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The purpose of this paper is to propose an iterative algorithm for equilibrium problem and a class of strictly pseudononspreading
mappings which is more general than the class of nonspreading mappings studied recently in Kurokawa and Takahashi (2010).
We explored an auxiliary mapping in our theorems and proofs and under suitable conditions, some weak and strong convergence
theorems are proved. The results presented in the paper extend and improve some recent results announced by some authors.

1. Introduction and Preliminaries

Throughout this paper, we assume that H is a real Hilbert
space and C is a nonempty and closed convex subset of H.
In the sequel, we denote by “x, — x” and “x, — x” the
strong and weak convergence of {x,,}, respectively. Denote by
F(T) the set of fixed points of a mapping T

Definition 1. Let T : C — C be a mapping.
(1) T is said to be nonexpansive, if [|Tx — Ty| < [x — yl,

Vx,y € C.
(2) T is said to be quasinonexpansive, if F(T) is nonempty
and
ITx=pl <lx-pl, vxeCpeFm. O

(3) T is said to be nonspreading [1, 2], if
2Tyl < [T -y + 1y -2, Vxyec. @

Itis easy to prove that T : C — Cis nonspreading if and only
if
|Tx = Ty|* < |x - y|* + 2 {(x - Tx,y - Ty) Vx,yeC.
(3)

(4) T: C — Hissaidtobek-strictly pseudononspreading
in the terminology of Browder-Petryshyn [3], if there
exists k € [0, 1) such that

fre= < o« ke G-TF
+2(x-Tx,y-Ty) Vx,yeC.

Remark 2. (1)IfT : C — Cis a nonspreading mapping with
F(T) #0, then T is quasinonexpansive and F(T) is closed and
convex.

(2) Clearly every nonspreading mapping is k-strictly
pseudononspreading with k = 0, but the inverse is not true.
This can be seen from the following example.

Example 3. Let % denote the set of all real numbers. Let T :
R — R be a mapping defined by

Tx = {x,
-2x,

It is easy to see that T is a k-strictly pseudononspreading
mapping with k € [0, 1), but it is not nonspreading (see, [4]).

x € (—00,0),
x € [0,00).

(5)



Definition4. (1) LetT : H — H be amapping. I -T is said to
be demiclosed at 0, if for any sequence {x,,} ¢ H with x,, — x*
and [|(I - T)x,|l — 0, we have x* = Tx".

(2) A Banach space E is said to have Opial’s property, if for
any sequence {x,} C E with x, — x*, we have

lim inf [, — x| < lim inf |x, = ||, VyeEwith y#x"
(6)

It is well known that each Hilbert space processes opial
property.

(3) Amapping S : C — Cissaid to be semicompact, if for
any bounded sequence {x,} ¢ Cwithlim, _, . llx,—Sx,|l = 0,
then there exists a subsequence {x, } C {x,} such that {x, }
converges strongly to some point x* € C.

Lemma 5 (see [5]). Let E be a uniformly convex Banach space
and let B,(0) := {x € E : | x| < r} be a closed ball with center 0
and radius r > 0. For any given sequence {x, Xy, ..., X, ...} C
B,(0) and any given number sequence {A,,A,,..., A, ...} with
A; >0, Y2 A; = 1, there exists a continuous strictly increasing
and convex function g : [0,2r) — [0, 00) with g(0) = 0 such
that for any i, j € N, i < j the following holds:

0
2Ny
n=1

Lemma 6. Let H be a real Hilbert space, C be a nonempty and
closed convex subset of H, and let T : C — C be a k-strictly
pseudononspreading mapping.

2
< Salsl -0 (b xl). O

(i) If F(T) # 0, then it is closed and convex.

(ii) (I = T) is demiclosed at origin.
Lemma7. LetT : C — C be a k-strictly pseudononspreading
mapping with k € [0, 1). Denote by Tp := BI + (1 - )T, where
B € [k, 1), then

(i) F(T) = F(Ty);
(ii) the following inequality holds:

2 2 2
Tex - Toy|| < |x—y|" + —= (x-Tpx,y - Tgy),
"ﬁ ﬁ" 1_ﬁ< B ﬁ> ®)

Vx,y € C;
(iii) T is a quasinonexpansive mapping, that is,
[gx =l < lx~pl’, vxeC perm. ©

Proof. The conclusion (i) is obvious. Now we prove the
conclusion (ii). Since T is k-strictly pseudononspreading, for
any x, y € C we have

|75 = Ty = 1B (x - ») + (1= B) (Tx - Ty)|

=Bllx -y + (1= B |Tx - Ty
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~B(1-B)|x-Tx-(y-Ty)
< Blx -y +(1-p)
xlx =y +klx - Tx = (y - )|
+2{x - Tx,y - Ty) }
-B(=P)|x-Tx-(y-Ty)|’
= |-y +2(1-B) (x - Tx,y - Ty)
~(1=P)(B-k)|x-Tx~ (y-Ty)|’
<lx=yI°+2(1-B) (x~Tx,y - Ty)

2
= ||x—}’||2 + m <x—Tl3x,y—Tﬁy>.
(10)

Take y € F(T)in (8), then y € F(T/;). Hence, conclusion
(iii) is proved.
This completes the proof. O
In the sequel, we assume that ¢ : CxC — Risa
bifunction satisfying the following conditions:
(A1) ¢(x,x) =0,Yx € C;
(A2) ¢ is monotone, thatis, ¢(x, y)+¢(y, x) < 0,Yx, y € C;
(A3) lim, |y p(tz + (1 - t)x, y) < P(x, ¥),Vx, y,z € C;
(A4) for each x € C, y — ¢(x, y) is convex and lower

semicontinuous.

Recalled that the “so-called” equilibrium problem for a
bifunction function ¢ is to find a point x* € C, such that

¢(x",y)=0, VyeC. (11)

Lemma 8 (see [6, 7]). Let C be a nonempty and closed convex
subset of a Hilbert space H and let ¢ : Cx C — R bea
bi-function satisfying conditions: (Al), (A2), (A3), and (A4).
Then, for any r > 0 and x € C, there exists z € C such that

¢(Zx)’)+%<y—z,z—x)20, Vy e C. (12)

Furthermore, if for given r > 0, we define a mapping T, : C —
C by

T,x:= {z eC: q{)(z,y)+l (y—z,z-x)>0,Vy € C},
r
(13)

then the following hold:
(1) T, is single-valued;
(2) T, is firmly nonexpansive, that is, |T,x — T,y|* <
(T, x-T,y,x—y);
(3) F(T,) = Q, where Q is the set of solutions of the
equilibrium problem (11);

(4) Qs a closed and convex subset of C.
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Concerning the weak and strong convergence problem
for some kinds of iterative algorithms for nonspreading map-
pings, k-strictly pseudononspreading mappings and other
kind of nonlinear mappings have been considered in Osilike
and Isiogugu [4], Igarashi et al. [8], [emoto and Takahashi [9],
Kurokawa and Takahashi [10], and Kim [11-28]. The purpose
of this paper is to propose an iterative algorithm for an
infinite family of strictly pseudononspreading mappings and
equilibrium problem. Under suitable conditions, some weak
and strong convergence theorems are proved. The results
presented in the paper extend and improve the corresponding
results in [4, 8-11].

2. Main Results

Throughout this section, we assume that the following condi-
tions are satisfied.

(1) H is a real Hilbert spaces, C is a nonempty and close
convex subset of H.

(2) Foreach S; : C — C,i = 1,2,... is a k;-strictly
pseudononspreading mapping with k := sup,,,k; €
(0,1). For given f8 € [k, 1), denoted by S; 5 := fI +
(1-p)S;,foreachi=1,2,..., it follows from (8) that

[$i5% = S:y ||2

2
< e -y (14)

2

+ -8 <x—Si,Bx,y—Si,ﬁy>, Vx,y € C.

(3) ¢ : CxC — P is a bifunction satisfying the condi-
tions (Al)-(A4). Then it follows from Lemma 8 that
the mapping T, defined by (13) is single valued, z =
T,x, F(T,) = Q (where Q is the solution set of
the equilibrium problem (11)), and Q is a closed and
convex subset of C.

We are now in a position to give the following result.

Theorem9. Let H,C, {S;}, k, B, {S; g}, ¢, T,., and Q) be the same
as above. Let {x,} and {u,} be the sequences defined by

x, €C

(p(un’y)-"rl(y_un’un_xn)ZO’ V)/EC’

chosen arbitrarily,

(15)

00
Xpp1 = Koy + Z“i,nsiﬁun’
i=1

where {e; .} € (0, 1) and {r, } satisfy the following conditions:

(@) Yo &, = 1, foreachn > 1;
(b) for eachi > 1, liminf, |, & ,;, > 0;
(c) {r,} < (0, 00) and lim inf r, > 0.

n—oo'n

(D) If F = (N2, F(S)) N Q+0, then both {x,} and {u,}
converge weakly to some point x* € F;

(I1) in addition, if there exists some positive integer m such
that S,,, is semicompact, then both {x,} and {u,,} conve-
rge strongly to x* € F;

Proof. First, we prove the conclusion (I). The proof is divided
into three steps.

Step 1. We prove that the sequences {x,}, {u,}, {Si,ﬁun}, and
{Si px,},i > 1 all are bounded, and for each p € & the limits

lim,, _, o lIx, — pll, lim,, _, I, — pll exist and
Jim[x, - pl| = lim [u, - p]. (16)

In fact, it follows from Lemma 8 that u, = T, x,,, p =
T, p,and

|, — 2| = | <|x-p], Vnz1 @)

Since p € %, by Lemma7(i), p € () E(S; p)- Hence, it
follows from (17) and (9) that

Tr,l Xp — Tr,,p

1 = 2l =

00
OonUn Z“i,nsi,ﬁun - P

i=1

[oe)
< Qo “un - P” * Z(xi,n Si,ﬁ”n - P“
i=1

(18)
= Xon “un - P” + Z“i,n ”un - P"
i=1

= u, - pll < llx, - pll, Vn=1.

This implies that for each p € &, the limits lim,,_, [Ix,, — pll
andlim,, , [lu, — pll exist. And so {x,} and {u,,} are bounded
and (16) holds.

Furthermore, by (9), it is easy to see that for each i > 1,
{Si gt} and {S; gx,,} are also bounded.

Step 2. Next we prove that for each i > 1 the following holds:

,,li_,néo %, = Sizxa|| = nlil%o e, = Sy ]| = 0. (19)
In fact, by Lemma 5 for any positive integeri > 1 and p € &,
we have

00 2

- p) + Z“i,n (Si,ﬁun - p)

i=1

“O,n (un

i = 2l =

2
Si,ﬁun - P"
)
= “Wl"un - P”z + Z(xi,n"un - P||2
i=1

)

< ”un - P"2 — Xn%ing ("un - Si,ﬁun

. 00
< OCO,n"un - P” + Z“i,n
i1

- “O,n‘xi,ng ("un - Si,ﬁun
(20)

- “O,H“i,ng ("un - Si,ﬁun

)

t, = Syt ]).

< ”xn - p"2 — Xn%ing (



4
This shows that
X0,n%in9g ("url - Si’ﬁu””)
< |, - I 2y
= o — 0 (a5 n— o).

Since g is a continuous and strictly increasing function with
g(0) = 0. By condition (b), it yields that

Tim |, = S; gt = 0. (22)
Therefore, we have
. . 1
i, = S| = lim - s = Siptta = 0. (23)

On the other hand, it follows from Lemma 8 that u,, = T, x,,
and for each p € #

o= 21 = [T 0 = T, o < (T, %0~ T, 250~ )
= (u, = p.x, — p) (24)
e LT T s
This shows that
Y P S N R €2

In view of (20) and (25)

= ol < = ol < ey = ol = e~ 20)

||xn+1

that is,

(as n — 00).
(27)

"xn - un"ZS "xn - P||2—||xn+1 - P"2 —0

In view of (27), (22), (14), and noting that {x, —

SipXn} is
bounded, we have

X, = S;

n

= gt | + [ 82t = S

< s = 4o + [t = S350

) 2 1/2
+ {”xn - un“ + 1— ﬁ '<un - Si,[;un’xn - Si,ﬁxn>'}

— 0

(as n — 00).
(28)

Therefore, we have

lim ||x
n—oo

. 1
Sixn“ = nll—{%om “xn - Si,ﬁxn" =0. (29)
The conclusion is proved.

Step 3. Next we prove that the weak-accumulation point set
W, (x,) of the sequence {x,} is a singleton and W, (x,,) ¢ &.
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In fact, for any w € W, (x,,), their exists a subsequence
{x, } C {x,} such that x, — w. It follows from (27) that
u, — w. Since u,, = Tnx from (15) and condition (A2) we
have

<y_”n,-’rin(”n,-_xm)>2¢(y’uni)’ VyeC. (30)

Since (1/r, )(u - X, ) — 0 (asn; — 00) andu — w, it
follows from cond1t10n (A4) that

¢ (yw) <0,

Foranyt € (0,1), y € C,letting y, = ty+(1-t)w, then y, € C.
By condition (Al) and (A4), we have

0=¢ (o) <td(ypy)+ A=) (y,w) <t (J’t’)’géz)

Vy eC. (31)

This implies that ¢(y,, y) > 0. Letting t — 0, by condition

(A3) we have

¢(w,y) 20, VyeC. (33)

This shows that w € C is a solution to the equilibrium (11),
that is, w € Q.

On the other hand, by Lemma 6, for eachi > 1, I - §; is
demiclosed at 0. In view of (19), we know that w € %. Due to
the arbitrariness of w € W, (x,,), we have W, (x,) ¢ F.

Now we prove that W, (x,) is a singleton. Suppose to
the contrary that there exist x*, y* € W, (x,,) with x* # y*.
Therefore, there exist subsequences {xn,_} and {xnj} in {x,}

such that x,,

(16), the limits lim,, _, . [lx,,— x* | and lim,, _, ||
By using the opial property of H, we have

— x"and x, — y".Since x*,y" € &, by
7

x,— y" || exist.

—x*” <liminf|'x —y*| = lim ||x -y ||
n; — 00 n; — 00 n; n— oo
. *
= lim Xp =Y “ -x
j ﬂ — 00 ]

*

= Jim Jre, =" = liminf [, -
(34)

This is a contradiction. Therefore, W, (x,,) is a singleton.
Without loss of generality, we can assume that W, (x,,) = {x*}
and x,, — x". By using (15) and (19), we have u,, — x*.

This completes the proof of the conclusion (I).

Next we prove the conclusion (II).

Without loss of generality, we can assume that S, is semi-
compact. From (19) we have that

[x, = S1x,]| — 0 (as n — o0). (35)

Therefore, there exists a subsequence of {x, } ¢ {x,} such that
x, — u" € C.Since x, — x", we have x* = u" and so

n;
x, — x* € F.Byvirtue of (16), we have

lim |x, - x*|| =0, (36)

n— 00

Jim lu, '] =0,

This completes the proof of Theorem 9. O
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Taking ¢ = 0 and r,, = 1,for all n > 1 in Theorem 9, we
have x,, = u,,, for all n > 1, Therefore, the following theorem
can be obtained from Theorem 9 immediately.

Theorem 10. Let H,C, {S;}, k, 5 and {Si,5} be the same as in
Theorem 9. Let {x,,} be the sequences defined by

x, € C, chosen arbitrarily,

_ \ (37)
Xpi1 = Qo Xy, t+ Zai,nsiﬁx"’
i=1

where {e; .} C (0, 1) satisfies the following conditions:

(@) Y% &, = 1, foreachn > 1;
(b) for eachi > 1, liminf, _, e ,;, > 0.

DIFF = (N2 F(S))#0, then both {x,} converge
weakly to some point x* € F;

(II) in addition, if there exists some positive integer m such
that S,, is semicompact, then {x,} converge strongly to
x"eF.

Remark 11. Theorems 9 and 10 improve and extend the
corresponding recent results of [4, 8-11].
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