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We characterize the commuting Toeplitz operator and Hankel operator with quasihomogeneous symbols. Also, we use it to show
the necessary and sufficient conditions for commuting Toeplitz operator and Hankel operator with ordinary functions.

1. Introduction

Let dA denote Lebesgue area measure on the unit disk D,
normalized so that the measure of D equals 1. For « > —1, we
denote by dA , the measure dA ,(z) = (a+1)(1- |z[)*dA(z).
For 1 < p < +00, the space L (D, dA ) is a Banach space. The
weighted Bergman space A2 (D) is the closed subspace of ana-
lytic functions in the Hilbert space L*(D, dA ). For each z €
D, the application L, : A%(D) — C is continuous and can
be represented as L ,(f) = f(z) = (f, KZ(,“))“, where

oT(n+2+a), _
2+oc_z Z)n

K(lx) —
. W (1- = nll (2 +oc) )

z,w € D.

This means that, if P, is the orthogonal projection from
L*(D, dA,) onto Ai(D), then P, can be defined by

()@ = (SR, = || £ mrdda @)
(2)

For a function f € L*(D,dA,(z)), we define the Toeplitz
operator T : A% (D) — A’ (D) with symbol f by

Ty (h) = P, (fh). 3)

It is well known that

T; (W) (2) = j@ f (W) h(w)K® (w)dA, (w), zeD.
(4)

Let U : [*(D,dA (z)) — L*(D,dA,(z)) be the uni-
tary operator defined by U« f (z) = f (z) = f(z), where
f belongs to L*(D,dA (2)). Let g be in L*(D,dA (z)); we
define a bounded linear operator M g on LZ(ID,dA“(z)) as
follows:

M, (f) = gf. (5)

Then we can define the small Hankel operator as follows:
H,: A} (D) — A% (D) (6)

as H, = P,UYM

The study ofg commuting Toeplitz operators on the
Bergman and Hardy spaces over various domains and related
operator algebras has a long lasting history. On the Hardy
space of the unit disk, Brown and Halmos [1] first showed that
two Toeplitz operators are commuting if and only if either
both symbols of these operators are analytic, or both symbols
of these operators are coanalytic or a nontrivial linear combi-
nation of the symbols of these operators is constant. On the
Bergman space, the situation is more complicated. Axler and
Culkovi¢ obtained the analogous result for Toeplitz operators
with bounded harmonic symbols on the Bergman space of



the unit disk [2]. The problem of characterizing commuting
Toeplitz operators with arbitrary bounded symbols seems
quite challenging and is not fully understood until now. In [3],
Cutkovi¢ and Rao used the Mellin transform to characterize
all Toeplitz operators on L% which commute with T, for
(m, p) € N x N. Later in [4] Louhichi and Zakariasy gave a
partial characterization of commuting Toeplitz operators on
L? with quasihomogeneous symbols. Recently, Lu and Zhang
[5, 6] characterized the commuting Toeplitz operators and
Hankel operators with quasihomogeneous symbols. There are
also many other important results [7-13]. Motivated by those
works, we study commuting Toeplitz operator and Hankel
operator on the weighted Bergman space. In this paper, we
obtain the necessary and sufficient conditions for commuting
Toeplitz operator and Hankel operator.

An operator that will arise in our study of Toeplitz operat-
ors is the Mellin transform, defined for any function ¢ €
L'([0, 1], 7 dr); from the formula, @, (2) is the Mellin trans-
form as follows:

1
Pn (2) = J p(r)(1- rz)arzfldr, (7)
0

which is a bounded holomorphic function in the half plane

{z:Re z>2}.
Let ¢ € L'(D,dA,) be a radial function; that is, suppose
that p(z) = ¢(|z]), z € D. In fact, if we define the function ¢,
on [0, 1] by @,.(s) = ¢(s), then a direct calculation shows that

N for k#1,
<T¢<Z)’z>a_{2((x+1)@(2k+2) for k =1, ®)

so thatif k e N,

T(k+2+«)
T(P(Zk) 22(1+06)m
X Jl @ (r) erH(l - |r|2)adrzk 9)
0
IF'k+2+a)__ k
=2(1+0€)mq}a(2k+2)2 .

Thus, T, is a diagonal operator on Ai([D) with coefficient
sequence as follows:

(o)

P (2k + 2)) NG
k=0

F'(k+2+«)

<2(1 ) T

This makes it relatively simple to work with the product of
two operators with such radial symbols.

Now, we define the “radialization” of a function f € LY(D,
dA ) by the following:

1 2 .
rd(f) ()= 5 JO £ (z) at. )

Itis clear that a function f is aradial ifand only ifrad(f) = f.
Let R* be the space of weighted square integrable radial
functions on D. By using that, trigonometric polynomials
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are dense in L*(D,dA,) and that, for k, #k,, eFORY s
orthogonal to e*9R%, we see that is

1*(D,dA,) = @R (12)

Definition 1. Let ¢ be a function in L'(D,dA,) which is of

the form e*? f, where f is a radial function. Then one says
that ¢ is a quasihomogeneous function of quasihomogeneous
degree k.

A direct calculation gives the following lemmas which we
will use often.

Lemma?2. Let p € Nand let ¢ be an integrable radial function.
Then,

F(k+p+2+a)

Tamy () =2(@+ 1) (k+p)T2+a)

X @n(2k+p+2)2"P, k>0,

0 if 0<k<p,
F(k-p+2+a)
(k- p)T(2+a)
x@, (2k—p+2)~P

Tymy (2°) = {2(a+1)

if k>p.
(13)

Lemma 3. Let ¢ be an integrable radial function. Then, for p €
z

+>

Hgm, (2) =0, k=0, (14)
and for p € N,
0 if k> p,
' K I(-k+p+a+2)
He-g (Z ) =q12@+ D) (=k+p)IT (2 +a)
x @ (p+2)z7*F if 0<k<p.
(15)

2. Commuting of Toeplitz Operator and
Hankel Operator

Theorem 4. Let ¢ f be a bounded function of quasihomoge-
neous degree p > 0 and g = ¥, € g, (r) € L®(D,dA,).
Then T, (H, = HyTeio ¢ if and only if the following conditions
holds

(1) fuQj+p+2)F_ j-ipalkt+j+p+2) = 0,if0 <k < p-1
and j > 0;
(2) (F(k+2+oc)/k!)f“(zk+p+2)§_j_k,a(k+j+2) =T+

pra+2)/(j+PI) fo(2j+ P+2)F_ -k apolk+j+2p+2),
ifk>0and j>0.
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Proof. For j >0,

Teipeng (Z]) = TeipefHZkEZ eiké)gk,a(r) (Z])

- X F(-j-—k+a+2)
_Teip6f<z 2((X+l)m

k=—j

X Gea (K +2) z‘f"">

- F(-j-k+a+2)
- zk;j @) G orerw
X G (= +2) Ty (z777F)
- ( ] k+a+2)
22( +1) -k)IT(2+a)
X G (Ck+2)2(ax+ 1)

F(-j-k+p+a+2)
(-j-k+p)T(2+a)

X fo(=2j =2k + p+2)z 7P

DT k+a+2)
=dar1y ZO KT (2 + a)

T(k+p+a+2)
X—
(k+p)T(2+a)

x f, (2k+p+2)

“J-jka (j+k+2) 2P,

HyTypes(2') = Hy,  aiog, o Tere (2/)

F(j+p+a+2)~
(j+p)T(2+a)

x Hy,  aog o (£"7)

F(j+p+a+2) -
(j+p)T(2+a)

=2(x+1) f(2]+p+2)

=2(ax+1) f(2j+p+2)

X _ZOZO 2(x+1)
k=—j-p
T(-j-k-pta+2)
(-j-p-krE+ 0

—00

- ,JL(j+p+ra+2)
"G re e

T (- k+2)z 7Pk

k==j-p

I(-j-k-p+a+2)
. (-j-p-k)T2+a)

Fu 2+ p+2) Gog (k+2) 2 TPF
+00

4+ 1) Zl" (j+p+a+2)

“(j+p)T2+a)

Fk+a+2) =

e fa (2j+p+2)

Gojpka (Kt jrpr2) 2t
(16)

IfT 0 ¢ H T ipo Iz then we have

ZF(k+a+2)F(k+p+a+2)
KTQ2+a) (k+p)T(2+a)

><f“(2k+p+2)§,j,k,“(j+k+2)zk+f’

Jiol"(]+p+(x+2)1"(k+oc+2)
“ (j+p)T2+a) (KT (Q2+a)

X fu2j+p+2)F i pa (kt j+p+2)2s,
17)
which is equivalent to

Zl"(k+oc+2)1"(k+p+a+2)
KT2+a) (k+p)TQ2+a)

><fa(2k+p+2)§,j,k‘“(j+k+2)zk+‘”

Z F(j+p+a+2)T(k+a+2)
“(j+p)TQ2+a) (K)IT2+a)
X fo 2]+ P+2) G pota (18)
x(k+j+p+2)zk
ior(j+P+a+2)r(k+“+2)
TGy It (RTQ+a)

k=p
X fu 2+ P+2) T i p ke
x(k+j+p+2)z~,

that is,

*Z":°r(k+(x+2)r(k+p+oc+2)
« kT 2+a) (k+p)T(2+a)

X fu(2k+p+2) G ka
x (j+k+2)Z7P

_”il“(j+p+oc+2)1"(k+oc+2)
(j+p)TQ2+a) (K)T2+a)

k=0

X fu2j+P+2) T j p ke
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x(k+j+p+2)2° Proof. For j > 0, we have
Jio r(] tpta+t 2) r (P +k+oa+ 2) Tefipeng (Zj) = TeiipngZkEZ g, (1) (Zj)
part (j+p)T2+a) (p+k)T(2+a)
T, 22(+1) F(-j-—k+a+2)
T . —~ = _ 04 - 7
X fou 2+ P+2) G j2pka e (—j— k)T 2 +a)
. ptk .
x(k+j+2p+2)zF". Xg\k’a(_k+2)(z—]—k)
(19)
k 2
=2 Z (a+1) w
From the aforementioned we get the following. - (=j =k (2+a)
Casel. ForO<k<p-landj=>0, X G (“k +2) Tymipo g (Z_j_k)
R il X I (-j-k+a+2)
F@itp+2)d pralkrjrpr2)=0.  (@0) eV ) Cprare
Case 2. Fork > 0and j > 0, X Gk (“k +2)
F(-j-k-p+a+2)
l'k+a+2) = —j—k-p)T 2+
PO Ot D f (kv pr2) (4K +2) Cizk=2) |
I ) X fo(-2j-2k—p+2)z 7P
jtpta+2 21
_—'fa(2]+p+2)g]2pka @D +OOI‘ k + +(X+2)
G+ p): =4+ 1) Zp—
. < (k+p)T(2+a)
x(k+j+2p+2).
X Jk-jopa(k+j+p+2)
As a special case of Theorem 4, we can have the following Th+a+2) -
corollary. O Wﬁx (2k+p+2)2~.
Corollary 5. Let f be a bounded radial function and g = (23)
Lkez elkegk‘“(r) € L(D,dA,). Then TyH, = H,Ty if and Then one has the following.
only if
Casel.Forp > j>0,
IF'k+2+a) ~ ) .
Tfoc (2k + 2) g ] k. (k + .] + 2) HgTe—ipﬂf (Z]) = HZkeZ e""ggkya(r)Te"'Pef (Z]) = 0 (24)
(22)
F(j+a+2) Case 2. For j > p,
- i D8k ), =r
HyTey () = Hy, , ev0g, i Tewor ()
fork>0andj>0. r(i- 2
s Uzprar?) p|r+“+ )
Theorem 6. Let e P’ f be a bounded function of quasiho- (-pre+a
mogeneous degree —p < 0 and g = Y., e’kegk,a(r) € x £, (2j—p+2) Hy o, (Zj-P)
L®(D,dA,). Then Ty Hy = H T, if and only if the kez € Gha
following conditions holds T (] p+a+2)
= 4o+ 1) Z —
D) fak+p+2)g_j j_palk+j+p+2)=0,ifk >0and R
p>j20 X fu(2j = p+2)
(2) (C(k + p+ 2+ @)/ (k+ P Gk + p+2)G g palk+ (JCjrp-krat2)

j+p+2) = TG -p+a+2)/(- p)f.2j-p+ (-j+p-RIQ2+a)
2)§,j,k+p,“(k+j—p+2), ifk>0and j> p. G (K +2) e
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pra+2)
=4(a+1) Z—(] p 1o
x fou(2j - p+2)

o I'k+a+2)
kT (2 + @)

X3 s kepa G+k=p+2) 2

(25)
If Typo (Hy = HyT,-ip0 f, then we have the following.
Casel. Forp > j>0,
Xr(k+p+a+2)
Y Gokejopa (K P+ 2)
k+p)T(2+a 7P
= (k+p)T2+a) 26)
F'tk+a+2) = k
_ 2 2 =0.
KT a) Je(krp+2)z =0
Case 2. For j > p,
XT(k+p+a+2) ,
—_— = k 2
Z(k+p)'r(2+a)g—k]ptx( tjtp+t )
Frk+a+2) =~
_ 2 2
TG rq) Jo ke P22
XT(j-p+a+2)~ . (27)
-p+2
Z(] p,”m)f(J p+2)
XF(k+oc+2)A

KT (2 + ) J-ikepe
x(j+k-p+2)Z
That is one has the following.
Casel. Forp>j>0,k>0,
Ik j-pa (k+j+p+2)fa(2k+p+2) =0. (28)
Case 2. For j > p,k >0,

T(k+p+a+2)_
(k+p) T
x(k+j+p+2)f, 2k+p+2)
( ) (29)
F] pta+?2
_— 2 +2
G-p) fa2j-p+2)
Xg—j—k+p,a(j+k_17+2)‘
L]

Theorem 7. Let e ° g be a bounded function of quasihomoge-

neous degree —s < 0 and f = Y, eikefk,a(r) € L*(D,dA,).
Then TyH -0, = Hy-i0 /T if and only if g, (s +2) = 0 or

1 fk_j,a(k+j+2):0, ifs>k>0andj>s;

(2) (D(=j+s+a+2)/(—j+ ) fryjga(—j+s+k+2) =

(T(s—k+a+2)/(s=k)!) f._

ands>j=>0;

foja(S—kt j+2),ifs 2k >0

(3) fkﬂ-,m(—j+s+k+2)=0,ifk>scmdszj20.

Proof. For j > 0, we have the following.

Case 1. For j > s,

Tf e ( j) = TZkEZ eikgfk,a(f)H€7i569 (Zj) =0.

Case 2. Fors > j > 0,

Tf eish (Z])

TZkeZ e'kefka(f e i<f (Zj)

=2(ax+1)

(

T(-j+s+a+2)
—j+s)T2+a)

Ju (s +2)

x Ty, g (277)

=4(x + 1)

(-

r(- ]+s+<x+2)A

—j+35)IT(2 +oc) als+2)

’i" T( 5—j+k+oc+2)A

k=j—s

(s—j+k)rE+a)’"

x (25— 2j+k+2)z 77,

Hefiseng (Z])

- H. _ j
= Heog Ty, e05,,0) (7))

+00
= H,us, < Y 2(a+1)
k:

I(j+k+a+2)

x (G+R)TQ2+a)

X

= 23:0 (x+1)
k=0

fk)a (2j+k+2) zj+k>

IF'k+a+2)

kKIT (2 + )

X f_ ja(k+j+2)Hpio, (zk)

=4(a+1) Z

I'k+a+2)
kKT (2 +«)

IF'(-k+s+a+2)~
(k+s)!F(2+oc)ka°‘

><(k+j+2)§a(s+2)z_k+s

(30)

(31)



Applying H,-i0 /T = TH,-i ;, we have the following.

Case 1. For j > s,

T(k+a+2)T(-k+s+a+2)
4o+ 1)’ Z KTC+a) (k+o)l@2+a)

X fk,j’“ (k+j+2)g,(s+2)z " =o.
(32)

Case 2. Fors > j >0,

+00 1'*(5_

2

k=j—s

jtk+a+2)
(s—j+k)TQ+a)’*

(2s—2j+k+2)

F(_j+5+“+2)A —j+s+k
(-j+s)T2+a) Julst2)2 (33)

_il‘(k+o¢+2)1‘(—k+s+o¢+2)
B KTQ+a) (-k+5)T(2+a)

X fAk,]-,a (k+j+2)g, (s+2)z "

If g, (s + 2) = 0, then the equation holds.
Otherwise g, (s + 2) # 0, we have the following.

Case 1. For j > s,

Zs: Ftk+a+2)T(-k+s+a+2)

o KT2+a) (k+9)T(2+a) (34)

X fAk_j,‘x (k+j+2)zF =o.

Case 2. Fors > j >0,

Jio F(s—j+k+a+2)~

(s=j+k)T2+aw) —2j+k+2)

fka(

k=j—s

r(_j+s+‘x+2) —j+s+k

(—j+s)!F(2+oc)Z (35)

Zr(k+oc+2)1"( k+s+a+2)
KTQ2+a) (—k+3s)T(Q2+a)

X ﬁ,j,a (k+j+2)zF

that is one has the following.

Casel. Fors>k>0,j>s,

feja(k+j+2) ks . (36)
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Case 2. Fors > j > 0,

+00

Z I(s—j+a+2)~

(s— )T 2+a) Jerj-sa

k=0
) IF'k+a+2) &
it k42) TS
X(s=itk+2) o )
ZF(k+cx+2)F( k+s+a+2)
KTQ2+a) (k+s)T2+a)
Xﬁ—k-j,a (s—k+j+2)z"
Then we get the following.
Casel.Forszkzo,j>s,fk_j,“(k+j+2)=0.
Case 2. Fors > j 20,
F(s—j+a+2) -~
ﬁfk+] S{X(S J+k+2)
- J)!
(38)
 T(k+s+a+2) -

Tkt ko (S—k+j+2).

Case3.Fork>s,s2j20,f,€+j_s)“(—j+s+k+2):O. O

Corollary 8. Let g be a bounded radial function and f =
Yiez € frar) € LY(D,dA,). Then T;H, = H,T; if and
only if

(1) Gols +2) =

(2) fealk+2)=0and f i (k+2) =0, fork > 0.

Finally, we will investigate the situation that both func-
tions are ordinary functions.

Theorem 9. Let f = Y., € fi. . (r) € L°(D,dA,) and g =
Yes e gla(r) € L*(D,dA,). ThenT;H, = H, T ifand only
if

+Z":"F(k+o¢+2)

IR Jeoma M +k+2)
¢ k!

X G pypom+k+2)
(39)
XT(k+a+2) -~
Z

R fn ko Mk +2)

X G pma (k+m+2),

form >0andn=>0.
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Proof. For j > 0, we have

H Tf( ) HZ 1e2 € g1a () TZkEZ e’kefka(r)( )

+00 r 2

+00 :Zz(“+1) (k+0¢+ )

=Hy,_,evg,.m kZ 2(@+1) P KT (2 +a)
==j

X]?k,‘x (-2j-2l+k+2) Z—j—l+k>

X G jiolk+j+2
F(j+k+a+2) gk]’( j+2)

X —
(j+k)T(Q2+a) T(+a+2)
22( "DirGra)
xfk’“(2j+k+2)zj+k>
xfl_k,a(l+k+2)zl>.
+00 k 2
= Zz(a+1)—(J+ rat?)
= (j+k)TQ2+a)
R From the aforementioned we get, form > 0 andn > 0,
X fra(2j+k+2)
I'k+oa+2)
HT 2
- F(-j-k-l+a+2) ( f(z ) <Z (@+1) KT (2 + )fk mio
|2 2(“+1)(—'—k—l)'F(2+(x)
1=—(ji+k) J ’ x(m+k+2)
5 (- —k=j-1 F(l+oc+2)A
Xgia (-1 +2)z ) Zz( +1)——— 2 TNEETIRY
< T(k+a+2) .
:ZZ(“H)W x(I+k+2)z,2
Xﬁc—j,a(j+k+2) RS T(k+a+2)
=\ 22D ey
= T(+a+2)
. 2 )~ -
(;0 @b T2 +a) X froma (M+k+2)
ITn+a+2)_
XG-1je (1 +k+2)z’), 2D G e
T/H,(2') = Ty, e fo. iy, e () x(n+k+2)z", z”)
=Ty o 22(a+1) B T ST (k+a+2) »
Ykez € fra(r) = - 7
o <l=—j W) TGy S
F(_j_l+(x+2) X(m+k+2)§—n—k,(x
—-j-=DIr
Ci=ree) x(n+k+2),
Xl (—l+2)2_j_l> F(k+oc+2)
(T/H, ("), 2") = Zz( k!r(2+¢x)
=22(a+1)w X G jomo (k+m+2)
i-DIT2+a)
& F(l+a+2)
_ ) ) — =%
X Gia (-1+2) 2. 2(@+1) T2+ )
*Z":Oz( 1)F(—j—l+k+o¢+2) ~ 1
. + n
R SR E I YER X i (44222

(40)



I'k+a+2)
KT (2 +«)

= <*§02(“+1
k=0

X G koo (kK +m+2)

In+a+2) =

2(a+1) ATt o)

fn ko

X (n+k+2)z",z">

B ST (k+a+2)
=4+ ,;, KT (2 +a)

X ﬁkk,a (n+k+2)

X G fmek+m+2).
(41)

IfH,T; = T;H,, then we get
LT (k+a+2) =
Z k'r(2+(x) fk moc(m+k+2)
X G ppom+k+2)
(42)
DT k+a+2) ~
_— k+2
ZO KT (2 + o) Jorkanrk+2)

X G pma (k+m+2),

form > 0andn > 0.
The converse is easy to get. O
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