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This paper is concerned with partial regularity to nonlinear subelliptic systems with Dini continuous coeflicients under quadratic
controllable growth conditions in the Heisenberg group H". Based on a generalization of the technique of &/-harmonic
approximation introduced by Duzaar and Steffen, partial regularity to the sub-elliptic system is established in the Heisenberg group.
Our result is optimal in the sense that in the case of Holder continuous coefficients we establish the optimal Holder exponent for
the horizontal gradients of the weak solution on its regular set.

1. Introduction and Statements of
Main Results

In this paper, we are concerned with partial regularity of weak
solutions to nonlinear sub-elliptic systems of equations of
second order in the Heisenberg group H" in divergence form,
and more precisely, we consider the following systems:

2n
=Y XA (Eu (), Xu(®) = B* (§u (), Xu®) inQ,
i=1
)

where Q is a bounded domain in H", X = {X,..., X,,}, the
definition of X; (i = 1,...,2n) is to be seen in the next section
), u= W' ...,u"): Q - RY, A%E u, p) : R* x RN x
R*™N — R*N and B*(&,u, p) : R** xRV xR — RV,

Under the coefficients A% assumed to be Dini continuous,
the aim of this paper is to establish optimal partial regularity
to the sub-elliptic system (1) in the Heisenberg group H".
Comparing Holder continuous coefficients (see [1, 2] for the
case of sub-elliptic systems), such assumption is weaker. More
precisely, we assume for the continuity of AY with respect to
the variables (&, 1) that

(L +|p) 7" |AS (& u p) - AF (. p)|
< w(jul) p (d (&) + |u—1l) @)

forall £ € Q, u,i € RY, and p € R, where
k : (0,+00) — [1,+00) is monotone nondecreasing and
p i (0,+00) — [0,+00) is monotone nondecreasing and
concave with ¢(0+) = 0. We also required that r — ™ u(r)
be nonincreasing for some y € (0, 1) and that

M(r) = @d < oo for some r > 0. 3)
o p °F

We adopt the method of ¢/-harmonic approximation to
the case of sub-elliptic systems in the Heisenberg groups
and establish the optimal partial regularity result. Roughly
speaking, assume additionally to the standard hypotheses
(see precisely (H1), (H2), and (H4)) that (1 + |p|)’1A?‘(£, u, p)
satisfies (2) and (3). Letu € HW(Q, RY) be a weak solution
of the sub-elliptic system (1). Then, u is of class C' outside
a closed singular set Singu < Q of the Haar measure 0.
Furthermore, for &, € Q \ Singu, the derivative Xu of u has
the modulus of continuity » — M(r) in a neighborhood of
&, Our result is optimal in the sense that in the case u(r) = 7,
0 < y < 1, we have M(r) = y~'r? Holder continuity I'"" to be
optimal in that case.

As is well known, even under reasonable assumptions
on A} and B” of the systems of equations, one cannot, in
general, expect that weak solutions of (1) will be classical,
that is, C*-solutions. This was first shown by de Giorgi [3];



we also refer the reader to Giaquinta [4] and Chen and Wu
[5] for further discussion and additional examples. Then,
the goal is to establish partial regularity theory. Moreover, a
new method called ¢/-harmonic approximation technique is
introduced by Duzaar and Steffen in [6] and simplified by
Duzaar and Grotowski in [7] to study elliptic systems with
quadratic growth case. Then, similar results have been proved
for more general A7 or BY in the Euclidean setting; see [8-
11] for Holder continuous coefficients and [12-15] for Dini
continuous coeflicients.

However, turning to sub-elliptic equations and systems
in the Heisenberg groups H", some new difficulties will
arise. Already in the first step, trying to apply the standard
difference quotient method, the main difference between
Euclidean R" and Heisenberg groups H"” becomes clear. Any
time we use horizontal difference quotients (i.e., in the direc-
tions X;), extra terms with derivatives in the T' direction will
arise due to noncommutativity (see (12)), but these cannot
be controlled by using the initial assumptions on the weak
solution. Several results were focused on those equations
which have a bearing on basic vector fields on the Heisenberg
group or, more generally, the Carnot group. Capogna [16, 17]
studied the regularities for weak solutions to quasi-linear
equations. Concretely, by a technique combining fractional
difference quotients and fractional derivatives defined by
Fourier transform, differentiability in the nonhorizontal
direction, W>? estimate, and C* continuity of weak solutions
are obtained; see [16] for the case of Heisenberg groups and
[17] for Carnot groups. To sub-elliptic p-Laplace equations in
Heisenberg groups, Marchi in [18-20] showed that Tu € L‘foc
and X*u € L%OC for 1 + (1//5) < p <1+ \/Eby using
theories of Besov space and Bessel potential space. Domokos
in [21, 22] improved these results for 1 < p < 4 employing
the A. Zygmund theory related to vector fields. Recently, by
meticulous arguments, Manfredi and Mingione in [23] and
Mingione et al. in [24] proved Holder regularity with regard
to full Euclidean gradient for weak solutions and further C*°
continuity under the coeflicients assumed to be smooth.

While regularities for weak solutions to sub-elliptic sys-
tems concerning vector fields are more complicated, Capogna
and Garofalo in [25] showed the partial Holder regularity
for the horizontal gradient of weak solutions to quasilinear
sub-elliptic systems — Zle X;(AY(E, wXu) = B*(&,u, Xu)
with X;, X; (i,j = 1,...,k) being horizontal vector fields
in Carnot groups of step two, where A} and B* satisfy the
quadratic structure conditions. Their way relies mainly on
generalization of classical direct method in the Euclidean
setting. Shores in [26] considered a homogeneous quasi-
linear system —Zf;l X; (AT, w)X;u) = 0 in the Carnot
group with general step, where A} also satisfies the quadratic
growth condition. She established higher differentiability and
smoothness for weak solutions of the system with constant
coeflicients and deduced partial regularity for weak solutions
of the original system. With respect to the case of non-
quadratic growth, Foglein in [27] treated the homogeneous
nonlinear system — ¥ - X;A%(&, Xu) = 0 in the Heisenberg
group under superquadratic structure conditions. She got
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a priori estimates for weak solutions of the system with
constant coefficients and partial regularity for the horizontal
gradient of weak solutions to the initial system. Later, Wang
and Niu [1] and Wang and Liao [2] treated more general
nonlinear sub-elliptic system in the Carnot groups under
superquadratic growth conditions and subquadratic growth
conditions, respectively.

The regularity results for sub-elliptic systems mentioned
above require Holder continuity with respect to the coef-
ficients A}. When the assumption of Holder continuity on
AY is weakened to Dini continuity, how to establish partial
regularity of weak solutions to nonlinear sub-elliptic systems
in the Heisenberg group. This paper is devoted to this topic.
To define weak solution to (1), we assume the following
structure conditions on A} and B*.

(H1) A%(&, u, p) is differentiable in p, and there exist some
constants L such that

AL G, p)| <L (Lup)e QxRYxR™. (1)
B

Here, we write down A”,‘Pj & u,p) = (AT u, p)/
bPp

P}
(H2) A%Y(&, u, p) is uniformly elliptic; that is, for some A >
0, we have
Algy &) il 2 A’ v e R )

(H3) There exist a modulus of continuity y : (0,+00) —
[0, +00) and a nondecreasing function « : [0, +00) —
[1, +00) such that

(1+ )7 AT (€ w p) - A (§.2.p)|
<w(ul) p(d (88) + |u—al).

(6)

(H4) B” satisfies quadratic controllable growth condition
|B* (&, u, p)| <C (1 +ul ™+ |p|2(1—1/r)>’ o

where r = 2Q/(Q — 2) because Q > 2; see (16).

Without loss of generality, we can assume that ¥ > 1 and
the following.

(u1) pis nondecreasing with p(0+) = 0.

(42) p is concave; in the proof of the regularity theorem,
we have to require that 7 — 7 Yu(r) is nonincreasing
for some exponent y € (0,1). We also require Dini’s
condition (2) which was already mentioned in the
introduction.

(u3) M(r) = Jg(y(p)/p)dp < oo for somer > 0.
In the present paper, we will apply the method of /-

harmonic approximation adapting to the setting of Heisen-
berg groups to study partial regularity for the system (1). Since
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basic vector fields X; of Lie algebras corresponding to the
Heisenberg group are more complicated than gradient vector
fields in the Euclidean setting, we have to find a different
auxiliary function in proving Caccioppoli type inequality.
Besides, the nonhorizontal derivatives of weak solutions
will happen in the Taylor type formula in the Heisenberg
group and cannot be effectively controlled in the present
hypotheses. So, the method employing Taylor’s formula in
[12] is not appropriate in our setting. In order to obtain the
desired decay estimate, we use the Poincaré type inequality
in [28] as a replacement. And we obtain the following main
result.

Theorem 1. Assume that coefficients AT and B* satisfy (HI)-
(H4), (u1)-(u3) and thatu € HWY(Q, RN) is a weak solution
to the system (1); that is,

j A% (&, u, Xuu) X,¢°dE = j B® (£, u, Xu) *dE
o o (8)
Vg € C (L RY).

Then, there exists a relatively closed set Singu C Q such that
ueCl(Q)\ Sing u, RYN). Furthermore, Singu c £, UX, and
Haar meas (Q\ Sing u) = 0, where

X = {fo €eQ: sup('ugo’,| + |(Xu)50,,.) = oo} ,
r>0

o )

3, = {fo € Q: lim inf|B, (§))
r—0*

X J |Xu - (Xu)g, ? d& > 0} .
B, (&)

In addition, for T € [y,1) and &, € Q \ Sing u, the derivative
Xu has the modulus of continuity r — r* + M(r) in a neigh-
borhood of &,.

2. Preliminaries

R2n+l

The Heisenberg group H" is defined as endowed with

the following group multiplication:

- H'xH' — HY,
((&%1),(8.%) — <fl +& t+T+ %;(xiyi ‘fi)/i)>)
(10)
for all & = (E',t) = (X1, X s X V1> Voo oo o5 Voo b)s £ =

(ELE) = (X1, %gs- o> X F1> Fps- - -» o ). This multiplication
corresponds to addition in Euclidean R**'. Its neutral
element is (0, 0), and its inverse to (£',¢) is given by (-& L.
Particularly, the mapping (&, &) — £-&1is smooth, so (H", ")
is a Lie group.

The basic vector corresponding to its Lie algebra can be
explicitly calculated by the exponential map and is given by

0 y 0 0 x; 0 0
L= — = —1—, . = —_— —l—) T = —
T ox, 20t =5y T 2 o ot
D
fori = 1,2,...,n, and note that the special structure of the

commutators:
(X Xin] = = [Xi Xi] =T, else [Xi’Xj] =0,
(12)
[T,T] = [T, X;] =0,
that is, (H",-), is a nilpotent Lie group of step 2. X =
(X;,...,X,,) is called the horizontal gradient and T the

vertical derivative.
The pseudonorm is defined by

ol = (e )™ ®
and the metric induced by this pseudonorm is given by
d(&)= ¢4 a4

The measure used on H” is Haar measure, and the volume of
the pseudoball Bg(,) = {£ € H" : d(&,,&) < R} is given by

|Br (&)

The number

" — R2n+2|B1 (50) - a wnR2"+2. (15)

Q=2n+2 (16)

is called the homogeneous dimension of H".
The horizontal Sobolev spaces HW"P(Q) (1 < p < 00)
are defined as

HW"P (Q) = {u e L (Q): Xu e L (Q),

(17)
i=1,2,...,2n}.
Then, HW?(Q) is a Banach space with the norm
2n
||u||Hw1-P(Q) = "U”LP(Q) + Z”Xiu“LP(Q)' (18)
i=1

HWOI’p(Q) is the completion of C;°(€)) under norm (18).

Lu [28] showed the following Poincaré type inequality
related to Hormander’s vector fields for u € HWl’q(BR(EO)),
1<q<Q,1<p<qQ/(Q-q):

» 1/p 1/q
(4) |u ~Ug R df) < CPR<(ﬁ |Xu|qdf> ,
Bg(&o) Bg(&o)

(19)

. _ -1
where we write down gf) 5, (Eo)udf = |B, (&)l fB, &) udé& here
and there. Note the fact that the horizontal vectors X; defined




in (11) fit Hormander’s vector fields and that (19) is valid for
p=q=2.

Following [12], for technical convenience, letting #(t) =
1*(V/2t), we have the corresponding properties for : (1) %
is continuous, nondecreasing and 7(0) = 0; (#2)  is concave,
and r — r7'5(r) is nonincreasing for some exponent y €

(0,1); (73) H(r) = 4M>(v29) = [ (\i(p)/p)dp] < oo for
some r > 0. Changing x by a constant, but keeping « > 1, we
may assume the following: (r74) (1) = 1, implying #(¢) > t
fort € [0, 1]. Also note that it implies that from (#2) and (n4),
n(t) < (y*/4)H(t) for all t > 0.

Furthermore, the following inequality holds:

sn(t) <sy(s)+t, sel0,1], t>0. (20)
The condition (H3) becomes
|AS (&u, p) - A% (&2, p)|
(21)

< x (jul) Vi (& (&) + lu-a) (1 +p]).

Moreover, we deduce the existence of a nonnegative modulus
of continuity with w(¢,0) = 0 for all ¢ such that w(s,t) is
nondecreasing with respect to t for fixed s and W (s, t) is
concave and nondecreasing with respect to s for fixed t. Also,
we have for |u| + | Xu| < M,

ALy (Gnp) - A%, (B0

(22)
<o(M,d(E)+u-al’+|p-p°).
Using (HI) and (H2), we see that
|AT (Gup) - AT (Eup)<Llp-pl, (23

(A% (& p) - AT (Eu, D)) (p- D)2 Ap-p°.  (24)

In the sequel, the constant C may vary from line to line.

3. Caccioppoli Type Inequality

In this section, we present the following &/-harmonic approx-
imation lemma in the Heisenberg group introduced by
Foglein [27] with p = 2 as a special case and prove a
Caccioppoli type inequality in our setting.

Lemma 2. Let A and L be fixed positive numbers and n, N €
N with n > 2. If for any given € > 0, there exists § =
O(n, N, A, ¢) € (0, 1] with the following properties:

(1) for any of € Bil(R*™N) satisfying

A=A LY <L P, »yeR™, (25)
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(II) for any w € HWI’Z(BP(EO), RY) satisfying

é | Xw|*dE < 1,
B, (&)

<& sup |Xg|, (26)
B,(&)

4} A (Xw, X¢) d&
B,(&)

Vo € Cy (B, (§),RY),

then, there exists an of -harmonic function h such that

(Jg |Xh|*dE < 1, p? lh-wldé <e.  (27)
B, (&) o)

B,

Foglein [27] established a priori estimate for the weak
solution u to homogeneous sub-elliptic systems with constant
coeflicients in the Heisenberg group (also see [25] for Carnot
groups of step 2). We list it as follows:

2
sup (lul2 + p2|Xu|2 + p4|X2u' ) < COCJD | Xul*dE.
B, (%) B, (&)

(28)

In what follows, we let p;(s,t) = (1 + s+ ) 'k(s + )" and
Ki(s,t) = (1+ t)41<(s + t)4 fors, t > 0. Note that p; < 1 and
thats — p,(s,t),t — p,(s,t) are nonincreasing functions.

Lemma 3. Let u € HW"(Q, RYN) be a weak solution to the
system (1) under the conditions (H1)-(H4), (ul)-(u3). Then,
forevery &, = (x(l),x(z),...,xg,y(l),yg,...,yg,t) € Q, uy € RY,
po € R*™N, and 0 < p < R < p,(lugl, |pol) < 1 such that
Bg(&,) cc Q, the inequality

j |Xu — po[*dE
B, (&)

P

1
(R-p)’

JB &) |u Tt ((sl B E(l)) p0|2d€ " F]
(29)

<c.|

holds, where £ = (51, X5y .s X, V1> Vs - - -
tal component of & = (£',t) € Q and

F= “’nRQKl (|”0| > |P0|)TI(R2)

» ¥,) is the horizon-

]Z(I—I/r) (30)

+ “ (1+u’+|Xu|2)d£
Br(&)
Proof. Letv = u—uy— (&' =&}) p,. Take a test function ¢ = ¢*v
in (8) with ¢ € C°(Bg(&,), RY) satisfying 0 < ¢ < 1, [V¢| <
C/(R-p),and ¢ = 1 on B,,(§,). Then, we have Xv = Xu - p,,
| Xo| < ¢l Xu - pyl + C/(R - p)|v], and

I AT (& u, Xu) ¢ (Xu - p,) dE
Br(&)
) j PXPAT (€, Xu)vdE  (31)
Br(&)

+ J B* (&, u, Xu) ¢"dE.
Bg(&)
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Adding this to the equations

- J AS (& u, po) ¢” (Xu — py) dE
Bg(&o)

:zj $XPA? (&, u, py) vdE
Bg(&o)
(32)
—J A7 (& u, py) Xo*dg,
Br(&)

0= J AT (&, ug> po) Xg©.
Br(&)

It follows that by using the hypotheses (H1), (H3) (i.e., (23),
(21), resp.), and (H4),

J-BR(F,O) [AT (& u, Xu)
~AF (& u po)] ¢ (Xu — po) d§
=2[  WEun)
_A? (E? u, Xu)] ¢VX¢dE
o], 8 G (-8 po )
~AS (& u po) | Xo™dg
+ JBR(‘EO) [A? (&0 10> Do)
-A7 (E’ Up + (fl - 53) PO’PO)] Xo*dE
+ J B (&, u, Xu) ¢"d&

<I+II+1I+1V+YV,
(33)

where

[=2L LR(@ |Xu — po) || 1v] | X9 dE,
II = (1+|po|) & (Juo| + R|po])

% JBR(%) VT (Iv1?) [ Xu = po| ¢7dE,

5
11 = 2 (1 + | po|) ¢ (Jug| + R | o)
2
« LR@,) Vi (1v7) | X |¢] d,
IV = (1 + | po|)  (Juo| + R | po])
<y O ) [0
¥2|¢| vl | xg| ] &,
_ r—1 X 2(1-1/r) dE.
v CJBR@(HM + [ Xul'7) gt
(34)

Applying (H2), the left hand side of (33) can be estimated as

AJ |Xu— po[ $dE
Bg(&)

< [ TAT G X — AT (Gn o)) 6 (X - po) .
Br(&) (35)

For ¢ > 0 to be fixed later, we have, using Young’s inequality,
cr’

2

dé&.
(R p) L(m s
(36)

Te| Pxu-pflofdg +
Bg(&)

Using Jensen’s inequality, (20), and the fact that #(ts) < ty(s)
for t > 1, we arrive at

(elp O |, n(r)d

R\S0

< w, R (1 +|po|)’s () R (4)

< a)nRQ2 [(Js [v|>dE
Br(&)
+(1+ |p0|)2;<2 () R*y

% ((1+|po])’? (.)Rz)]

|v|2d£)
&)

B

(37)

<R j [v|>dE
Br(&))
+ w0, R+ |po)) ' () (R?),

where x(-) is an abbreviation of the function x(|uy| + |p,l)-
Also, note that the application of (20) in the second last
inequality is possible by our choice R < p, (lugl + | pol)-



Using Young’s inequality and (37) in II, we obtain

M<e J |Xu — pof o[ dé
Bg(&)

+8_1(1+|p0|)21c2 (-)J ( )H(Ivlz)ﬁ

R\S0

sef pxu-pflePas
Bg (&)

+;j Iv[de
(R p) Br(&)

+& ' w, R+ |po|)'x* ()7 (R*).
And similarly, we see

4C
| wea
(R — p) Br(&p)

a0 [, (o)

BR(]

C
<= wra
(R=p)" IBx&)

+ w0, R+ |po)) ' () (R?),

III <

weel e pflgfa

4
el I
(R-p)" IBat&n)

+e w0, RY1+|po)’* ()7

* <(J;BR<EO>R2 (1+1pof) d£>

se, o - nllfa

Ce 2
d
TP LR@)) s

+ & w, R+ |po|) " ()7 (Rz) :

Here we have used x > 1 in the last inequality.

(38)

(39)
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By Holder’s inequality, (19), and Young’s inequality, one
gets

1/r
VSCU (&) |‘Plrd£)

) (r-1)/r
x (JBR(EO) (1+ ul” + [ Xul )df)

1/2
< CUBR(%) |X¢|2d£>
. ) (r=1)/r
X (JBR(EO) (1+ Jul” + | Xul )dE)

<e J- |Xo[dE +C (¢) (40)
BR(E())

2(r-1)/r
(1+ ful” + [ Xul*) dE)

<e€

(o
l,

Ba(&) | Xu ~ Pol |¢| dé
Ce

2
— d
+(R p) '[BR(‘EU i E
2(r-1)/r
+Cle) (L © (1+ |ul” + | Xul*) dE) ,

where we have used the fact that | X¢| < ¢|Xu - p,| + C/(R -

.
Applying these estimates to (37), we obtain

(-t | s pfgae

C (L’ 8) 2
< d
“(R-p) Joey e

+ (s_l + 2) w,R(1 + |p0|)4;<4 )7 (RZ)

2(r-1)/r
+C(€)(J;g (E)(l+|u|r+|Xu|2)dE) .

(41)

Choosing € = 1/8, we obtain the desired inequality (29). O

4. Proof of the Main Theorem

In this section, we will complete the proof of the partial
regularity results via the following lemmas. In the sequel, we
always suppose that u € HW"*(Q, R") is a weak solution to
(1) with the assumptions of (H1)-(H4) and (p1)—-(u3).
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Lemma 4. Let BP(EO) cc Qwith p < p(lugl, | pol) and ¢ €
CgO(BP(EO),IRN) satisfying |p| < p° and supBP(EO)IX(pI < L
Then, there exists a constant Cy > 1 such that

(J) Al:,pj (&0 tho» Po) (Xu — py) Xo“dE
BP(EO) B

<C [‘D (&0> P> o)
+ @ ([tg| + o] » @ (&5 s Po)) @' (05 5 o)

+ K, (|“o| > |Po|) \/ﬁ(PZ)] sup |X‘P|

By(%)

(42)

Proof. Using the fact that jB & AT (&g, ug, py) X dE = 0 and
p\50

the weak form (8), we deduce

1
<ﬁ H A% (£ up, X1+ (1-6) py)
B, LJo P
x (Xu - p,) d@] Xo“dE

= 1A (& X0
B,(&)
o « 43
A Gt py) XgtdE )
LA G )
B, (%)

A% (€ u, Xu)] Xo™dE

+ és O)B“ (&, u, Xu) p“dE.

P

It yields

# A‘:,pf (&o» g o) (Xu — py) X dE
B,(%) 4
1
= 4) “ (A‘;Pj (8> 10> o)
B, (&) LJo B
—A?p/‘ (&, 11y, OXu + (1 - 0) p0)>
Pp

x (Xu - po)dG] d sup |Xgl|
B, (%)

o) 147 Gt X0

7
—AT (& ug + py (E-&,), Xu)] sup |X‘P|
B,(%)
+ éBP(Eo) [AT (& up + po (§- &) Xu)
—A% (&, u, Xu)] sup |Xg|
B,(%)
+ 4) B* (&, u, Xu) ¢“dE
B, (&)
=T +II'+11 +1V'.
(44)

Using (22), Holder’s inequality, the fact that t — w?(s,t) is
concave, and Jensen’s inequality, we have

I' < sup |Xg|

w | Uyl + | Xu — 2 Xu — dE
B,(5) 5,(&) (Il + L] [ X1 = po )| X0 = |

1/2

< sup [X6l| G, o (] X )

B,(%)

12
2
x [4)39(50)|Xu - po| df]

< ‘U(|”0| + |Po| , @ (&, P, po)) o' (&> ps o) sup |X§"| .

B, (%)

(45)

Similarly, using (21) and the fact that #(ts) < trn(s) fort > 1,
we obtain

' < sup |Xo|x ()i (p* (1+]py]*))

By(%)

x(j; ) (1 + | Xul|) d&

B,

N

< sup |Xo|x () vii(p*(1+|pol)’)

B,(%)

X gng(Eo) (1+ |P0| + |X” - Po|)d5

(46)
X, Xu - 2d£>
s ol|(§, P ni

p\50

IA

+x7 () (1+|po)'n (p7)

+K<-><1+|po|>3w<p2)]

IA

(@ (& . o)+ 26 O (1 [po]) VA ()]

< sup [Xol,
B, (&)



where we have used the fact that #7(p”) < +/7j(p’) which
follows from the nondecreasing property of the function #(t),
(n4), and our assumption p < p; < 1.

In the same way, it follows that by using (21), (37), and
(19),

s sup [Xolk QG A(IW7) 1+ Xl d
B, (&) B (&)

< sup |Xo [ Xu-p 2de
it 95%(%)' !

2 X 2 d
rr ()(ﬁs,,(so)”('v' ) dE
O la)§, i) ]

< sup |[Xo| | @ (&, p po)
B,(%)

+ 2p‘2<_iSBP o< O (6?)

<-><1+|po|>2w<p2)]

< [(1 + ZCP) @ (&, s po)

+26* () (1+ |po))* v (p7)] -
(47)

Using Hoélder’s inequality, (19), and Young’s inequality, we
have

V' < ccj} (14 1™ + 1 X0 || dE
B,(&)
< CCJ; | X211 || d&
B, (&)

r—1
lo| d&

+ CﬁBp(Eo)ht — Uy~ Po (51 - Eé)

+Cp’ [1 + (Juo| + |po|)r_1]

(1-1/r) 1/r
2 T
= C((JSB (Eo)lxu| df) (CﬁBP(E(»l(Pl d{)

P

) N (1-1/r)
C(ésp(zo)h‘ “n-n(E-8) dg)

1/r
<($,  Jolac)
B, (&)

+Cp? [1 + (|up| + |p0|)r_1]
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(1-1/r) 1/r
2 r
: C<<~I/>Bp(£o)|X”| dE) ((~f>1:“»;,(£o)|q)| dg)

) (r/2)(1-1/r)
+ Xu - dE)
(353,,(50)' ol

1/r

< cnunle,z(qu (

p

5 (1-1/r)
IX“ - P0| df)
&)

1/r
“(§, o o) +cplts ol + 1]

< Cliullewas, &) <<JS )|X“ - Po|2d5)

+Cp™ +Cp’ [1 + (Juo| + |po|)H]
< C,® (&, p> py) + Cp* (1 + |uao| + |Po|)r_1

< C,@ (&9, ps po) + Cic () (1 + [u| + |P0|)2\/ﬁ(P2)’
(48)

B,(%

where we have used the assumption (14) and the fact that r =
2Q/(Q-2)=(2n+4)/2n < 3and C, = C”u"le,Z(BP(EO)) >
1. Combining these estimates, we obtain the conclusion with
C,=010+C+2C)) > 1. O

Lemma 5. Assume that the conditions of Lemma 2 and the
following smallness conditions hold:

w (|u‘EU’P| + |(Xu)Eo:P > @ (£O)P» (Xu)fo»P))
" s (49)
+ 0 (&, p, (Xulg, ) < 7,
CaKT (Jug, o | X)) 1 (p7) < 8° - (50)
with Cy = 8CICs, together with

P (14 g, | 1+ |00, ) 5D

Then, the following growth condition holds for T € [y, 1)

@ (§,6p) < 67 (&, p)

(52)

+ K ([ug a0 - |(Xe0)g, 2] ) 1 (7))

where one abbreviates ©(&,,r) = O, (Xu)fo)r) and

K*(s,t) = K(s,8) + 2 + s + )XY with K(s,t) = (4672 +
2°C K1 +5,1+1).

Proof. We definew = [u —uy, , — P& - fé)]ail, where

0=C \/® (&> P> po) +4072K3 ([uo| » | po) 1 (p7).  (53)
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Then, we have Xw = o '(Xu — p,). Now, we consider
B, (&) cc Qsuch that p < p;(lugl, | pol). Applying Lemma 4

on BP(EO) to u, we have for any ¢ € CgO(BP(EO), RY),

1

25 -2
98%(%)')‘“" a5 = 0 p) < <l (60

éBp(EO)Ai’Pé (EO, ”0’ PO) XngDdE
[ o' (&> ps o)

sup |Xo|.
B,(%)

1)
+ (o] + |pol» @ (&, p» o)) + 5

(55)

In consideration of the small condition (49), we see that

(54) and (55) imply conditions (26) in Lemma 2. Also note

that (H1) and (H3) imply condition (25). So, there exists an

A‘;‘pj (&y, g, Py)-harmonic function h € HWI’Z(BP(EO), RY)
Pp

such that

95 |Xh|*dE < 1, p lw-hP’dE <e.  (56)
B,(

,(80) B, (&)

Taking uy = ug 9, 0 € (0,1/4] and replacing p, by p, +
0(Xh), 56> We use Lemma 3 to obtain

2
J |Xu - Po- U(Xh)zo,zep' dé
Bay (&)

1
<C.|—= J U—Ug 5
‘ [ 0p)* JB, 60 o = v,

(57)
- (PO + G(Xh)ﬁoﬂ?p)
x (& - &) de + F] :
where
F = ,(20p) K, (|ug, 65| | Po + 0(XP)g, 29,]) 71 ((20p)°)
2(1-1/r)
r 2
+ “Bm(go) (1 +u + | Xul )df
(58)

Using the fact that u — (p, + cr(Xh)go,zep)(f1 - fé) has mean
value ug g, on the ball B,y (§,), the definition of w, and (19),
we have

1
|

W By, (§o) U= Ug 26p ~ (pO + G(Xh)io»wp) (El - Eé)'zdf

< 49 (J) |w—h
"~ (20p)” B 020

~(Xh)g, 25 (8 - & )[

2
< 2 [3& jw— hdE
(26p) By (&)

. cﬁ h—he
Bugp (&) =P,

—(Xh)g, 26p (fl - Eé)rdf]

<46 | (200 T% 4 C SB 'Xh_(Xh)fmzeprdf]
29p

|X2h|2d£]

Bzﬂp

[(ze) Qe 1 C2(26p) 4)
<40’ [(20) %% + C5(20)°C, |

<C, (07%%+6%) [@ (&, p, po)

(P)]

(59)

+ 4872Kf (|Hgo,29p| > lP0|) n

where C, := C,(Q,A,L) > 1. Note that in the second last
inequality we have used the fact that

¢ o X dE s sup 7
200 (S0 P(EO
(60)

< cop‘zqi |Xh2dE < Cop™.
B, (&)

In consideration of the fact that r = 2Q/(Q -2) > 2,Q > 4
and the assumptions 6 € (0, 1/4] and @ < 1, it follows that

2(1-1/r)
[(J; (1+ur+|Xu|2)df]
Bag, (&)

21-1/r)
SCHD IXu—polsz]
BZ@p(EO)

r—1
2
' C<4>Bzep(fo) |Xu| df)

+ (1 + |p0|4(1_1/r)>
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<C [(26)—2Q(1—1/7‘)®(Eo)p’ pO)Z(I*I/T)

+20) X V), p, po) |

2(1-1/r) 4(1—1/r))

+(1+|Po| + ol

< CO VD, p, po)™ "
2
+ (1 + |po|2(l_l/r)) .
(61)

LetP = p, + O'(Xh)go,zgp with p, = (X”)Eg,zep- Combining
these estimates (57)-(61) and considering the small condition
(51) (it implies p < p, (|ug, 59, IP]); see (64) and (65)), we
deduce that

@ (&.0p) < [B, (&), | o P P

20p \ S0
ZQ
< Cc—qs U= Uz 59
0p) T By, (5) = 2

~ (o + 0(Xh)g, 59,
x (& - &) e

+ 29CKy (Jug 09| - | po + o (XI)g, ) 1 ()

(ZQP)ZQ(I*I/T)
(6p)?

c

2(1-1/r)
X [(JSBzgp(ﬁo) (1 +u + |Xu|2) df]

<29C,C, (7% % +6%)
x [@ (&, p) + 4077 K}
X (|ufo’299| ’ |(Xu)fo’299|) n (PZ) ]

+2°C.K, (|u50,29p| ) |(X”)Eo,29p

+a(Xh)g, 20,]) 1 (P7)

* [zQCC(zef*Q(’*“cD(EO,p)z“‘””

20-1/0\%] ,
+(1 + |(Xu)50,299| ) ] P

(62)
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We now specify ¢ = 62,0 € (0, 1/4] such that 22*'C,C_6% <

6%". Note that the small condition (50) implies 6>Cs < 1 with
2

Cs = max{C,, C,22(20) /@21 ‘and it yields

2°C, 207 X V(& ) < 1, (63)
|o(Xh)g, 65| < 0 sup |XAl
Bao, (&)
<04/C (J) |Xh|2dE>Scr Cy<1,
\R( B, (&) \R

(64)

where we have used the a priori estimate (28) for the of-
harmonic function h. Furthermore, using (19) and recalling
the definition of o and C,, we have

'uEO,Zep' s |u50»P + 'uEO’ZQP - uEO’P

< |ug, | + 200

1/2
§ <(j;13 (%)'u - (g, (8 =5 - “Eo,prdf )

P

< ] + @O0 5 )

C,(20)%?

< |1/lx<'0,p| + O'\/C\S < |u50,p| + 1.

= |ufo’P| *

(65)

Combining these estimates with (62), we have

D (&,0p) < 07D (&, p)
+ [48672K2 (Jurg gy || (XD, 26p)
+29C,K; (|utg, 00| » | (X0)g, 20
+0(Xh)g 5g,|)| 1 ()
; [1 w14 |(Xu)so,zep|2(l_l/r)>2] n(p")
<0770 (&, p) + K ([utg, a0p - | (XD, 200 ]) 1 (%)

+ (2 + |ufo>2‘9p' + |(Xu)fo’29/3|)2(r_l)}7 (pz)

<670 (&, p) + K™ ([usg, 20| [(X10)g, 55 ) 1 (7)) -
(66)

Then, the proof of Lemma 5 is complete. O
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For T > 0, we find ®(T) > 0 (depending on Q, N, A, L,
7, and w) such that

w” (2T, 20, (T)) + 2, (T) < I
2 (67)

C, D, (T) < 6%(1 - 67)° T2

With ©(T) from (67), we choose p,(T) € (0, 1] (depending
onQ, N, A, L, 7, w, 1, and k) such that

po (T) < p, (1+2T,1+2T),
CK; (2T, 2T) 7 (p(T)?) < &%,
Ky (T) 11 (po(T)") < (67 = 67) @, (T),

2(1+C,) Ky (1) H (po(T)?) < 61 - 6") (6 - 67) T,
(68)

where K (T) := K*(2T, 2T).

By the proof method of of Lemma 5.1 in [I12] and
conditions (67)-(68), Lemma 6 can be proved. As is well
known, it is sufficient to complete the proof of Theorem 1 once
we obtain Lemma 6.

Lemma 6. Assume that for some Ty > 0 and B,,(§,) cC Q one
has

(1) futg, | + (X, | < T,

(2) p < po(To),

(3) D&, p) < Dy (T).
Then, the small conditions (49)-(51) are satisfied on the balls

Byip(§) for j € N U {0}. Moreover, the limit Ay =
lim;_, o (Xu)g, gi, exists, and the inequality

<J}B . )|Xu—AEO'2d§ < Cq ((%) D (£, p) +H(r2)>

(69)

is valid for 0 < r < p with a constant Cg = C4(Q, N, A, L,
T,and T,).

Proof. The proof is very similar to the proof of Lemma 5.1 in
[12]. We omit it here. O
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