy (x)

2 n/2 /\n 5
_<E> JRnexp{—EJZluj

+ Z (i(w, gj)c, + /\1/2Aj> u;
ab

Jj=1

ZA }dul
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(40)

Also, using (19), (30), (23), the Fubini theorem, and (11),
we obtain

J o {iw 2, () )éz,h}wn_ (As x) dp (x)

1 ¢ 2
- {'ﬁZ(w’ 91)e, (4D

1

-0 (w, gj>cthj} |
j=1 “

O

Let F be given by (36). Proceeding formally using (36),
(40), and (41), we see that the sequential function space

integrals F(x)d*x and jé\]q 011 F(x)d*x are given by
a,blY>

.[ ’ T
C,,[0,T1
the formulas

Jpq F(x)d*x

Capl0.T]

- | exp{ Ll
c,l0.1] 2q° Cw

i) w.ale, Fdf @),
(42)
Nq
J F(x)d*x

Cu,b [OrT]

- | exp{ © )
c,l0.1] 2q° e

~i(iq) " (w, a)qvb} df (w),

respectively.
For A € C, andw € C,,[0,T], let

1 iy
vp (A w) = eXP{—ﬁIIwIIZC;’b + il I/Z(w,a)%}, (43)

1 . _
vy Q) = exp |~ iy, - i-0) " Pwa)y, | (@9

Then, for each A € €+, lyp(A;w)| and |yy(A;w)| are

unbounded functions of w. Hence, F(x)d**x and

P
Icz,b (0,71

N,
J 1 F(x)d**x might not exist. From this observation, we
Cop0,T1]
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clearly need to impose additional restrictions, such as (45)
below, on the functionals F in % *(C,, [0, T]) for the existence
of the sequential & and ./-function space integrals of F.

Let g, be a positive real number. We define a subclass

97;0 = 9;0(Ca’b[O,T]) of #*(C,,[0,T]) by F € 97;0 if and

only if

1
L;‘b[O)T] exXp { W"w”c ||a||c } d |f| (w) < +co, (45)

where f and F are related by (36).

The following example suggests the necessity of the
condition (45) to ensure the existence of the sequential
function space integrals of functionals in #*(C,; [0, T]).

For each n € N, let w,(t) = nb(t) = jot ndb(s) for
t € [0,T]. Consider a measure # on C;)b[O,T] which is

concentrated on the set {w, : n € N} and y({w,}) = 1/(n?)
for each n € N. Then, # is an element of ./%(C;)b[o, T]) and it
follows that

1
exp {ﬁnwu% ||a||c;,b} d | (w)

- e, Nl
n=1 N S

46
{\/b(T)IIch;b } | (4o
—’n

|
Mg
[¢)
>
ae)

n2

V24
% \/b(T) Ilallcf

n=1

M

n

Using the same method, we can find an example for the
functional in #*(C, [0, T]) that the sequential integrals do
not exist.

Given a positive real number g, let

— _ 1
=i1eC, | A=a+iB,[Im(171? <—}. (47)
free, i (1) <« =
Let g be a real number with |g| > g,. Then, since
oy L, el
2l y2]dl
(48)
1 sign(g)

(iq) " =

1 ,
V214l 21q|

we can see that —iq and iq are elements of the domain Int(I, ).
0
We also need the following lemma to obtain Propositions
12 and 13.

Lemmall. Let & = {gj}j.’zl and A j be as in Section 2, and let

qo be a positive real number. Let {1} be a sequence in C,
such that A — —iq, where q is a real number with |q| > q,.

Then there exists a sufficiently large K € N such that for all

nx>K,
} (49)

} (50)
1
< exp “—Ilwllcf lallc } :
A /zqo ab ab

Proof. Let {A,}72) = {«, +iB,} 2, be a sequence in C, such
thatA, — —ig,andletI, be glven by (47). Then, we observe
that for each n € N,

\/(Xﬁ + ﬁrzl -y
Im (1,'?) = - sign (B,) J

ElCEON
im ((-1,)7%) = sign (5, J .

Since «, — 0, there exists a sufficiently large K; € N such
that for every n > Ky, A,, € Int(I; ) and

2(9pw)e A

=

1
<exp1—|wl|~ lall~ t»
p{ Tl | ||cu,b}

exp{‘lm((—/\n)_l/z)’ i(g], ) Aj

j=1

>

5(q) = sup |Im 1/2)| : nZKl}

u{| Im((—)\n)_l/z)| :nzKl}u !

[\S]
=

1

< .
V24

(52)

Also, there exists a positive real number &, > 1 such that

0(q) < 1/(g9~/29y)-
Let @ = {gj}j-":’1 and A be as in Section 2 above. Using

Parseval’s identity, we observe

(w’ g])c’ (gj’ a)c;,b
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(w, a)c;,b -

.
I
—

(53)

™Mz

(w.9))cs A

<.
1l
—

forw € C;)b [0, T']. Also, using the Cauchy-Schwartz inequal-
ity, we have

~&glwle lal, < @ a)e, < &lwle,lale,. (54



Thus, there exists a sufficiently large K, € N such that for
everyn > K,,

<gllwle, lalc, - (55)

2 w)e, A

Using these facts, we obtain the inequality (49) and (50).
O

Proposition 12. Let g, be a positive real number and let F €

97;0 be given by (36). Then for all real q with |q| > q,, the

P
sequential P-function space integral _[C" on F (x)d ¢ x exists
a,blY>

and is given by the formula

Pq
J F(x)d*x = J o (cigw)df W),  (56)
Capl0,T] C!,[0,T]

ab 0,

where v, is given by (43) above.

Proof. Let F be given by (36). First note that the equality in
(36) holds for all x € C'a)h[O, T]. Let g be a real number with
lgl > qo> and let {A,}72 be a sequence in C, which converges
to —ig. Using (36), (19), (29), and the Fubini theorem, we
obtain that for eachn = 1,2,...,

| )W Qix) )
b [0T]

= exp {i(w, Z,, (x)) (57)
J‘C;,h[o’T] jca,b[O)T] p{ ( ( ))Ca,b}

X W, (A, x) du (x) df (w).

But, by (40) and (49), we know that the right hand side of (57)
is dominated by (45) for all but a finite number of values of n.
Next, using (57), (40) with A replaced with A,,, the dominated
convergence theorem, Parseval’s relation, and (43), we obtain

n— 00

lim J F(Z,(x)) W, (A,;x)du(x)
0,71

nj=1

1 ¢ 2
B Jc’ 10,71 A exp{ 21 2.(w gj)C.’,,b
+id, 1/ZZ(w 91)@ j} df (w)
j=1

i
= exp {—— [lwl¢s
c,l01] 2q ab

i) w.ale, Fdf @),
(58)
which concludes the proof of Proposition 12. O

We establish our next proposition after careful exam-
ination of the proof of Proposition 12, and by using (30),
(41), (44), and (50) instead of (29), (40), (43), and (49),
respectively.
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Proposition 13. Let g, and F € F
Then for all real q with |ql > q,, the sequential /N -function

" be as in Proposition 12.

space integral [ " o FOd*x exists and is given by the
a,b Y

formula

Nq

| Fwax=| yyigw)dfw), 69
C,p[0,T] C 011

where vy is given by (44).

4. Sequential Function Space Transforms

In this section, we introduce two sequential transforms on
the function space C, [0, T]. We then establish that each of
these transforms acts like an inverse transform of the other
transform. Our definitions of the sequential transforms are
based on the sequential function space integrals defined in
Section 3 above.

Definition 14. Let q be a nonzero real number. For y €
C,,[0,T], we define the sequential -function space trans-
form &_(F) of F with parameter g by the formula

Pq
P, (F)(y) = J T]F(y+x) d*x (60)

a,l

if it exists. Also, we define the sequential ./"-function space
transform ¥ (F) of F with parameter q by the formula

Nq
/Vq(F)(y)=J F(y+x)d“x (61)

Capl0,

if it exists.

In Theorem 15 below, we establish the existence of the
sequential 2 -function space transform of functionals in
F*(Capl0,T)).

Theorem 15. Let qy and F € F, " be as in Proposition 12.

Then for all real q with |q| > qo» the sequential P-function
space transform of F, P (F) exists and is an element of

F(C,p[0,T]) with associated measure f; defined by
7B = L yp (-igw)df ), EeB(Cl,[0,T]),
(62)
where yyp is given by (43), .%(C;’b[o, T1) is the Borel o-algebra,
and f is the associated measure of F by (36). Furthermore, one
sees that for s-a.e. y € C,,[0,T] and all y € C;)b[O, T],
Py () (y)

=j%m e {i(w ) e (Cigsw)df @)

= j > ~l d P >
Jc;,b[o,T] P {l(w 4 )Ca,b} fo (W)
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with

1< |

Ca,b

1
ex ——lwll~ llall~ d w
or T { V24, lwle, ”Ca,b} |f] w)

(64)

< +00.

Proof. Let F be given by (36), and for a real g with |g] >
qo» let {A,}72, be a sequence in C, which converges to —ig.
Proceeding as in the proof of Proposition 12, we obtain that
fors-a.e. y € C,,[0,T]and all y € C;’b[O, T,

P, (F)(y)

lim j F(y+2Z, ()W (A x) dp (x)
0 [0,T]

n— 00

L;,bm exp { i(w, y)er }

. 1 ¢
xmwkmxwﬁb 8

nj=1

+i}\;1/2i(w, gj)c, A;} df (w)
= ab
= J'c;’b[o,T] exp { (w, y)c’ } p (migw) df (w).

Given g with |g| > ¢, let the set function fqp
%(C;,h [0,T]) — C be given by (62). Then, by the definition

of the class F/T;O, the inequality (64) holds. From this, we

see that f; belongs to /%(C;,b[O,T]) and that Qq(F) can
be expressed as the third expression of (63) for s-a.e. y €
C,pl0,T]and all y € C;’b[O, T1. Thus, we conclude the proof
of Theorem 15. O

In Theorem 16 below, we also establish the existence of
the sequential ./ -function space transform of functionals in
F*(C,pl0,T]).

Theorem 16. Let q, and F € 97;0 be as in Proposition 12.
Then for all real q with |q| > qq, the sequential N -function
space transform of F, N (F) exists and is an element of

F*(C,[0,T]) with associated measure f;\] defined by
£ E) - L yn (-igiw)df ), EeB(CL,[0,T]),
(66)

where Yy is given by (44) and f is the associated measure of
F by (36). Furthermore, one sees that for s-a.e. y € C,,[0,T]

andall y € C;)b[O, T],
Ny (F) (y)

- Jc;)b[o,T] exp {i(w, y);;)b} vy (migw) df (w) (67)

= ] 5 ~l d N
Jc;,h[o,T] P {l(w 4 )Ca,h} fo W)

with

N 1
I77] < ch,,b[O,T] o {\/?%"w"q"’”a”q"’} 41w

< +00.

In view of Theorems 15 and 16, we obtain the following
assertion.

Theorem 17. Let q, be a positive real number and let F €
q /4 be given by (36). Then

(i) for all real q with |q| > q,, P (F) and P_g(F) are
elements of 97;0, and one has

N J(Py(B)=F= N (P, (F); (69)

and

(ii) for all real q with |q| > qo» /Vq(F) and ./V,q(F) are
elements ofgr';n, and one has

P (W,B)=F=2 (W (). (70)

We finish this section with some examples to apply our
results. Let .#(R) be the class of complex-valued, countably
additive Borel measures on 9% (R), the Borel class of R. For
T € M(R), the Fourier transform 7 of 7 is a complex-valued
function defined on R by the formula

T(u) = JR exp {iuvldr (v). (71)

Let h € C [0, T] and let T € #(R). Define F;,, :
C,p[0,T] — be

Fy, (x) = ?((h, x)g;,b) . 72)

Define a function ¢ : R — C;,b[O, T] by ¢(v) = vh and let
f =1 o¢ ' Itis quite clear that f is in /%(C;)b[o, T1) and is
supported by [h], the subspace of C;)b[O, T] spanned by {h}.
Now, for s-a.e. x € C,;[0,T] and all x ¢ C;’b[O,T],

F, . (x) = J.R exp z(h x)C, v} dr (v)

:J exp i(p(v), %) }d‘r(v)
R

(73)
.['b[OT] P z(w,x)c, } (ro¢™) )

B Jc;,b[o,T] P {i(w, x)gl,h} af (w).

Thus, Fj, . is an element of #*(C, [0, T]).
Suppose that for a fixed positive real number g, > 0,

jR exp {(240) Ml lallr, W1} d Il () < +o0.  (74)
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It is easy to show that condition (74) is equivalent to condition
(45) above. Thus, applying Theorems 15 and 16, the sequential
function space transforms &, (F, ;) and /' (F;, ;) of Fy, , exist
for all ¢ € R with |g| > g, if the complex measure 7
corresponding to F;, ; satisfies condition (74).

Next, we present functionals F,, . in & (C, [0, T]) whose
associated measures satisfy the condition (74).

Example 18. Let S : C;’b[O, T] — C;)b[O, T] be the linear
operator defined by Sw(t) = JZ w(s)db(s). Then, the adjoint
operator §* of S is given by S*w(t) = Jg(w(T) — w(s))db(s).
Using an integration by parts formula, we have
~ T
($b,x)o = J x()db(t). (75)

0

Given real numbers m and o* with o > 0, let T,,,02 De the
Gaussian measure given by

_ 2\"1/2 (- m)’
T (B) = (2710 ) J.B exp { 30 } dv, 6
Be B (R).

Then 7, » € 4(R) and

To? (U) = J exp {iuv} dr,, 2 (v)
R
(77)
1
= exp {—zazuz + imu} ,ueR.
The complex measure 7, ;> given by (76) satisfies condition

(74) for all real q, > 0. Thus, we can apply the results in
Section 4 to the functional of the form

Fh,‘t’mﬁz (x)
T (GO 79)
2
= exp {—%02 [(h, X)E;,b] + im(h, x)&;)h} .

We note that F,, , € U, &, and so that for every
Lo 0 9o
q € R — {0}, the sequential transforms of Fy, . , P, (F,; ),
and A q(Fh’Tmz) exist and are elements of #(C,_,[0,T]) by
Theorems 15 and 16 above. Furthermore, we have that

Ao (%4(Fus ) = Fas, (79)

for all real ¢ € R — {0} by Theorem 17. In fact, by a simple
calculation, we obtain that for all g € R — {0},

‘@q (Fh,rm,uz ) (y)
_ . LT
_ JR exp {z(h, R AL

+ i(—iq)_l/z(h, a)o bv} dt,, 2 (v),
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‘/V—q (Fh,‘rm,gz ) (y)
_ , ~ KT
_ JR exp {z(h, R AL
- i(—iq)_l/z(h, a)qybv} dr,, » (v)
(80)

fors-a.e. y € C,,[0,T] and all y € C;)b [0,T].
In particular, if we choose h = §*b, m = 0, and 0* = 2 in
(78), we have

Fgpq,, (x) = exp {—(JT x (t)db (t))z} . (81)

0

Example 19. The functional

T
Fs,,, (x) = exp {1J x(t)db (t)} , x€C,y[0,T] (82)
0
also is a functional under our consideration because

Fy., (x) = exp {i(S*b, x);‘;’b}
(83)

exp 1i(w, x)v { dOgsy, (W),
j%m] plitw, )5 | dog, w)

where &5, is the Dirac measure concentrated at S*b in

C.,[0,T]. The Dirac measure 8s,., also satisfies condition
. . o *

(45) for all real g, > 0; thatis, F5, € U 0%, .

5. Concluding Remarks

In this section, we examine certain aspects among the
generalized analytic Fourier-Feynman transform [12, 13], the
generalized integral transform [15, 16], and the sequential
transforms for functionals on C,,[0,T]. As possible, we
adopt the definitions and notation of [11-13, 15, 16] for the
(generalized) analytic Fourier-Feynman transform and the
(generalized) integral transform.

A major goal of the authors in [12, 13, 15, 16] was to
generalize the concepts of the analytic Fourier-Feynman
transform and the integral transform of the functionals of
paths for the generalized Brownian motion process.

In [5, 6], the authors obtained the existence of the
L, analytic Fourier-Feynman transform Tlgz)(F) for several
large classes of functionals F on Wiener space C,[0, T]. In
particular, they showed that for all real g #0,

T (1 (F) (y) = F () (84)

for s-a.e. y € Cy[0,T]. Thus, L, analytic Fourier-Feynman
transform “Tq(z)” with parameter g has the inverse transform
“szq)”. However, in view of the results in [12, 13], (84)

does not hold for functionals F on C,;[0,T]. As men-
tioned in Section 1, the existence of an inverse generalized
Fourier-Feynman transform on C,;[0,T] has not yet been
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established. It is not easy to verify the existence of the
inverse generalized Fourier-Feynman transform because the
generalized Brownian motion process has a drift term a(t).
In [9, 10], the authors studied the integral transform of
functionals F in L,(C,[0,T]). They showed that for F €
L,(Cy[0,T]) and nonzero complex numbers « and 8 with

Bl < 1, B# + 1, Re(l — %) > 0, = +/1—-f2 and
-n/4 < arg(x) < /4,
yeC 0T, (85)

Fo1pFapF (v) =F(y),
where &' = 4/1-1/B% That is to say, 97;1[3 is given
by “Fisp1/8- In [16], Chang et al. presented a version of
inverse transform of the generalized integral transform &,
as follows: for appropriate functionals F on K, ,[0,T], the
complexification of C, [0, T,

F i1 Fian T -aiprpF apF (v) = F(y) (86)
for y € K, [0, T]; that is,

-1
wp = 7 i1 F i) F —ajp1/p- (87)

But they pointed out that for any nonzero complex
numbers . o, [’31 and f3,, there are no nonzero complex
numbers &, and 8 such that

galiﬁl e%"’Cz:ﬁz = g“’»ﬂ" (88)
Hence, the inverse generalized integral transform, & ;,lﬁ,
cannot be expressed as a simple integral transform.

Let us return to the singular integral transforms discussed
in this paper. Theorem 17 tells us that the sequential function
space transforms &; and ./, have inverse transforms 9;1 =
N _gand /V;I = P_,, respectively. By choosing a(t) = 0 and
b(t) = t on [0, T, the function space C,, [0, T] reduces to the
Wiener space Cy [0, T'] and the sequential transforms &%, and
W coincide.

Let F be as in Theorem 15. Then, by the definition of the
L, generalized analytic Fourier-Feynman transform, we can
see that T;z)(F ) of F exists and

T (F) () = 24 (F) () (89)

fors-a.e. y € C,,[0,T] and all y € C;,b[O, T1. This fact tells
us that the sequential .#"-function space transform .//'_, plays
a prominent role as an inverse transform of the generalized

- . @
analytic Fourier-Feynman transform T,
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