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A class of ninth degree system is studied and the conditions ensuring that its five singular points can be centers and isochronous
centers (or linearizable centers) at the same time by exact calculation and strict proof are obtained. What is more, the expressions

of Lyapunov constants and periodic constants are simplified, and 21 limit circles could be bifurcated at least.

1. Introduction

As we all know, it is difficult for planar polynomial differential
systems to characterize their centers and isochronous centers.
Hence, up to now the sufficient and necessary condition
determining an isochronous center can only be found by
making some appropriate analytic changes of coordinates
which let the original system be reduced to a linear system.
This kind of appropriate analytic change is very difficult to
obtain, so only a handful of isochronous systems have been
investigated. Several classes of known isochronous systems
studied are as follows: quadratic isochronous centers (see [1]);
isochronous centers of a linear center perturbed by third,
fourth and fifth degree homogeneous polynomials (see [2-
4]); complex polynomial systems (see [5]); reversible systems
(see [6, 7]); and isochronous centers of cubic systems with
degenerate infinity (see [8]).

In [9], a class of ninth degree system with four isoch-
ronous centers was investigated. In this paper, we consider
the following ninth degree system:

dx__ 5 o4
i /\y(x +y)

+y (1’40964 + p31x3y + P22X2y2 + Po4)’4)

+y (Psox6 + 1’42’64)’2 + p24x2y4 + Poa)’G) ,

dy _ 2 2\4
Z—/\x(x +y)

+x (Q4ox4 + %2352)’2 + ‘hsx)’s + %4)’4)

+x (%ox6 + ‘1429‘4)’2 + %4’52)’4 + %6}’6) >

(1)
where
1
Pso = —9o4 = 5 (101 +4A 4, + 845, - 56),
P31 = —q13 = —8Bs;
P2 = —qyp =101 - 6A5, —4A5 + 56,
1
Pos = =440 = 5 (-2A-p),
(2)

1
Pso = ~9os = 5 (121 - 445, - 845 + 7B),

Pir = ~Gos = = (—4A +8A5, + 16A5, - 9B),

N =

3
Py =4 = 3 (41— 445, - 8A5 + 56),

1
Pos = ~9e0 = 5(4)“*/3), AB#0.



The paper is organized as follows. In Section 2, the pre-
liminary methods to calculate the focal values (or Lyapunov
constants) and period constants which are necessary in
Sections 3 and 5 are presented. In Section 3, two appropri-
ate transformations, changing system (1) to a class of Z4-
equivariant fifth degree system in which the focal values are
calculated, are provided. Based on it, the condition and proof
that the infinity and four elementary singular points of (1)
can be centers are gained. The bifurcations of 21 limit circles
are the subject of Section 4. At last, in Section 5, the period
constants with simpler expressions are given; moreover, the
sufficient and necessary condition and proof are given to
illustrate that the infinity and four elementary singular points
of (1) become isochronous centers.

2. Some Preliminary Results

In [10, 11], the complex system of complex center is

dz <
—=z+ ) Z; (z,w) = Z(z,w),
" k; 3)

dw

op v kzzwk (z,w) = -W (z,w),

where
Zi (z,w) = Z a‘xﬁz“wﬁ, W (z,w) = Z baﬁw“zﬁ,

a+P=k a+B=k

(4)

and the authors gave two recursive algorithms to determine
necessary conditions for a center. We now restate the defini-
tions and algorithms.

Theorem 1 (see [11]). For system (3), we can derive successively
the terms of the following formal series:

M (z,w) = Z /;z wP (5)
a+p=0
such that
oMZ oMW
o) ol Z (m+ D yew)™, (6)

where ¢y, = 1, forall ¢y € R, k = 1,2,..., and for any integer
m, W, is determined by the following recursive formulae:

o =L
when (ax=B>0) or a<0, or f<0, ¢g=0;
else
1 a+f+2
“p= 3o Z [(oc +ag; - B+ 1)bj,k—1] Co—k+1,p—j+1>
ﬁ ‘xk+j=3
2m+2
Um = Z (ak,j—l - bj,k—l)cm—k+1,m—j+1'
k+j=3
(7)
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Theorem 2 (see [12]). For system (3), we can derive uniquely
the following formal series:

o) .
flzw) =z+ Z c,ijzkwj,

k+j=2
N ®)
gz,w) =w+ Z d,’cjwkzj,
k+j=2
where ck+1k = dk+1k =0,k=1,2,..., such that
d
f = f(z,w) + Zp]z]“w]
j=1
9)

d +
d_g__g(zw) qu ]1

and when k — j — 1#0, c,i]. and d,'(j are determined by the
following recursive formulae:
1 k+j+1
!
= k-a+1
% 1 —ka;H[( at1)ays,
-(j-p+1) bﬁ,a—l] Cli—ac+1,j—ﬁ+1’
1 k+j+1
dj= ——— k—a+1)b
k] j+1_k(x+zﬁ=3[( o+ )(Xﬁ*l

-(j-B+1) aﬁ,(x—l] d]’(*(x+l,j—ﬁ+1a
(10)

and for any positive integer j, p;. and q;. are determined by the
following recursive formulae:

2j+2
! .
pj= z [(J —a+2)a,p,
a+p=3
~(i-p+1) bﬁ,afl] Cj,‘*oc+2,jfﬁ+1>
(11)
2j+2
! .
q; = Z [(J—“sz)baﬁ 1
a+B=3

- (] - :B + 1) aﬁ,a—l] d;’_a+2,j_/3+1~

In the above expression, we have let ¢, = d, = 1, ¢, = d, =
0, and ifae <0 or f <0, leta“ﬁ = ba/; = ;ﬁ = d"xﬁ =0.

3. Singular Point Quantities and
Center Conditions

It can be easily checked that system (1) have four elementary
critical points (+1,0), (0,+1) and the infinity. After intro-
ducing the method to calculate the focal values and period
constants of system (1), we try to make some appropriate
transformations so as to carry out our investigation.
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By means of the Bendixson homeomorphous transforma-
tion

u=— y=—2—
_x2+y2’ _x2+y2’ (12)
and time transformation
4
dt = (x* +y*) dr, (13)

system (1) can be transformed into the following real system:

du 5
o -Av+ (—2/\+2A32 +4A5, - E[)’)uzv
B\ s 3,.) 4
+<2A+5>v +<3A—2A32—4A50+5[3>u %
+ 8By’ v’ + (2A = 245, + 4A 5, + B) UV’
—<)L+E>v5,
2
dv B 5
i Au — <2A+ E>u3 + (2)&—2A32 —4A5 + 5[3) uv’

+ ()u + §> w0+ (-2A + 244, —4Ay - B)u’V
3
— 8Bgyu’v’ + (—3)\ +2A5, +4A5 - 5[3) wt.
(14)

Then, the infinity and four elementary focuses (+1,0), (0, £1)
of (1) become the origin and (+1,0), (0, +1) of system (14),
respectively. Thus, we have the following theorems.

Theorem 3. System (14) is a class of Z4-equivariant differential
polynomial system of fifth degree about point (-1, 0).

Proof. The system is invariant by the transformation of
rotation

U= xcos ~ — ysin = V= xcos % + ysin~ 15)
Tresy TRy CXeosy TysRy

Then system (14) is a Z4-equivariant polynomial system
about point (-1, 0). O

Now, we will consider the (0, 0) of system (14). Let
z=Xx+1iy,

w=x—iy, T = it. (16)

System (14) can be transformed into the following complex
system:

dz

1
T Az - (/\+a32 +2a5, + Zﬁ)wzz

3
+ <a32 - A+ 2a5, - I/S> W’ + a5z’

1
+ ()t — a5 —agy + §ﬂ> w'z + a5, w2,

3
dw 1 2
= - —Aw+</\+b32+2b50+ Zﬁ)zw
3
- <b32 — A +2by, - f)f - byyw’
1 4 203
—(z\—b32—b50+ Eﬁ)z w - by, 20,
(17)
where
as, = Asg ;Bsoi, by, = Asg ; Bsoi’
| )
oo = Aj, — 2Bsyi be = Az, + 2Bsyi
2= 5, o 2= 5

Theorem 4. The first two singular point quantities at the origin
of system (17) are as follows:

_ 2iBy,

3 (19)

u, =0, U,
Theorem 5. For system (17), the first two singular point
quantities are zero if and only if the following condition holds:

By, = 0. (20)

Theorem 6. For system (14), all the singular point quantities
at the origin are zero if and only if the first two singular
point quantities are zero; that is, the condition in Theorem 5
holds. Correspondingly, the condition in Theorem 5 is the center
condition of the origin.

Proof. If condition (20) holds, system (14) becomes

du 5
el Av + (—2/\ +2A5, +4A,, - Eﬁ> u’y
B\ s 3 4
+ 2)L+5 v+ 3/\—2A32—4A50+5[5’ uv
+ (20 =244, + 445 + ) u’V - ()L + g) v,
dv 5
i Au— <2A + §>u3 + <2/\ -2A5, —4A5 + Eﬁ)uvz
+ (A + /§> W+ (<20 + 245, — 4A5, - ) 'V
3 4
+ (—3)u +2A5, +4A5 - Eﬁ> uv'.
(21
Remark (21) is symmetric with v axis. O

System (14) is a class of Z4-equivariant differential poly-
nomial system, so that the four symmetric elementary focus
points of system (14) have the same topological structure;
then they have the same center conditions and isochronous
center conditions and so on. Without loss of generality, we
only need to consider the case of (1,0).
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Let + (4A — 4ay, — 4asy + 2B) w'z

= —_ = 1
x=u-1 y=v (22) + (A — a3 — a5 t 5/3) w'z
Then, system (14) can be changed into )
+ <2a32 — A+ 8as, + 4_1‘B> 2

dx
a = By + (8A = 4A5, - 8A5, + B) xy )
13 +<5a32—/\—2a50+ —,B) wz’
+(16A—10A32—20A50+—ﬁ>x2y 4
2 + 3a5,w’2” + (a5, + 10asy) 2° + 2a5,wz°
3
+ (IZA - 8A;, —16A5, + 6ﬁ) Xy N a32wzz3 N 5[15024 + asozs,
3.\ .4 2
+ <3A—2A32 —4Aq+ zﬁ)x ¥ + 8B,y dw _ ~Bw- (3/\—21932 . §ﬁ>zz
dT 4
3.2 3 3 5 3
+8B5px"y" + (4A - 245 + 445, + Eﬁ Y - (3)L —3by, —2bs, + 4_1/3> z
+(4) — 4A5, + 8A gy +2B) xy° + 24Bgyxy” _ (A by, — by + 1‘3) Z4
2
+24Bsx” Y + (24 = 244, + 445, + f) X°y°
0 S ~ (22 -8y + 2B w2
(1o 25) 2
") ~ (61 = 3by, — 6bsy + 3B) 22w
% = Bx+ <4A + 2,8) X+ <8A + g[;’) %’ ~ (42— 4by, — 4by +2P) 2w
1 4
. —(A—b byt - >zw
+<5A+§/3>x4+(/\+ E,B)x5+<§ﬁ—8A50>y2 2 2ﬁ
. - <2b32 A+ 8y + 1[;) w?
+ <4A32 —4) - 16A4, - Eﬁ) xy? 4
1 2
~ (Sbia = A= 20 + 8) 2w
+(6A5, — 6] — 1245 — 3B) x°° ( 2 ot gf
£ (<20 + 245, — 4Aq - B) x5 — 3b,w’z” — (by, + 10bsy) W’ — 2by,zw”
3 3 2.3 — b, 2w’ - 5hyyw* - byyw’
+8Bsyy” + 16Bsyxy” + 8Bgyx”y 2 0 207
5 (25)
+ (—3/\ +2A5, +4A5, - 3 /3) y4 Through computing, we have the following theorem.
3 4 Theorem 7. The first five singular point quantities at the origin
+ <—3A + 2A32 + 4A50 - Eﬁ) Xy . ofsystem (25) are
(23) | 4iByy (4h - 245, - 1244 + 5B)
By noting that = B ’
s=xriy  wex-ip T=it (Y 8By (B~ 4A5) (A ~ 2845 +55)
system (23) can be transformed into its complex system: ? B’ ’
. 2
j_; ~ Bz + <3/\ a4 ;1/3> w Uy = 8iBsy (B — 4A59)” (~4480A%, + 560B2,

+1992458-2158%) ()

5
+ (3A —-3a,, — 2a5, + A_Lﬁ> w’
. 2
_ 64iBsy(B - 4As) f

1 u, = ,
+<)L—a32—a50+ E‘8> w 4 17587
5 16384iA3 B. (B - 4A,)
+ (2)» - 8ag, + —[3) wz Us = — iA5Bso(B 50) g
2 1827307548828125[39

+ (61 — 3as, — 6ag, + 3B) w'z (26)
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where
f = 67737600A%, — 63598080A% 3 + 22017616 A%, 3

— 33350404 4,8 + 1868754",
g = 16146722095087449600A%

— 9886197819204477680A2 3

+2031858784197168536A 5, 3

— 142685023001803215".

(27)

Theorem 8. For system (25), the first five singular point
quantities are zero if and only if one of the following conditions
holds:

1
A= 5 (A, —4A5), B =4A5; (28)
By, = 0. (29)

Then we can get the following theorem.

Theorem 9. For system (25), all the singular point quantities
at the origin are zero if and only if the first five singular point
quantities are zero; that is, one of the conditions in Theorem 8
holds. Correspondingly, the conditions in Theorem 8 are the
center conditions of the origin.

Proof. Under condition (28), the system (25) becomes

d
d—: = —4A4y —20A50xy — (245, + 26A5) X7y
3 1 4
— (245, +16A5) Xy — SAn 44 | Xy
+8Bs)” + 24By,xy” + 24Bgyx” y*
+ 81350’C3J’2 + 2Aso)’3 +(8A5 —243,) xy3
23 1 >
+(4Aq— Ayy) Xy — §A32y >
dy 2 3
dr 4A5ox +2(Az +3A50) x° +2(2A5 + Ag) x

5 1
+ 5A32x4 + 5A32x5 —2A5y* +2(A5, —5A5) x)y°
2 2 3 2
+3 (A5 —4A5) Xy +(Az —4A5) Xy

+8Bsyy” + 16Bsyxy” + 8Bsyx’y’

+ (%A32 + 4A50> y4 + (%A32 + 4A50>xy4.
(30)

System (30) has an integrating factor

1

(1+2x+x2+y2)3.

u(x,y) = (31)

Under condition (29), system (25) becomes

dx
S By (Bh-4dy -84y + f)xy
13 2
+ (16A —10A3, —20A5 + 7ﬁ> xy

+ (121 -84, — 16A5, + 68) X"y

+ (3A —2A5, —4A, + gﬁ) xty

+ (4A —2A5, +4A5 + %[3) y’
+ (40 —4A,, + 8A +2B) xy°

+ (20 =245, +4A,, + [3)x2y3 - ()L + %[3’) ys,

dy 7 2 9 3
2 pre (4A+ 2,8>x +<8A+ 2)ﬁx
+ <5A + éﬁ) Xt (/\+ 1[3) X+ (—8A50 + zﬁ) ¥
2 2 2
+ (—4/\ +4A5, - 16A5, — %/3) xy’

+(=6A +6A,, — 12A5, - 3) x*y°

+ (21 + 244, — 445, - f) x°y

+ (—3/\ +2A5, +4A5 - gﬁ) y4

+ (—3/\ +2A5, +4A5 - %/3) xy,
(32)

where (32) is symmetric with x axis. O

So we get the following theorem.

Theorem 10. The system (14) has five centers (0,0), (£1,0),
(0, +1) when By, = 0. Namely, the system (1) has five centers
the infinity and (1, 0), (0, 1) when Bs, = 0.

The system (14) has four centers (£1,0), (0,+1) when A =
(1/2)(A5, — 4A4), B = 4A5,, Bsy #0. Namely, the system (1)
has four centers (£1,0), (0,+1) when A = (1/2)(A5, — 4A5),
B =4Asy, and Bs, #0.



4, Bifurcation of Limit Circles

Theorem 11. For system (14), the (1,0) is a fifth order weak
focus if and only if

A= % (2045, - 5B).

1
A = E (28A50 - Sﬁ) >

2
Bs, > 0,

Resultant [ f, g, As]

Abstract and Applied Analysis

B - 4480A%, — 1992A 5,3 + 215f°

50 560
f=0, g#0.

(33)

Proof. When u; = u, = u; = u, = 0, we could find suitable 3
and A, to satisfy

u, =0, (34)

(35)

=16309978866916163079012825599795663295988359261 13854000O000000000000000000000000000000/312.

So the (1, 0) is a fifth order weak focus. O

Theorem 12. Assume that the conditions in Theorem 11 hold.
Then the 5 limit cycles can bifurcate from the (1,0) of System
(14), which lie in the neighborhood of the origin.

Proof. If the conditions in Theorem 11 hold, we can obtain
that the Jacobian of the wu;,u,,us;,u, with respect to
A, Asy, Bsg Asg

J= D (”1:“2’”3’7/‘4)
D (A, Asy, Bsg, Asgp)

2097152B3(~4A4, + B)’
- 175817

x (203212800A%, — 19286400043, 8
+ 678845124 50 ° — 10506964 A 58°

+6037558" ) ;
Resultant [ f, ], As]

= —661345270173473293422286219719475200000000[316.
(36)

So J #0. Applying the theory in [13], the result is completed.
O

Theorem 13. Assume that the conditions in Theorem 11 hold.
Then 1 limit cycle can bifurcate from the (0, 0) of System (14),
which lie in the neighborhood of the origin.

Since System (14) is Z4-equivariant, taking into account
Theorems 12 and 13, we conclude the following.

Theorem 14. Assume that the conditions in Theorem 11 hold.
Then 5 limit cycles can bifurcate from each of the four fine focus
points (£1,0), (0, £1) of System (14), and one limit circle could
be created from the origin at the same time; namely, 21 limit
cycles can bifurcate from the System (14) in all, five of which are
located in the neighborhood of each of the four fine focus points

(£1,0), (0, 1) and one of which is located in the neighborhood
of origin.

In fact, there are 21 limit cycles for system (1); 5 limit cycles
can bifurcate from each of the four fine focus points (+1,0),
(0,+1) of System (1), and one limit circle could be created
from the infinity at the same time; namely, 21 limit cycles can
bifurcate from the system (1) in all. It is a very interesting
result.

5. Period Constants and Isochronous
Center Conditions

In this section, we focus on the calculation of period constants
and isochronous center conditions of the origin and (1, 0)
for system (17) and (25). According to Theorems 2, we begin
by computing period constants through recursive formulae.
Under the center conditions given in Section 3, we discuss
three different relevant cases: (a) about the origin, case
condition (20) holds.

Theorem 15. Under condition (20), the origin of system (17)
is a complex isochronous center if and only if the following
conditions holds

Ay =By =0, Ag=-2, P=-4\. (37

Proof. If condition (20) holds,substituting B;, = 0 into the
recursive formulae in Theorem 2, we can easily get the first
four period constants

4N +2A5, +4A5 - P
n=- 2\ ’
_641° + 16145, + 200 + 387

812

(41 + B) (801% + 46AB + 95°)

E 3203
3B(41 + B) (1041% + 40AB + 9B%)
- 512)4

T, =

>

(38)

>

Ty
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Clearly, 1, = 7, = 7, = 7, = 0 implies that condition (37)
holds.

On the other hand, case condition (37) holds, and system
(17) is changed into

dz 2
ﬁ=—z(z+1)(z—1)(z +1),
(39)

d
d—;Lj:(—1+w)w(1+w)(1+w2).

By means of transformation

-1/4 -1/4
E=z(z"-1) o n=w(w'-1) " o)
system (39) is reduced to a linear system.

Thus, the origin of system (17) is a complex isochronous
center. O

(b) about (1,0) of system (25).

When condition (28) holds, substituting A = (1/2)(A;, —
4A4)), B = 4A,, into the recursive formulae in Theorem 2,
we easily obtain the first two period constants

A32 — 2ASO

T =— ,
L Ay - dAg

T, = -2. (41)

Thus (1, 0) could not be an isochronous center when condi-
tion (28) holds.

Theorem 16. (1,0) of system (25) is a complex isochronous
center if and only if condition (37) holds.

Proof. When condition (29) holds, substituting B, into the
recursive formulae in Theorem 2, we easily obtain the first
four period constants:

—4A + 10A5, —4A +
Tl = >
2

7, = (80 - 1339217 + 80A s, + 17856145,
2
—5952A%, — 203 - 15624A8

+10416A 5,8 - 4557p7) (200)",

1
7, = —— (-237312)% + 2939328
8000

+ 208896 A 5, — 58786561° A,
2 3
— 46592A%, — 87091243

~299104A8 + 51438241° 8

+ 162816 A 5,8 — 6858432 A5)A8

+2286144A% 8 — 1035928

+3000564A8” — 2000376 A 5,

+5834434° + 39191041A%, ),

1
7, = ——— (~512001% + 280976641” + 173560321*
40000

2
+57600AA 5, — 294983681 A 5,
~ 462827521 A5, + 65454720A%
+462827520° A%, + 42150443,
3 4

—205701121A%, + 3428352A%,
— 704001 + 400464321° 8
+404974081° B + 396004 5,3
~ 11200A%, - 80994816A% A50/3
+996112A% 8 + 53996544AA% 8

3 2
— 1199923243, 8 — 24200
+17793272A8° + 354352320% 8
— 3856888A 58" — 47246976)A 5, 5
— 240986561 A50f3 + 15748992A% 8
+2329754f8 + 1378036818

~9186912A 5 +20096378" ).
(42)
Denoting by

g1 = R(1,,713,1), 92 = R(1,7,,1), (43)

where R(7;,7;, A) is the resultant of 7;,7; with respect to
A, we have R(g;,9,,) = 0. From polynomioalremain-
der[g,, 91> Asg]l = 0, we could get that = 2A,. When
B =2Ay,17, =17 =17 = 0deduce A;, = By, = 0,
Agy = 2M, B =—4A

Besides, when condition (37) holds, system (25) is
changed into

dz 1 2
yrbtAChl ) (z+2) (2% +22+2),
p (44)
w 1 2
T :—‘—1(1+w)w(2+w)(2+2w+w )
Letting that
z(2+z)(2+2z+zz)
- (z+1)*
(45)
w(2+w)(2+2w+w2)
- (w+1)*
system (44) is reduced to a linear system. O



From Theorems 15 and 16, we can conclude the following
theorem.

Theorem 17. The infinity and four elementary singular points
(£1,0), (0,+1) are five isochronous centers of (1) if and only
if condition (37) holds; namely A5, = By, = 0, Agy = —24,
B =—4A.
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