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The authors study the nonlinear limit-point and limit-circle properties for second-order nonlinear damped differential equations
of the form (a(t)|y'|P7'y") + b(®)|Y'|7"y" + r(t)|y|’Hy =0,where 0 < g < p <A a(t) >0,and r(t) > 0. Examples to illustrate the

main results are included.

1. Introduction

In this paper, we continue the study of the nonlinear
limit-point and limit-circle properties for the second-order
damped equation

(at Iy'lp_ly')’ by [y ero )y =0, O

where R, = [0,00), R = (-00,00),0 < g < p < Aace
CI(R+), be CO(R+), r € CI(IR+), a(t) > 0,and r(t) > 0. We
also consider the special case of (1) with p = g, namely,

(at |y'lp_1y')’ ooy +rolyy=0. @)

Previous results of this type for damped equations can be
found in the papers of Shao and Song [1], Xing et al. [2], and
the present authors [3]. Later in this paper we will compare
the results here with those previously known.

The limit-point/limit-circle problem has its origins in the
work of Weyl [4] over 100 years ago. Weyl considered the

second-order linear eigenvalue problem
Y'+r(t)y=0y, 0eC (®)

and classified this equation to be of the limit-circle type if
every solution belongs to L?, that is,

ro () do < oo, 3)
0

and to be of the limit-point type if at least one solution y(t)
does not belong to L%, that is,

[ee]
J y* (0)do = co. (4)
0
The limit-point/limit-circle problem then becomes that of
determining conditions on the coeflicient function r that
allows us to distinguish between these two cases. Weyl also
proved that the linear equation (C) always has at least one
square integrable solution provided Im 6+ 0. The problem
then reduces to whether (C) has one (limit-point case) or two
(limit-circle case) square integrable solutions; this has come
to be known as the Weyl Alternative. Weyl also showed that if
(C) is limit-circle for some 6, € C, then it is limit-circle for
all 8 € C. In particular, this is true for 6 = 0, so that if we can
show that the equation

y' +r®)y=0 (L)

is limit-circle, then (C) is limit-circle for all values of 0, and if
(L) is not limit-circle, then (C) is not limit-circle for any value
of 0. However, for (L) we are not guaranteed that there is at
least one square integrable solution.

In the years since Weyl’s original work there has been a
great deal of interest in this problem due to its relationship
with the solution of certain boundary value problems. By
comparison, the analogous problem for nonlinear equations



is relatively new and has not been as extensively studied as the
linear case.

In what follows, we will only consider solutions defined
on their maximal interval of existence to the right. We next
define what we mean by a proper solution.

Definition 1. A solution of (1) is said to be proper if it is
defined on R, and is nontrivial in any neighborhood of co.

Remark 2. Under the covering assumptions here, the func-
tions a, b, and r are smooth enough so that all solutions of (1)
are defined for large t (see [5, Theorem 2(i)]). Moreover, all
nontrivial solutions of (1) are proper if either b < 0 on R, or
q = p (see [5, Theorem 4]).

The nonlinear limit-point/limit-circle problem originated
in the work of Graef [6, 7] and Graef and Spikes [8]. The
history and a survey of what is known about the linear and
nonlinear problems as well as their relationships with other
properties of solutions such as boundedness, oscillation, and
convergence to zero, can be found in the monograph by
Bartusek et al. [9] as well as the recent papers of Bartusek
and Graef [10-14]. The nonlinear limit-point and limit-circle
properties of solutions are defined as follows (see [9] and the
papers [3, 6, 7,10-18]).

Definition 3. A solution y of (1) is said to be of the nonlinear
limit-circle type if
I ly " dt < oo, (NLC)
0
and it is said to be of the nonlinear limit-point type otherwise,
that is, if
o0 A+l
j ly )| dt = co. (NLP)
0
Equation (1) will be said to be of the nonlinear limit-circle
type if every solution y of (1) satisfies (NLC) and to be of the
nonlinear limit-point type if there is at least one solution y

for which (NLP) holds.
We can write (1) as the equivalent system

i =a 2 (1) 5" sgn s,
(5)

_ A
yh=-b®)a " () |y,|"" sgn y, — () 31| sgn s

where the relationship between a solution y of (1) and a
solution (y,, y,) of the system (5) is given by

nw=a0)y oy ®. ©

Also of interest here is what we call the strong nonlinear
limit-point and strong nonlinear limit-circle properties of
solutions of (1) as can be found in the following definitions.
These notions were first introduced in [17, 18], respectively,
and further studied, for example, in [10, 11]. We define the
functionR: R, — R by

yl (t):y(t)7

R(t)=a"? (t)r (1) )
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and the constant § by

5= Pt1
p

(8)

Definition 4. A solution y of (1) is said to be of the strong
nonlinear limit-point type if

- 5
J 2O 4 o )
o R(t)

(o]
J ly (t)|/\+1dt = 00,
0
Equation (1) is said to be of the strong nonlinear limit-point
type if every proper solution is of the strong nonlinear limit-
point type and there is at least one proper solution.

Definition 5. A solution y of (1) is said to be of the strong
nonlinear limit-circle type if

e |y, )

J ly 0" dt < o, J dt < co.  (10)
0 0 R(t)

Equation (1) is said to be of the strong nonlinear limit-circle

type if every solution is of the strong nonlinear limit-circle

type.

Notice that if b(t) = 0, (1) reduces to

(@ yI"y) +robly=0 @

and moreover, if A = p, then (11) takes the form

(a0 ["y) sroby =0 @

This is the well-known half-linear equation, a general discus-
sion of which can be found in the monograph by Dosly and
Rehak [19]. Using the terminology introduced by the authors
in [3,11,16],if A > p, we say that (1) or (11) is of the super-half-
linear type, and if A < p, we will say that it is of the sub-half-
linear type. Since in this paper we are assuming that A > p,
we are in the half-linear and super-half-linear cases. In [3], we
considered the sub-half-linear case of (1) and (11).

The limit-point/limit-circle problem for the damped
equation

(a)y) +b®y +r@®)y =0 (13)

with b(t) > 0 was studied in [1] with A < 1 being
the ratio of odd positive integers and in [2] with A > 1
being an odd integer. The results in both of these papers
tend to be modifications of results in [6-8] to accommodate
the damping term. We will say more about the relationship
between the results in [1, 2] and the present paper in Section 5.
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It will be convenient to define the following constants:

A+D)p
A+2)p+ 1’

_ p+1
S (A+2)p+ 1
p+1
p(A+1) *

_ p
Pr= A+2)p+1

B =

_ “y—l/()Hl),

A+D(p+1)
Ap-q)+(A-q) (14)
for either p>q or A>gq,

B, =

q+1
p+1’

_ 1 p
CEXA T pen

wy =

a-p

<1 —_—
A+2)p+1

bl V1:

Notice thatw = 1 — 3, w, < w;, and w < 1. We define the
function g : R, — R by

a'’? (1) R' (1)
=" 15
g R+ (1) (15)
and sometimes we will make use of the assumption that
tlim gt) =0, J 'g' (s)| ds < oo. (16)

If (16) holds, we define the constants

1/(A+1)

y=ay T sup 9@, m=0+n.

For any solution y : R, — R of (1), we let

F(t)= R (1) [a(t) Y @ (t)l“l]

RP |)’2()| A+1
()< 0 +yly @) )

Note that F > 0 on R, for every solution of (1).

For any continuous function h: R, — R, welet h,(¢) =
max{h(t), 0} and h_(t) = max{-h(t), 0} so that h(t) = h,(t) -
h_(1).

In Section 2, we give some preliminary lemmas. Section 3
contains our main results on (1), and in Section 4 we study (2).
Examples to illustrate our results and to compare our results
to previously known ones are given in Section 5.

2. Lemmas

In this section we establish some lemmas that will be needed
to prove the main results in this paper.

Lemma 1. Let either p = qorb < 0 on R,. Then for every
nontrivial solution y of (1) one has F(t) > 0 for large t.

Proof. Let y be a nontrivial solution of (1). Then (18) implies
the existence of T > 0 such that F(T) > 0. Suppose, to the
contrary, that F(t,) = 0 for some ¢, > T. Then (18) implies
y(t,) = ¥'(t,) = 0 and so (1) has the solution ¥ defined by

y() =y
y()=0 fort>t,.

for t € [0,t,],
(19)

But this contradicts Remark 2 and proves the lemma. O

Lemma 2. Let y be a solution of (1). Then

(i) fort € R,, one has

|y (t)| < yfl/(/\ﬂ)R*ﬁl (1) Fl/()Hl) ), o0
20
|y, (0)] < RP (6) FP/*D ()5

(ii) for 0 < T < t, one has

F(t)=F(1)—ag (1) y (1) y, (1) +ag (t) y (t) y, (t)

- ocj g' (s) ¥y (s) y, (s)ds

t B Up (21)
_ J [(SR () |y2 (9] P sgn y, (s)

976 | 215, 0y, 5 ds,

a* (s)

| [6r= @1 1" sgn 1, 9 - ag () y 5]

L L)
o)

o

+1rwmw

r a’(s)

1y, O]y, () ds

va (s) F*" (s)ds

(s) F*2 (s) ds
(22)

Proof. Let y be a solution of (1). Then it is a solution of the
equation

(a]'2) +r@ iz = e (23)
with  e(t) = -b(Oly' 017y (1) =
—(b(t)/a" ()] y,(t)]" " y,(t). The expressions (20) and (21)
follow from Lemma 1.2 in [16] applied to (23). Inequahty
(22) follows from (20).

The next two lemmas give us sufficient conditions for the
boundedness of F from above and from below by positive
constants.



Lemma 3. In addition to (16), assume that

b @)l v,
L R @dt < oo (24)

and one of the following conditions holds:

HA=p=g
(ii) b < 0 for large t and

00 B
o[ ol 0 ol

a’(s)
‘R, (5)
X exp {Jo RG) ds

or

(iii) p = g < A and (25) holds.

(25)

Then for any nontrivial solution y of (1) defined on R_, the
function F is bounded from below for large t by a positive
constant depending on y.

Proof. Suppose, to the contrary, that there is a nontrivial
solution of (1) such that

liminf F () = 0. (26)

By Lemma 1, F(t) > O for large t. Let t € R, be such that
F(t) > 0fort >tand

20, sup |g(s)] +o¢1j |g/ (5)|ds

s€[t,00)

D)
S N LICLE

the existence of such a t follows from (16) and (24). Then, for
any t, > t such that F(f;) < 1, there exist 7 and o such that
t, <o < tand

(27)

2F(1)=F(0)=F(t,) >0, F(1)<F(t)<F(o) (28)

for o < t < 7. Then (20) implies

Iy (8) y, (1)) < y /R (1) (29)

onR, . From (21) (with 7 = o0 and t = 7), inequalities (22) and
(29), and the fact that F(o) < 1, we have

@ - F(0)-F(7)
< [cxl lg(@)|+ay]g(0)] + J |gl (5)|ds] F* (o)

¥ J lbv((s ))| R" (s)ds (y,F* (0) + 6F" (0)).
(30)
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Since min(w, w;, w,) = w, < 1, (27) and (30) imply

F(o) < %F“’z (0). (31)

It is easy to see that w, = Ll ifand onlyif p= A = q.

In this case (31) and F > 0 give us a contradiction and the
statement of the lemma holds in case (i).

Suppose that p = A = g does not hold; this implies w, # 1.
Since g is of bounded variation and lim, _, . g(t) = 0, we see
that

9@I=lg@ =gl <[ |d Glds )
From this, (28), and (30), we obtain

F(o)<2 {3(x1 JOO |g' (s)| ds
(33)

1o @,
7, L L (s)ds]»F (@),

or

F(t,) = F(0)

excf[" [l @l o]

with K = (6a; + 2y2)ﬁ2. Hence,

o0 ﬁz
F(t)SK{L ['g )] + |bv((s))|R"‘()] } (35)

for all t > f such that F(t) < 1. At the same time, (31) implies
F(t) < 272 < 1 for these values of ¢. Thus, (35) holds for all
t > tandsolim,_,  F(t) = 0.

Now in cases (ii) and (iii) we can actually estimate a
bound from below on F. Let

Z®)=F@®)RP@®). (36)
Then (18) and (36) imply

Z'0=R"0) o - oenly o, 67)

Define
~(R7(1), in case (ii),
S = {—(R1 (t))i— b, (()) “0(#), in case (iii).
(38)
Suppose case (ii) holds. Then (36) and (37) imply
Z'(#) = SR Z(t). (39)

Suppose case (iii) holds. Then (36) and (37) imply

+( ) —8
re

20z -(R'®) |nof -8 ® |y, ©)

>SHRM)Z(H).



Abstract and Applied Analysis
Hence, (39) holds in both cases (ii) and (iii) for ¢ > t. So
Z ()= Z(t)exp {Lt S(o)R(0) da]» , (41)
and in view of (35) and the fact that S(¢) < 0,

Z (£) R (t) exp “t S(0)R(0) da}

s (42)
<F(1) SK{L [| Ol b ( )|RV‘ (s )] } ,
which contradicts (25). Notice that
exp {— Lt S(0)R(0) do} < Cexp Lt 1;((55)) ds (43)

with C = 1 in case (ii) and C = exp{d fooo(lb(s)l/a(s))ds} in
case (iii). O]

Lemma 4. Let (16) and (24) hold. Then for every solution of
(1), the function F is bounded.

Proof. Let y be a solution of (1) and let # > 0 be such that (27)
holds. Suppose that F is not bounded, that is,

lim sup F (t) = oo. (44)

t— 00

Then for any t, > f with F(t,) > 1, there exist o and 7 such
thatt, <o < 1, F(1)/2 = F(0) = F(t,), and

1<F(0)<F({t)<F(r) foro<t<rt. (45)
Setting T = 0 and t = 7 in (20)-(22), we have (29) and

%T) - F(1)- F (o)

<

a|g (@) + oy g (@] + ey j g’ )] ds] F* (1)

+ J lbv(( ))| R" (s)ds (y, F* (1) + 6F' (1)).

(46)
Since max(w;, w,,w;) < 1, (27) and (45) imply
F(r)<2 [2061 max |9 ()] + e J |9’ ()| ds
(47)
7, LOO ';’((SS))' R" (s) ds] Fry <L ;T).
This contradiction proves that F is bounded. O

Lemma 5. Let (16) and (24) hold. Then there exists a solution
y of (1) and positive constants ¢, and ¢, and t, > 0 such that

0<¢ <F(t)<¢g forte[ty00). (48)

Proof. Assumption (16) implies that g is bounded, so we can
choose t, € R, such that

M= le[3a1 +8+yp,] 7

lg)| <M fort > t, J |g'(s)|dsSM (49)
to

J OO oo () ds < .
t, a’(s)

Consider a solution y of (1) such that F(t,) = 1. First, we
will show that

3

F(t) < for t > t,. (50)

Suppose (50) does not hold. Then there existt, > t; > t, such
that

3

F(t,) = > F(t;)=1, 1< F(t) < ; (51)

fort € (t;,t,). Lemma 2 (with 7 = t; and t = t,), together
with the facts that w < 1 and w, < w; < 1, implies

1 F(t)
2 2

2 =F(t,) - F(t)

< 3a, MF® (t,) + SMF*' (t,) + y,MF*> (t,)  (52)

3
< 5M[3(X1+8+y1] :g.

This contradiction shows that (50) holds.
Now, Lemma 2 (with t = ¢, T = ;) similarly implies

IF(O)-1] < 3041M<§) +8M<%> 1+y1M<§> ’

2
(53)
3 1
< 5M[3a1+6+y1] <3
for t > t,. From this and from (50) we have
1 3
ESF(t)SE for t > t,. (54)

Next, we prove that y is defined on [0, £,]. Suppose to the
contrary that y is defined on (a,t,) with 0 < a < t; and y
cannot be extended to t = a. Then limsup, _, ,+|y,(¢)| =
The change of variables x = ¢, —t and y(¢) = Y(x) transforms

(1) into
(alty—x)[V|"V) ~b(t - ) [7]"Y
J (55)
+r(ty—x)[Y[* 'Y =0, “”= o

with the noncontinuable solution Y (x) defined on [0, ¢, — a)
and limsup,, _, (to-a)” |Y(x)| = co. This contradicts Remark 2
applied to (55) and proves that y is defined on R,. The
conclusion of the lemma then follows from (54). O



Lemma 6. Suppose that (16) and (24) hold and

ro RP @) dt = co. (56)
0

In addition, assume that either

IO VA U I 1151 RN

it o|[(5)| Fare o]0 )
or

s [ Ol wor ., ]

e OGO EI ) B

holds. If y is a solution of (1) with
a<FM<g (59)

or large t and some positive constants ¢, and c,, then
g p 1 G

JOO ly @) dt = co. (60)
0
Moreover, if
t
lim supr (t) J RP (s)ds = oo, (61)
t— o0 0
then
o )
J ®F (62)
o R(@®)

That is, y is of the strong nonlinear limit-point type.
Proof. Let y be a nontrivial solution of (1) satisfying (59) on

[T,00) € R,. Then, (20) and (59) imply the existence of M,
such that

|y ) Vo (t)| < y’l/(/\+1)céo < Ml,

(63)
ly ]y, O <y MV=R (1) < MR (£)
fort >T.
Letty, > T be such that
|lg (®)] < eymin (1,) (4M,) " (64)

holds for t > t,. It follows from (5) that

‘ i, [fye) (s
J;O I)’ (S)l ds= - LO r(s) s

t b ,
- J ﬁy () [32 ()] sgn y, () ds

8
__yOn® . Jf Q)
t

70 RG) ds+] (),

(65)

0
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where D = y(t) y,(t,)r ' (t,) and

t 1 !
It = j [(%%(sm(s)

i b(s)
a’(s)r(s)

From (63) and (66)

(66)
¥ () |32 (5)] sgn y, (s) ] ds.

b (sl
a’(s)r(s)

(7)]

Moreover, (18) and (59) imply

t
|J(t>|lej [ R" (s)]ds. (67)

to

t t t 3
-B A+1 |y2 (S)I
G LO R7(s)ds < J;O ly ()" ds+ th RG) ds (68)

for t > t, with ¢; = ¢;min(1, ).
Suppose (57) holds. By 'Hospital’s Rule, there exists t; >

t, such that
t 1 !
— ) |+
Jto [ (7’(5)>

t
< 6—31 RP (s)ds
2M, ),

0

b (s)]
a’(s)r(s)

R" (s)] ds
(69)

for t > t,. From this, (65) and (67), we have

f 6, y®) 3@
L'y ) dS'L, OO

(70)
(&) t -B
< |D|+—J R7"(s)ds
2 ).,
fort >t,.

Now let (58) hold. Applying 'H6spital’s Rule, there exists
t, > t, such that

(o)
LO pa(s)r(s) "

t
< 8 J R (s)ds
4M, o

b (s)|
a’ (s)r(s)

R" (s)> ds
(71)

for t > t,. Then using (64), (71), and the fact that 1/r =
a'/? IR, we have
|6 (s)]

Jt [ (TZ))’ T
(L)
< J (pa ©re)

c t
—31 RP (s)ds
2’Ml to

R™ (s) ] ds

b (sl
a” (s)r (s)

K (S)> s+ . l}?ﬂ((ss))l *

0

IN

(72)
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for t > t,. This together with (65) and (67) implies that
inequality (70) again holds. Thus, (70) holds if either (57) or
(58) does. Moreover,

c t
~|D| - 53 J RP(s)ds

to

-y O, 0
J y ) L e Ft T P

t
<|D| + %3 j R (s)ds
to

for t > t,. Adding (68) and the left-hand inequality in (73)
gives
J | ( )|/\+1 y(t) V) (t)
ty r(t)
. (74)
> %J RP(s)ds - |D| — oo
to

ast — 00, while adding (68) and the right-hand inequality
in (73) gives

el yOno
ZL R(s) ds r(t)

(75)
C t
> 5] RP(s)ds - |D| — oo
to

ast — 00.

If y' is oscillatory, let {t, }52, — ©o be a sequence of zeros
of y'. Then letting t = t; in (74) and (75), we see that y is a
strong nonlinear limit-point type solution of (1).

If y' is nonoscillatory, then either

y (@) y, (t) >0 (76)
or
y )y, () <0 (77)

for large t. First we show (60) holds. Clearly (60) holds if (76)
does, so suppose (77) holds. Then y(t)yz(t)r_1 (t) < Oforlarge
t and (60) follows from (74).

Finally, assume (61) holds. From (61) and (63), it follows

that there is a t, > ¢, such that
)’(ﬂ)’z(t)‘ Jt B
78
l r(t) r (t) RT{s)ds 78

for t > t,; hence, (62) follows from this and from (75). O

Remark 6. Lemma 6 actually holds for all positive p, A, and g
regardless of their relative size.

3. LP/LC Problem for (1)

In this section we present our main results for (1).

Theorem 7. Assume that (16) and (24) hold. Then (1) is of the
strong nonlinear limit-circle type if and only if

ro RP(t)dt < 0. (79)
0

Proof. Suppose (79) holds and let y be any nontrivial solution
of (1) defined on R,. Then, by Lemma 4, there is a positive
constant ¢ such that 0 < F(t) < c. Hence, from this and (18),

0o )
0<YJ I (t)|/\+1 J;) |J’2(t)| dt

R(¥)
=J F(t)Rﬁ(t)dt<cJ RP () dt < oo,
0

(80)

so y is of the strong nonlinear limit-circle type. Thus, (1) is of
the strong nonlinear limit-circle type.
Now suppose that (79) does not hold, that is,

ro RP ) dt = co. (81)
0

Let y be a solution of (1) given by Lemma 5. Then there is
¢, > O such that ¢; < F(t) on [ty, 00) € R,. Hence, from this

and (18),
. |y, (1)’
vl Iy ae+ dt
Jt Lo R(t) (82)
=J F(t)R“ﬁ(t)dtzclj RP@)dt =0
ty Lo
Thus, either

J I ®) |A+1

and so y and (1) are not of the strong nonlinear limit-circle
type. O

°°|yz(t)|6 _ 83
=00 or L 0 dt =co, (83)

Theorem 8. Let (16), (24), and either (57) or (58) hold. If
J R (t)dt = oo, (84)
0

then (1) is of the nonlinear limit-point type.

Proof. The hypotheses of Lemmas 5 and 6 are satisfied; so if
y is a solution given by Lemma 5, then (60) holds and the
conclusion follows. O

Theorem 9. Let conditions (16), (24), and either (57) or (58)
hold. Assume, in addition, that either (i) A = p = g; (i) b < 0
for large t and (25) holds; or (iii) p = q < A and (25) holds.
If (84) holds, then every nontrivial solution of (1) is of the
nonlinear limit-point type. If, moreover, (61) holds, then (1) is
of the strong nonlinear limit-point type.

Proof. Note that the hypotheses of Lemmas 3-6 are satisfied.
Let y be a nontrivial solution of (1) defined on R,. Then by



Lemmas 3 and 4, there are positive constants ¢; and ¢, such
that

0<¢ <F(t)<c forlarget. (85)

Thus, by Lemma 6, (60) holds; moreover, if (61) holds, then
so does (62). The existence of a nontrivial solution of (1) is
given by Lemma 5. This proves the theorem. O

Remark 10. If R is nondecreasing for large ¢, then condition
(25) becomes

B
imint 2 0 { [ ||o’ @] + 2R 9] asf " <o
(56)

If R is nonincreasing for large ¢, then (25) becomes

([ [ e o] 0

4. LP/LC Problem for (2)

One of the main assumptions is Section 3 is condition (24),
which takes the form

b (t)
L St < oo (88)

for (2). It is possible to remove this condition when studying
(2). The technique to accomplish this is contained in the
following lemma; a direct computation proves it (or see [3,
Lemma 7]).

Lemma 11. Equation (2) and the equation

@Eol[y) sFoby=0  ©
are equivalent where
) =aexp “ 8 }
(90)
r(t) =r(t)exp {J aiz; }

That is, every solution of (2) is a solution of (89) and vice versa.

Based on this lemma, we can obtain results for (2) by
combining Lemma 11 with known results for (89), such as
those in [10-14, 16, 18]. Here we only present a sample of the
many possibilities.

Set
R@)=a’ 07 (1) = R(t)exp{ J bES; }
9= ‘al/}_igi’)(t) = - ;ﬁ ((tt)) [R' (1) +6%R(t)]
<o {rempe e

(o1
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Theorem 12. (i) Let A > p and

©__g t A+1)(p+1)/(A-p)
| ® (t)<J 9 (s)|ds+1> dt < co. (92)
0 0

Then (2) is of the nonlinear limit-circle type.
(ii) Assume that

Jlimg () =0, J |g’ (t)| dt < co. (93)
— 00 0

Then (2) is of the strong nonlinear limit-circle type if and only
if

©o —_—
j R (t)dt < co. (94)
0
Proof. (i) If g is not identically a constant on R, the result
follows from Lemma 11 and from [13, Theorem 1] applied to
(89). If g = const. on R, then the statement follows from
Theorem 7 applied to (89) and Lemma 11. Part (ii) follows
from Lemma 11 and Theorem 7 applied to (89). O

The next result follows from Lemma 11 and Theorem 8
applied to (89).

Theorem 13. Let (93) hold and assume that either

limRﬁ(t)<|r,(t)'+ b >

rr(t)  a@)r()

A-p P b(s)
cep | gy |, 2as

(95)

-0

or
|a’ )] + b (2)]
a(t)r ()

A=p [t b(s)
XeXp{(?l+2)p+ljom

LR
(96)

ds} =0.

JOO (R(®)) "dt = oo, (97)

0

If

then (2) is of the nonlinear limit-point type.

Our final theorem is a strong nonlinear limit-point result
for (2).

Theorem 14. Assume that (93), (97), and either (95) or (96)

hold. In addition, assume that either (i) A = p; (ii) b < 0on
R, and

A+1)(p+1)/(A-p)
hmlnf(R(t) {J 'g (s)|ds}

(98)
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or (iii) A > p and (98) holds. Then every nontrivial solution
of (2) is of the nonlinear limit-point type. If, moreover,

lim sup 7 () Jt (E (s))iﬁds = 00, (99)

t— 00 0

then (2) is of the strong nonlinear limit-point type.

Proof. This follows from Lemma 11 and Theorem 9 applied to
(89). O

5. Examples

In this section we present some examples to illustrate our
results.

Example 1. Consider the equation

Yty ¢ t0|y|"_1y =0, t>1, (100)

with s € R and A > 1. We have the following results.

(i) Ifs< -lando > (A +3)/(A + 1), then (100) is of the

strong nonlinear limit-circle type by Theorem 7.

(ii)Ifs < =land -(A +3)/2 < 0 < (A +3)/(A + 1),
then (100) is of the strong nonlinear limit-point type
by Theorem 8.

(iii) If A = 1, s < =1, and -2 < ¢ < 2, then (100) is of the
strong nonlinear limit-point type by Theorem 9(i).

(iv)IfA>1,s<-1-0(A-1)/(A+3)(A+1),and0 < 0 <
(A +3)/(A + 1), then (100) is of the strong nonlinear
limit-point type by Theorem 9(iii).

The following example will allow us to compare our
results to those in [2].

Example 2. Again consider (100) with s € R and A > 1. The
following results hold.

(i) Equation (100) is of the nonlinear limit-circle type if

(a)s < -land o >
Theorem 12(ii));

(b) s =-lando > —(A-1)/(A+1) (by Theorem 12(i)
it A > 1 and by Theorem 12(ii) if A = 1);

(s >-1,A > l,ando > (A +3)/(A +1) (by
Theorem 12(i));

(d) s>-1,A=1ands < d/2 (by Theorem 12(ii)).

(A + 3)/(A + 1) (by

(ii) Equation (100) is of the nonlinear limit-point type if

() s<—-land—-(A+3)/(A+1) <o < (A+3)/(A+1)
(by Theorem 13);

(f)s = -land -2 < 0 < -(A = 1)/(A + 1) (by
Theorem 13).

By [2, Corollary 2.1], (100) is of the nonlinear limit-circle type
ifeither () A =1,0 >2,ands < 0,or (i) A > 1, A +3)/(A +
1) <o <2(A+3)/(A-1),and s < —a((A — 1)/2(A + 3)). This
shows that, in the case of nonlinear limit-circle type results,
the results in [2] are a special case of those in this paper.

Remark 15. Theorem 2.3 in [2] appears to show that (100) is
of the nonlinear limit-point type if -1 < 0 < (A + 3)/(A +
1),s £ —0((A = 1)/2(A + 3)),and s < (0 — 1)/2. We have
a contradiction to our case (b) in Example 2 above if s = -1,
A =1,and o = 1. The proof of Theorem 2.3 in [2] is incorrect;

in their expression for V the term “~p(t) [a(t)r(t)]ﬁ_Z“ka(s)”
is missing.

In our next example we have that b(t) in (1) (or (2)) is
negative.

Example 3. Consider the equation

" s !

Y-ty ey Ty =0, 121, (101)

with s € R, A > 1. Calculations show the following.

(i) Equation (101) is of the nonlinear limit-circle type if

(a) s<-land o > (A +3)/(A + 1) (by Theorem 7);
(b)s = -land o > —-(A - 1)/A + 1) (by
Theorem 12(ii)).

(ii) Equation (101) is of the nonlinear limit-point type if

(c)s<-land-(A+3)/2<0 < (A+3)/(A+1) (by
Theorem 8);

(d)s=-1and 2(A+1)/(A+3) <o < -(A-1)/(A+
1) (by Theorem 13);

(e) s> —-1and A > 1 (by Theorem 13);

s > -1, A =
Theorem 13).

1, and ¢ > max{2s,s} (by
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