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This paper is devoted to a stochastic retarded reaction-diffusion equation on all d-dimensional space with additive white noise.
We first show that the stochastic retarded reaction-diffusion equation generates a random dynamical system by transforming this
stochastic equation into a random one through a tempered stationary random homeomorphism. Then, we establish the existence
of a random attractor for the random equation. And the existence of a random attractor for the stochastic equation follows from
the conjugation relation between two random dynamical systems. The pullback asymptotic compactness is proved by uniform
estimates on solutions for large space and time variables. These estimates are obtained by a cut-off technique.

1. Introduction

The study of stochastic functional differential equations is
motivated by the fact that, when one wants to model some
evolution phenomena arising in physics, chemistry, biology,
and other sciences, some hereditary characteristics such
as aftereffect, time-lag, and time delay can appear in the
variables. On the other hand, one of the most interest-
ing problems concerning stochastic functional differential
equations is to understood the asymptotic behavior of the
solutions when time grows to infinite, since it can provide
useful information about the future of the phenomenon
described in the model.

It is known that the asymptotic behavior of random
systems can be captured by a random attractor, which was
introduced in [1, 2] as an extension of the attractor theory of
deterministic systems in [3-5]. For stochastic PDEs without
any hereditary features, the existence of random attractors
has been investigated by many authors; see, for example, [6-
20] and the references therein. However, this problem is not
well studied in the case of stochastic retarded PDEs.

In this paper, we investigate the asymptotic behavior
of solutions to the following stochastic retarded reaction-

diffusion equation with additive noise defined in the entire
space R?:

du+ (M- Auwydt = (f (u') (x) + g (x)) dt +dW, (1)

where A is a positive constant, g is a given function defined on
RY, f is a nonlinear functional satisfying certain conditions,
and W is a two-sided infinite dimensional Wiener process on
a probability space which will be specified later.

We note that the asymptotic behavior of several deter-
ministic retarded PDEs on bounded domains was studied in
[21-25], and the case of retarded Navier-Stokes equations on
some unbounded domains was treated in [26]. The random
attractor for retarded stochastic differential equations was
considered in [27] by monotone methods. Recently, in the
case of stochastic retarded lattice dynamical systems defined
on the entire integer set, the existence of a random attractor
was proved in [28, 29]. Here we prove the existence of
a random attractor for the stochastic retarded reaction-
diffusion equation defined in R. It is worth mentioning that
the asymptotic behavior of the nonretarded version of (1) was
investigated recently in [9].



Notice that Sobolev embeddings are not compact when
domains are unbounded. This introduces a major obstacle
for proving existence of attractors for PDEs on unbounded
domains. Under certain circumstances, the tail-estimates
method can be used to deal with the problem caused by the
unboundedness of domains. This approach was developed in
[30, 31] for deterministic nonretarded PDEs and used in [9-11,
13,17,18] for stochastic systems. At the same time, the present
of delays is another obstacle, which makes phase spaces not
reflexive and increases the difficulty of uniform estimates.
In this paper, we will develop a tail-estimates approach
for stochastic retarded PDEs on unbounded domains and
prove the existence of a compact random attractor for
the stochastic retarded reaction-diffusion equation (1), in
particular, defined on the unbounded domain R?. The idea
is based on the observation that the solutions of the equation
are uniformly small when space and time variables are
sufficiently large. It is clear that our method can be used for a
variety of other equations, as it was for the nonretarded case.

For convenience, hereafter we adopt the following nota-
tions. We denote by || - || and (-,) the norm and the inner
product in LX( Rd). Otherwise, the norm of a general Banach
space X is written as || - || . For v > 0, let € denote the Banach
space of all continuous functions § : [-7,0] — LA(R%)
endowed with the supremum norm [|§|, = SUP e[ _y0) IEGI-
For any real number a < b, t € [a,b], and any continuous
function u : [a — v,b] — L*(R%), u denotes the element of
& given by ' (s) = u(t + s) for s € [-»,0].

The rest of the paper is organized as follows. In the next
section, we introduce basic concepts concerning random
dynamical systems and random attractors. In Section 3,
we define a continuous random dynamical system for the
stochastic retarded reaction-diffusion equation on R?. The
existence of the random attractor is given in Section 4.

2. Preliminaries

In this section, we introduce some basic concepts related to
random attractors for random dynamical systems. The reader
is referred to [1, 2, 6, 32-34] for more details.

Let (X, | - | x) be a separable Banach space with Borel o-
algebra B(X) and (Q, #, P) a probability space.

Definition 1. (Q, F,P, (9,)scg) is called a metric dynamical
system if 9 : R x Q — Qis (B(R) ® F, F)-measurable,
and 9, is the identity on Q, 9, = 9, o , for all s,;t € R and
9P =Pforallt € R.

Definition 2. A set A ¢ Q is called invariant with respect to
(9))ser- if, for all t € R, it holds that

9 A = A )

Definition 3. A continuous random dynamical system on
X over a metric dynamical system (Q, %, P, (9,),cr) is a

mapping

¢:R"xOxX — X, (tw,x) — @t wx), (3)
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which is (B(R") ® F ® B(X), B(X))-measurable, and, for
allw € Q,

(i) ¢(t,w,-) : X — X is continuous for all t € R™;

(ii) ¢(0, w,-) is the identity on X;

(iii) @(t + s, w,-) = @(t, 9w, ") o (s, w, ) for all s,t € R".
Definition 4. A random set D is a multivalued mapping D :
Q — B(X) such that, for every x € X, the mapping
w — d(x, D(w)) is measurable, where d(x, B) is the distance
between the element x and the set B ¢ X. It is said that the

random set is bounded (resp., closed or compact) if D(w) is
bounded (resp., closed or compact) for P a.e. w € Q.

Definition 5. A random variable r : Q — (0, 00) is called
tempered with respect to (9;),cp, if for P a.e. w € Q

Jlim ePr(9,0)=0 VB>o0. (4)

A random set D is called tempered if D(w) is contained in a
ball with center zero and tempered radius r(w) for all w € Q.

Remark 6. If r > 0 is tempered, then

(1) for any 7 € R, r(9,-) is tempered;
(2) foranya > 0 and P a.e. w € Q

R(w)zj

—00

e*’r (9,w) ds < o0, (5)

and R is tempered.

Moreover, if, for P a.e. w € Q, #(9,w) is continuous in t,
then R(9,w) is continuous in ¢ for such w, and, for any » > 0,
SUP,¢[y,0)"(Jy) is tempered.

Hereafter, we always assume that ¢ is a continuous
random dynamical system over (Q, #, P, (9,);cgr), and D is
a collection of random subsets of X.

Definition 7. A random set K is called a random absorbing
set in 9 if, for every B € & and PP a.e. w € Q, there exists
tg(w) > 0 such that

¢ (t,9_,0,B(9_w)) CK(w) Vt=>tz(w). (6)

Definition 8. A random set & is called a @-random attractor
(2-pullback attractor) for ¢ if the following hold:

(i) o is a random compact set;

(ii) ¢ is strictly invariant; that is, for P a.e. w € Q and all

t>0,
¢ (tw o () = o (9,0); %)
(iii) & attracts all sets in ; that is, for all B € & and P
ae weQ,
Jim d (¢ (£, 9w, B(9_0)), & (w)) = 0, (8)
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where d is the Hausdorff semimetric given by
d(E, F) = sup,ginf cpllx — ylly for any E € X and
FcX.

We remark that if &/ € 9, then this attractor is unique
[33].

Definition 9. ¢ is said to be D-pullback asymptotically
compact in X if, for all B € @ and P a.e. w € Q, {¢(¢,,
9. w, x,)}o; has a convergent subsequence in X whenever
t, — o0o,and x, € B9, w).

The following existence result on a random attractor for
a continuous random dynamical system can be found in [2,
34]. First, recall that a collection & of random subsets of X is
called inclusion closed if whenever E is an arbitrary random
set and F is in & with E(w) ¢ F(w) for P a.e. w € Q, then E
must belong to 2.

Proposition 10. Let & be an inclusion-closed collection of
random subsets of X and ¢ a continuous random dynamical
system on X over (Q, F, P, (9,),cr)- Suppose that K € D is a
closed random absorbing set for ¢ in D and ¢ is D-pullback
asymptotically compact in X. Then ¢ has a unique D-random
attractor of which is given by

o () = (U (69w, K (9.,)). 9)

720127

In this paper, we will take 9 as the collection of all
tempered random subsets of € and prove the stochastic

retarded reaction-diffusion equation on R has a &-random
attractor.

3. Stochastic Retarded Reaction-Diffusion
Equations on R? with Additive Noise

In this section, we show that there is a continuous ran-
dom dynamical system generated by the stochastic retarded
reaction-diffusion equation on R? with additive white noise:

du+ (Au— Au)dt = (f (ut) (x)+g (x)) dt +dw,
(10)

xe[R{d, t>0,

with the initial condition

ut,x)=u’(t,x), xeR%te[-0]. (1)

Here A is a positive constant, gisagiven function in LZ(Rd),

W is an L*(R%)-valued two-sided Wiener process with a
symmetric nonnegative finite trace covariance operator Q
defined on a probability space which will be specified below,

and f: € — L*(RY) is a continuous mapping satisfying the
following conditions:

(Ay) f(0) =0;
(A,) there exists a positive continuous function [(r) with

1. (r
lim f()=0

r— 00 TkO

(12)

for some positive integer k, such that, forall &,y € €
with [|€]l < rand |yl <7,

£ &~ f <1 @) |§-n|

@ (13)

(A;) there exist positive constants o, and ¢, such that, for
alw € (0,a), t > 0,u € C([-nt]; L*(R?)), and
X € Rd,

Jte“5| f @) @fds<c; Jt elu(s) (x)Pds;  (14)
0 -y

(A4) A> Cf.

In the sequel, we consider the probability space (Q, #, P)
where

Q={weC(R,L*(R)):w(0) =0}, (15)

F is the Borel o-algebra induced by the compact-open
topology of ), and PP the corresponding Wiener measure on
(Q, F) with respect to the covariance operator Q. Let

w()=w(+t)-w(), teR. (16)

Then (Q, #, P, (9,),cr) is an ergodic metric dynamical sys-
tem. Since the above probability space is canonical, we have

W(t,w) =w(t), W (t,9,w) =W (t +s,0) - W (s,w).

17)

Similar to Proposition A.1in [34], we can find that there exists
a full P-measure {9,},cp-invariant set Q € % such that for
eachw € Q
I Wt w)ll
im ———— =

t— +o00 t

0. (18)

Let # be the P-completion of &, and let

t
F.=\/F, teR, (19)

s<t
with
F=0{W(r)-W(rn):s<st <, <tfva, (20

where o{W(1,) - W(1;) : s < 1, < 7, < t} is the smallest
o-algebra generated by the random variable W(z,) — W(r,)
for all 7}, 7, such that s < 7, < 7, <t and J/ is the collection
of P-null sets of &.
Note that
—1 gt t

91 ‘G;s = ‘G/Ts::’ (21)
50 (O F, P, (9,),er> (FL)y) is a filtered metric dynamical
system (see [32, pages 72 and 91] for more details). In
addition, it is important to note that the measurability of 9

is not true if we replace & by its completion; see [32, page
547] for details.



In this paper, the solution of problem (10)-(11) is inter-
preted in a mild sense:

t
u(t) :S(t)uo(O)+JOS(t—s)(f(us)+g)ds

t
+J S(t-s)dW(s), t>0, (22)
0

u)=u(t), te[-10],

P as. for any u® € G, where S(t) is the analytic semigroup
on L*(R%) generated by A — AL By the theory in [35], we deal
with (22) on the complete probability space (Q, F, P).

We now associate a continuous random dynamical sys-
tem with the stochastic retarded reaction-diffusion equation
(10)-(11) over (Q, F, P, (9,),cr)- To this end, we introduce an
auxiliary Ornstein-Uhlenbeck process on (Q, #,P, (9,),cr)
and transform the stochastic retarded reaction-diffusion
equation into a random one. Let

z (t, w)

i ”t (A=ADS(t-9) (W (s0) - W (L) ds, ©ed,
0, w¢Q.

(23)

Then by (18), (23) is well defined. The process z(t), t € R, isa
stationary, Gaussian process. By Lemma 5.13 in [35], we can
see that it is a mild solution of the linear equation

dz(t)=(A-AD)z(t)dt +dW (t). (24)
That is, forall t € R and P a.s.
t
z(t) = J S(t—s)dW (s). (25)
—00
Moreover, the random variable [ z(0, w)|| is tempered, and, for
each w € ), the mapping t — z(t, w) is continuous.

Setting v(t) = u(t) — z(t) for t > —v in (22), then by (25),
we obtain a deterministic equation, P’ a.s. in (),

v(t)=S(t)v0(0)+JtS(t—s)(f(vs+zS)+g)ds, t>0,
0

v(t) =2 (1), te[-v0],
(26)
which is the mild form of the evolution equation
dv
i MW f(V+2)+g (27)
with the initial condition
v(t) =2 (1), te[-10]. (28)

Here +°(t) = u°(t) - 2°(t, w), t € [-,0].

Problem (27)-(28) is a deterministic partial functional
differential equation with random coefficients, which can be
solved pathwise. We now establish the following result for
problem (27)-(28).
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Theorem11. Let T > 0 and w € Q be fixed. Then the following
properties hold:

(1) for each W ew, problem (27)-(28) has a unique mild

solution v(-, w, V°) that belongs to

C (=11 L7 (RY)) nW"? (e, 1517 (R?))

(29)
L (e, T;H* (RY)),
forany e € (0,T), and for a.e. t € [0,T]
dv
dt—Av—/\v+f(v +z)+g. (30)

(2) Let v,(-, w, v(l)) and v,(-, w, vg) be the mild solutions
of problem (27)-(28) for the initial data v(l) and vg,
respectively. Then there exists a constant ¢(T) > 0 such
that for all't € [0,T]

Vi () =95 (50,99, < ) = a7 )

Proof. (1) By (A,)-(A,), following the same lines of Theorem
6.1.4in [36], one can show that, for each +° € %, there exists a

Thax < 00 such that (26) has a unique solution v on [0, T, ).
Moreover, if T, ,, < 00, then
lim sup||v'||_ = oo.
msupl ], = (32)

We prove now that this local solution is a global one. For fixed
T € (0,T,,,y)> by regularity of mild solutions for an analytic
semigroup [37, page 145], we inform that

(R)) w2 (e 22 ()
L* (e, T;H* (RY)),

for any € € (0,7T), and (27) holds for a.e. t € [0,T]. Then,
taking the inner product of (27) with vin L2(R%), we get that

Ve C([—v,T] ;L2
(33)

ann + AP+ 19l = (f (v +2°),v) + (g,v).
(34)

By (A,), we can choose 3 > 0 small enough such that 24 >
2¢; + B. Using the Young inequality, we find that

(f(vt+zt),v)

<r () s Lt

1 t t
E”f (V+2 )”2 (35)

B

(g:v) < llgllivl < Ziv? +—||g|| :

Then it follows from (34) and (35) that

d
2 M7+ 2091 < = (24 - ¢ = B) I
(36)

r )+ glal’
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Choose a € (0, o) small enough such that 24 > 2¢; + a + f.
Then by (36), we obtain

d

77 (€ II7) + 2 vwp?

~(2A—¢; —a - B) Il (37)
Sl ol

Now, we can also choose y > O such that2A > (2+y)cs+a+p.
Integrating (37) over [0,t] (t € [0,T]) leads to

Iy O < v Ol - (24 - ¢ —a - /3)[ v (5)|2ds

+$J06“5||f v+ 2°)|ds + "‘73" Le *ds.
(38)
Using the Young inequality and (A;), we find that

1 t(XS S S
= [ el 2

i
t
<¢ J e“llv(s) + z (s)|°ds

< L e[+ v I (39)

+(1+y) Iz 9)I*] ds

0

+cf j v (s) + z (s)|ds.
Then by (38) and (39), we obtain
v’ < - (20 - (2+y)¢; —a—p)

t

XJ e*|lv (s)|*ds
0

Il .
op

+ v O + =

0
+cf J e*|v (s) + z (s)|*ds

, (40)
+clj ez (s)|*ds

0

Il
ap

0]|2 0]|2
+2veg [, + |21

<O + 227

t
+¢ J ez (s)|*ds,
0

5
where ¢; = c¢(1 + y~'). Consequently,
v @I < [(1 + 2vcf) “vo"; + ZVCf”ZO“;] e
+c jte“(s_t)ﬂz(s)”zds + M (41)
), o
Hence, for fixed o € [-7,0], we get that, for t € (-0, T],
v+ o)’ < [(1+2%) [ + 2vcf||z°||;] gt
o L T 2(s)]ds + ||g[||;
< [(r2eg) [ + 20 ]
2
+c e Jt 0| z(s) [P ds + M,
0 of
(42)
and, for t € [0,-0],
v+ o)l < V],
R R (43)
< [(1 + 2vcf) "1/0"% + 2vcf||zo||%] 0,
In view of (42) and (43), we find that, for all t € [0, T,
1 < [0+ 20e) [ + 20 J ]
t o
+ cleMJ D) 2(s) 1P ds + 2L g
0 af’
Therefore, for all t € [0,T],
1 < [+ 206 [ + 20 "
(45)
g J l2(s)|Pds + ||g£
which, together with (32), implies that T, ,, = co. This proves
property (1).
(2) By (44), there exists a constant r(T') > 0 such that
"vtl"% <r(T), “vg“% <r(T). (46)
Then from (A,) and (26), we have that for ¢t € [0, T]
v &) = v, ®f <™ |7 0) =5 0)
(47)

t
(1) | &N = s



Hence, for fixed o € [-7,0], we get that, for t € (-0, T],
v, ¢ +0) = v, (t+0)

<) |2 ) 48 0)]

t+o
0

# () [ NI v s

A0, 0 _ .0
L Lt B

t
#1 @) | =il eds,

(48)
and, for t € [0,-0],
[vi t+0)=v, (t+0)| < ""(1) - vg"% < e’\(v_t)“v(l) - vg”%.
(49)
In view of (48) and (49), we find that, for all t € [0, T],
-l =,
¢ (50)
L e R
0
The Gronwall inequality implies that, for all € [0, T],
-l < B e
This prove property (2). The proof is complete. O

Conversely, if, for each w € Q, vt w, Wy e
C([-7, 00); LA(R%)) is a mild solution of problem (27)-(28)
with v°() = 4°() — 2°(, w), then by (25) the continuous
process

u (t, w, uo) =y (t, w, vo) + z (t,w) (52)
is a mild solution of problem (10)-(11).

Theorem 12. Problem (27)-(28) generates a continuous ran-
dom dynamical system ¢ over (Q, F, P, (9),cp), where

¢(t,w,v0) = (-,w, vo), fort >0, weQ, W e . (53)
Moreover, if one defines y by

w(t,w,uo) = ut(-,w,uo), fort>0,weQ u’ €@,
(54)

then v is another continuous random dynamical system
associated with problem (10)-(11).

Proof. By a classical successive approximation argument, one
can easily show that, for fixed Woe G, vt,w°) is an
F ,-adapted continuous process. Hence, for fixed * € @,
¢(t, w,1°) is also an F,-adapted continuous process. On the
other hand, from property (2) of Theorem 11, it follows that,
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for fixedt > Oand w € Q, ¢(t,w,*) : [0,00) X E — €
is continuous. Consequently, ¢(t, w, W) is (BRY) @ F ®
AB(€), B(€))-measurable.

By (26) we have that, for s, t > 0 and o € [-7,0],

¢ (t, dw, ¢ (s, w, vo)) (o)
=S(t+0)¢(sw,°)(0)

t+o
+J S(t+o0-1)
0

< (f (¢ (T, dw, ¢ (s, w, VO)) +z" (SSw)) + g) dr.
(55)

Then again by (26) we get
¢ (t, dw, ¢ (s, w, vo)) (0)

=S(t+s+0)v°(0)
+JOS(s—T)
x(f(¢(r,w,v°)+zT (w))+g)dr

t+s+o
+J S(t+s+0-1)
N

X (f ((/) (T -5, 9w, ¢ (s, w, vo)) +z" (w)) + g) dr.
(56)

For each w € Q consider

0y </>(T,w,v°), if 0<7<s,
(D(T’w)v)_{¢(T—s,95w,¢(s,w,v0)), ifs<t<t+s.

(57)
Then for 7 =t + s we have
(0 (t + 5, w, vo) =¢ (t, dw, ¢ (s, w, vo)) for s,t > 0. (58)
It follows from (56) that
) (t + 5, W, vo) (0)

=S(t+s+0)v"(0)
+sto (59)
+ j t

St+s+0-1)
0

X (f (CD (T, w, vo) +z" (w)) + g) dr,

for all o € [-7,0]. By the uniqueness of the solution of (26)
we find that

®(t+s,w,v0) =¢(t+s,w,vo), (60)
while (58) implies
¢ (t + 5, , VO) =¢ (t, dw, ¢ (s, w, vo)) for s,t > 0. (61)

Therefore, ¢ is a continuous random dynamical system.
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As for y, noticing that

Y (t, w, uo) =¢ (t, wu’ - 2" (w)) +72' (w),

(62)
fort>0, weQ, u €%,
we get from (61) that, for s,;t > 0,
11/ (t, Y0, v (s, w, uo))
=¢ (t, RO (s, w,u’ - 7° (w))) +7' (9,w)
(63)

=¢ (t +s,0,u’ —2° (w)) +2'™ (w)

:1//(t+s,w,u0).

Therefore, v is also a continuous random dynamical system.
Furthermore, ¢ and y are conjugated random dynamical
systems; that is,

v(t,w T (&) =TS w¢twi), foranyée®,
(64)
where, for every w € Q, T(w,§) = & + 2(w) is a
homeomorphism of €. The proof is complete. O

4. Existence of Random Attractors

In this section, we prove the existence of a P-random
attractor for the random dynamical system y associated
with the stochastic retarded reaction-diffusion equation (10)-
(11) on R?. We first establish the existence of a @-random
attractor for its conjugated random dynamical system ¢,
then the existence of a P-random attractor for y follows
from the conjugation relation between ¢ and y. To this end,
we will derive uniform estimates on the mild solutions of
problem (27)-(28) whent — oo with the purpose of proving
the existence of a bounded random absorbing set and the
asymptotic compactness for ¢. In particular, we will show
that the tails of the solutions, that is, solutions evaluated at
large value of | x|, are uniformly small when time is sufficiently
large.

From now on, we always assume that & is the collection
of all tempered subsets of € with respect to (Q, F, P, (9,)cr)-
The next lemma shows that ¢ has a random absorbing set in

D.

Lemma 13. There exists K € D such that K is a random
absorbing set for ¢ in D; that is, for any B € D and P a.e.
w € Q, there exists Tg(w) > 0 such that

¢ (9,0, B(9_w)) CK(w) Vt=>Tg(w). (65)

Proof. Replacing w with 9_,w in (41) and (44), we get that, for
allt >0,

"v (t, 9w, 7" (S_tw))uz

,tw)“; + 2vcf'|zo (S,tw)”;] e

< [(1 +296,) [ (9
t 2
Ta Jo ¢ 2(s, 9_y)|*ds + %
(2 @, gl 0.0l ]

0 2, lal’
+q J ezxs"z (0, st)" ds + 06_/5)
(66)

"vt (S_tw, W (S_tw))“;

< [(1 + Zvcf) "vo (S_tw)“; + 2vcf”z0

e

+c e Jt ez (s, 9_,0)|ds + M
1 o >Vt (Xﬂ

)|+ 20" (S,tw)ﬂfg] e

< [(1 + 2vcf) "vo C)
+c e’ jo e’“”z (0,9,w || ds + ”gﬁ";
(67)

By assumption, B € 9 is tempered. On the other hand, by

Remark 6, IIZO(w)IIZg is also tempered. Therefore, if v*(9_,w) €
B(¥_,w), then there exists Tz(w) > 0 such that, for all ¢ >
TB((‘J))

[(1 . 2vcf) "VO (9_#0)“; + 2vcf||zo (S_tw)“;] e (68)

<l+r(w),

where
0 2
r(w) = J €™z (0, 9,w)|"ds (69)

is tempered by Remark 6. Then it follows from (66), (67), and
(68) that for all t > Ty(w),

" (t 9,0, (9_,0) " <(g+1)r(w)+~—— ||g|| +1, (70)
2
”v 9_,0,v _tw))"; <(q+1)e"r(w)+ % +1.
(71)
Given w € Q), we define
Kw={e@: | <r W}, (72)



where

(W)= (g +1)e (@Jﬂ (73)

is tempered. Then K € 9. Further, (71) indicates that K is a
random absorbing set for ¢ in &, which completes the proof.
O

We next derive uniform estimates for v in H'(R?). From
property (1) of Theorem 11 and the fact that [37, page 165]

W' (&,T; L7 (R?)) n L? (e, T; H* (RY))

(R)).

forany 0 < € < T < 0o, we get that v € C((0, 00); H'(R?)).

(74)
C([&T);H!

Lemma 14. Let B € @ and v’(w) € B(w). Then for P a.e.
w € Q, the solution v(t, w, v’ (w)) of problem (27)-(28) satisfies,
forallt > Tg(w),

J ”V —t— 1“-’)

t+1 2
Jt [Vv (s, 9_ )| ds < 73 (w),

-t- 1“"))”;‘15 <1 (W),

(75)

where r, and r5 are tempered and Ty is the random function in
Lemma 13.

Proof. Replacing w with 9_,_,w in (44), we get that, for all
T>0andt € [1,7+1],

(5. @),
< [(1 + 2vcf) ||V0 (9—1—1“’)";

+ 2vcf||z0 (9—1—1“))";] 200 (76)

+cleavj ols=t) ||z (59, @ || ds + ~—— ||g|| .
0 af
Integrating (76) over the interval [z, T + 1] leads to
T+1 ¢ 0 2
L Hv (9_7_1(0, v (S_T_Iw))“%dt
< [(1 + 2vcf) "vO (S_T_lw)"; + 2vcf|'zo (S_T_lw)”;]

T+1
X J X0 gy
T

oy oot a(s—t) 2 "9“2
+¢e "2 (0,9,_,_ )| dsdt + ==~
T 0 (xﬁ

Abstract and Applied Analysis

< [(1 + 2vcf) ”vo (S,T,lw)”;

o(v—1)

+2vcf|'zo (9_1_1(0)”;] e

lall’
of

+ ¢,y (w) + 1T

(77)

which, together with (68), implies that, for all ¢ > T(w),

[ (000 000 o
(78)

o(v+1)

< [cle M] (w) + = =r,(0).

Il .
of

Obviously, r, is tempered. Integrating (37) over the interval
[t,t + 1] leads to

Ny e+ DI - v @)l

t+1
+2 I IV ()| ds
t
t+1 )
(2 -ci-a-p) [ WO

2 t+1
+ % J e“ds
t

1 (! as s s\[|12
s G G N

Cft

(79)

Using the Young inequality and (A;), we obtain that

1 t as s s\[12
= el e Pas

Cft

t41
<¢s J e |lv (s) + z (s)|ds

t—v

t+1
< ¢ L 1+ @I+ (1+y7") Iz 1] ds

t
+ ¢y J e“|v (s) + z (s)|*ds.
t—v

(80)
It follows from (79) and (80) that
Vvt + DI - ey @1 +2 jl Vv (s)[°ds
- (2)L ~Q2+yp)ep—a- /3) Lm e“llv (s)Ids
(81)

“g” a(t+1) ! s 2
ﬁ + L_ve lv(s) +z(s)|°ds

t+1
+q J ™|z ()| ds.
t
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Thus,
t+1
2 I IV (5)|Pds
t

se"‘fnv(t)n%j “lv(s)+z()Ids  (82)

t—=v

t+1
+q Jt e“llz (s)|°ds + ||£Z;|| a41)

Replacing w with 9_,_,w in (82), we get from (71) that, for P
ae we Qandallt > Ty(w),

t+1 2
ZJ Vv (s, 9__ )| ds
t
= ”V (& S—t—lw)Hz
t
' J "V (5,9 10) +2 (s, 94—10))“2(15
t—v
t+1 ,
+q j eoc(s—t)nz (s, 9_t_lw)"zd5 . Mea
t B
= ”v (t. S—t—1w)”2
+2J ["V 5,9 1w ” “Z (5,9 1“))"2] ds
. N - (83)
’ 2
+ Cle‘x J e“5||z (0) st)llzds N @ea
-1

<@+ |V (@O0 + 2] ()]

lal’ .
[

<(1+2v)r (9 ,0) + 27/"20 C)

+¢er (w) + =

2
*1“’)”%

+ce r(w) + =—— ”g"

Therefore, we have that, for all t > T(w),

t+1 2
J; [Vv (s, 9__ )| ds

1+2v 2
<——n (9 w) + v"zO € lw)“% (84)
+Cer(w)+"g|| %=1 (0).
2 28 ’

By Remark 6, r; is tempered. Then the lemma follows from
(78) and (84). O

Lemma 15. Let B € @ and v’(0) € B(w). Then for P a.e.
w € Q, the solution v(t, w, v’ (w)) of problem (27)-(28) satisfies,
forallt > Tg(w) +v+ 1 and 0,0, € [-7,0],

"Vv (t, 9 ,w0,1" (S_tw))uz <1y (W),

t+0,
.
where r, and r5 are tempered and Ty is the random function in
Lemma 13.

(85)
(s, 9,0, (S_tw))"zds <15 (w),

Proof. Taking the inner product of (27) with Av in LA(RY),
we get that

1d
~—IVvI* + AV + [Av)?
2dt (86)

:—(f(vt+zt),Av)—(g,Av).

Using the Young inequality, we obtain that

(70 #),a0) 2 [ ()] o
< }LllAvHZ +|F (v + zt)||2, (87)

~ (9. ) < g 1871 < 5 1AVIP + g
4

It follows from (86) and (87) that

1d 2 2 1 2
EEIIVVII +AIVvI” + EIIAVII )
<[r (") + ol
Thus,
%nwu2 clav? <2 f (v + ) +2lgl’ (89

Let Ts(w) be the positive constant in Lemma 13, and take t >
Tp(w) and s € (¢t + 1). Integrating (89) over the interval
[s,t + 1] leads to

Vv (¢ + 1))

t+1
< Vv () +2 J If O + ) de

o (90)
v2|  fglar

t+1
<IPv O +2 [ 7 (7 + =) + 2l

Integrating the above with respect to s over the interval [¢, ¢ +
1], we get that

) t+1 )
19yt + D) SL 19y (9)%ds
1)

t+1
v2[f (7 +2)Pds+ 2]l
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Replacing w with9_,_,wand by (A,)-(A,) and Lemmas 13 and
14, we find that, for all t > Ty(w),

“Vv (t +1,9, ,0,° (S,Hw))"2

t+1 0 2 2
< | (s 9@ (0 @) ds+ 2ol

210 Ose) + 2 (0

t+1 0 P 2
< L “Vv (s, 9w, v (S_Ha)))” ds +2|g]|

t+1

w40 (py @) [ (107920l + 1 (9w as

<13 () + 41 (p, (W)

9 [ @+ sup ]uz(o,saw)uZ] < 2lglf.
0

o€[-1,

(92)

where

p@= sp {0+ 0.9, o)

€[-1,0]

is tempered by Remark 6. Then we have that, for all t >
Tp(w) + 1,

2

”VV (t, 9w, (S_tw))"

<73 (@) + 415 (p, (@)

X [rz (w) + suII)O]"z (o, 90(4))”2] +2|g| =74 (@).

o€[-1,

(94)

By (A;), one can easily see that [;(p) is also tempered for any
tempered random variable p. Hence, r, is tempered.

Lett > v, —v < 0, < 0, < 0. Integrating (89) over the
interval [t + 0,,t + 0,] leads to

) t+0, 5
Vv (£ +0,)|" + 1AV (s)|°ds
t+0,

t+o,
sIvv(era)f+2] "F 0+ 2) s+ 2l
(95)

Abstract and Applied Analysis

Replacing w with 9_,w in (95) and by (A;)-(A,), Lemma 13,
and (94), we find that, for all t > T(w) + v + 1 and 0,0, €
[_V) 0] >

t+o, 2
j lav (s, 9_,0)|ds
t+a,
< |V (t + 01,9 ,0)|
t+o,
‘2 J 1 (v (9_40) + 2° (9_,0))Peds + 29 g

< 21/||g||2 + sup ]”Vv (t+o0, S_tw)uz + 41} (ps (@)
0

o€,

t
x L_v (9@ + 12* (9 )|2] ds
< 4vl; (ps (@) s[up ] {rl (9,w) + ||z (0, 9‘,w)||2}
o€[-7,0

+ sup ry (9,w) + 27/||g||2 =15 (w),

oe[-7,0]

(96)

where

p@= s {{n @) 080l ©7)

o€[-1,0

is tempered by Remark 6. Similar to r,, 75 is also tempered.
Then the lemma follows from (94) and (96). O

Lemma 16. Let B € @ and v*(w) € B(w). Then for every
e>0and P ae w € Q, there exist T* = T*(B,w,&) > 0
and R* = R*(w, &) > 0 such that the solution v(t, w,v’(w)) of
problem (27)-(28) satisfies, for allt > T™,

sup J 'vt (s, 9w, (S_tw)) (x)'zdx <e  (98)
|x|>R*

se[-,0]

Proof. Let p be a smooth function defined on R" such that
0<p(s) <1lforalls>0,and

0, 0<s<
p(s)={1) s>2. ®9)

Then there exists a positive deterministic constant ¢, such that
| p'(s)l < ¢, forall s > 0. Taking the inner product of (27) with
p(lxlz/kz)v in L2(RY), we get that

1d KR x| 2
23 JWP(?) |v] dx+AJde<F [v|*dx
|x[?
_J'RdAVP<?)VdX
_ WA |x|?
= JRdf(v +Z)P<_2)de+JRng<F)de'
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We now estimate the terms in (100). First, we have that

|x|*
_ JRd AVP(? vdx

|x|* |x* ) 2x
=LWW47)”+LW(W'FV”
2 |X|2
= J-Rd Vv p(—z)dx
ALY 2x
oo (57 5 v
(101)

Note that the second term on the right-hand side of (101) is
bounded by

L
k<|x|<V2k

2\/_
< —
k k<|x|<fk

|x
(k_) (102)

—GZ (WP + 19v]?).

_do

[V |Vv| dx
k L<|x|<fk

By (101) and (102), we find that

|x[?
— JRd AV‘[)(?) vdx

2 |x| 2 2
> | v p( 5 )d = 22 (P + VP

(103)

For the right-hand side of (100), applying the Young inequal-
ity, we obtain that

1

Then it follows from (100), (103), and (104) that

d |xI°
o JRd p( ) lv*dx

—(M-cf—ﬁ)Jde('x' )| Pk

1 |x|? X (105)
x .
Lo ()
2
+ % de gzp ( |;{‘l )dx + —= (||v|| + |V )
Consequently,
% (etxt J ( |X| ) |V| dx)
20 —cs—a— |x| | dx
<-(2A-¢-a-Be j
1 ot |x|
+§€ J ( )'f(v +Z 'dx
2
+ %e“t JRd g%(%) dx + 8k ("V" + "VV”() |
106

Take T} = T}(B,w) > Tg(w) + v+ 1. Forall t > T}, integrating
(106) over the interval [T}, t] leads to

« |x|2 2 oT le
erIde(F lv(t)Pdx — ¢ Jde |v(T,)[dx
! os |X| 2
_(ZA—cf—a—ﬁ)J e J-de e |v(s)|°dxds
t
+lJ‘ e"‘sj p(lxl >|f(v +2°)}dx ds
Cr R4
1 ‘ as 2 |x|2
+EJT16 JRdg p( 2 dxds

t
+ 8% JTI & (||v||2 + V) ds

(107)

Using the Young inequality and (A;), we obtain that
t
1 J e J ( IxI* ) |f + zt)|2dx ds
Cf T,
<c Jt e“sJ ﬂ [v(s) + z (s)|*dx ds
=), R P\ R

<o e[ o(BE)lasnwor

+ (1 + yfl) |z(s)|2] dxds

Tl
+2ij yeasJde(lxI )(I S + |z (5)”) dx ds.

T,-
(108)
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By (107) and (108), we find that

at |x|2 2 oT,
(3o

J oo (55 ) papas
—(2A—(2+y)cf—oc—ﬁ)

! os |x|2 2d d
ijle Jde = [v(s)|"dxds

T
+2ij Ve"“ Jde(le )(IV(S)I +1z (s)*) dx ds

T,—
! os |.X| 2
+q JTI e JRd p o |z (s)|"dxds
e(xt |x|2 5
+ @ JRd p<—2 g dx
8 ! s
L2 JT e (W12 + 19v) ds

L. |x|*
Tl_ve Jde< X )(|v(s)| + |z (s)] )dxds

t
as |x]
+¢ J'T1 e J-Rd P (F) |z (s)]*dx ds

(109)

Then we have, for all t > T,

ij”)me
Rd

[(1 +2v¢; ) v (w)"% +2v¢s 2" (w)|| ] olhi-0)

+c r e“(s_t)J E |z (s)]*dx ds
1 T de k2

1

8 (S
+%j O (vl + V1) ds.
1 (110)

If we take t > T, + v, then by (110) we find that, for all o €
[—V, 0] >

2
JRd p (';z—l) lv(t +0)[*dx

< [(1 + 2vcf) "vTl (w)“; + 2vcf'|zT1 (w)";] M hit-o)

t+o | |
+q J es7t70) J p ( ) |z (s)|*dx ds
T, R4

Abstract and Applied Analysis

8 t+o e
+ 20 JT O (P + 9] ) ds
1

<[00 27 @] 2 @ J 7

t
+ce” J ) J p ( xl* > |z (s)*dx ds
T, R¢
1 |x|2 2
L ) g2a
+aﬁJRdP<k2 )g X

8% oy Jt a(s—t) 2 2
+—= +Vv|©)d
26 | (I + Vvl ) ds

1

(1)

Then we have, forallt > T} + v,

|x|2) ¢ 2
su — | |v (0)| dx
oel- Iv)o]J' p( k? | |

< [(1 + 2vcf) "vT1 (w)“; + 2vcf“zT1 (w)";] e Titrt)

t
+qe” J ) J p < xI* ) |z (s)*dx ds
T, R¢
1 |x|*
vap Lo ()

8
+%Wj““0w+wm)
T
(112)

Replacing w with 9_,w, we find that

2
o Lo (B o0
< [(1+2)) 7 00
+2vcf”z “%] A(Titv=t)

t
+C13MJ e“(H)J p(lxl )|z (0,9,_,w)[*dx ds
T, R

802 oy ! o(s—t) 2
267 | e (Iv(s.9.0)]

1

+]|Vv (s, S_tw)||2) ds

(113)
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We now estimate the terms in (113) as follows. First, replacing
t with T} and then replacing w with 9;,_,w in (67), we find
that

"VT] (S—tw7 VO (S—tw))nz‘g

< [(1+20e)) | (0l + 206 () ]

I’
af

+cer (STl,tw) +

(114)

Thus,

[(1 + 2vcf) ||v

9w ”% + 2vcf“z _tw)H%] Ty +v=0)

< (1 + 2vcf) [(1 + 2vcf) “vo (S,tw)”;

+2vcf||z0 (S_tw)“;] P

2
+ (1 + 2vcf) %e‘xm”_”

+¢ (1+20c;) e¥r (9 yw) @)

v (0
(115)

Since r(w) and IIZO(w)Ilé are tempered functions, B € 9 is
tempered set and W (9_;w) € B(Y_,w); we find from (115) that,
for every € > 0, there exists T, = T,(B,w,€) > T} + v such
that, for allt > T,

[(1 + 2vcf) "vT‘ ()

W + 2" @) ]

&
S —
4
(116)
Next, note that
0 2
[ 0wl as
- 117)

0
- J e J |2 (0, 9,w)|*dx ds < co.
[Rd

—00

By the Lebesgue theorem of dominated convergence, there
exists R; = Ry(w, ) > 0 such that, for all k > Ry,

0
| ] eselddss o
- Ix|ok 4cie

13
Then it follows from (118) that, forall¢ > T, and k > R,
! ofs—t) |x|2 2
, e Pl |z (0,9,_w)|"dxds
O |X|
SJ e Jdp |z (0, 9,w)|*dx ds
B (119)

0
< J e J |2 (0, 9,w)|"dx ds
Ixl=k

€
T dce’
For the third term on the right-side of (113), we get from (70)
and (94) that, forall t > Tg(w) + v+ 1,

v (z, n9,tw)||2 +[|Vv (t, S,tw)"2

MI (120
<rs (@) + (g +1)r(w) + = +1:=r4(w).
Then by (120), we obtain that
t
| e (v (s @l + vv (s, 9w ds
' (121)

t 0
< J e (9, 0) ds < J e*rs (Y,w) ds.
T, —00

Since g is tempered, the last integral in (121) exists. Therefore,
there exists R, = R,(w, &) > 0 such that, for all k > R,,

t

8—026'” D (1 (s, 9 0)|* + [Vv (s, 9 0| ) ds < £

k T t t 4
(122)

Finally, since g € L*(R?), there exists Ry = Ry(w, €) > 0 such
that, for all k > R;(w, €),

1 Ix”\ 1 J ) €
— —_— dx < — dx < —. 123
(Xﬁ Jde( k2 )g X < (Xﬁ |x|2kg X< 4 ( )

Taking R, = R,(w, €) = max{R,, R,, R;}, it follows from (116),
(119), (122), and (123) that, for all t > T, and k > R,

Lol 0
2

[ o(EE ) et @ s

(124)

which completes the lemma. O

Lemma17. Let B € @ and v*(w) € B(w). Then the solution
w(t, w,v°(w)) of problem (27)-(28) satisfies, for all t > T(w) +
v+ 1and o,1,,7, € [-7,0],

"v 0,9 ,0,v (S_tw))' <ry(w),

Hl Rd)
[V (710 90,1 (9_,0)) = ¥ (7 90,V (9_,))| (129)

<15 (w) |‘r1 - T2|1/2

where r, and rg are tempered random functions.
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Proof. By (120), we find that, for all ¢ >
o€ [-70],

Tg(w) + v+ 1 and

I (00" )y

= “V (t+0,9 0,0 (9—t“’))"2
(126)
+ “VV (t +0,9 0, (S—rw))ﬂz
< sup rg (90(4)) =17, (w).
o€[-,0]

Next, by (A;)-(A,) and Lemma 14, we find that, for all t >
Tg(w) + v + 1 and 7,7, € [-7,0] (assuming 7, < T, for
simplicity),

[0 a0 2 @l as
%mwﬂlwwmfhww

—tw)”%] ds

<1y (2@) | s G+ sup (3]

—tw)||<g +|° (9

<@ | e

x|t - 1],
(127)
t+
JMﬂMM<wWﬁMwW(m
t+ ag€e[-1,0
By Lemma 15, we obtain that
t+7,
J [Av (s, 9_,w)| ds
t+1;
(129)

t+ 1/2
< - Tz|j Javes. 8 w)ds}
S\Ts (w)|7 - 72|1/2~

Then it follows from (127), (128), and (129) that
“vt (12, 9w, (S_tw)) - (Tl, 9,0, (S_tw))“

= “v (t+1,9 ,0,0° (S_tw)) - (t +1,9 0,7 (S_tw))”

<

t+1,
J v (5,9 ) ds
¢

+T

t+T,
< j [Av (s, 9_,0)| ds+/\j [v (s, 9_,0)| ds

t+1;

t+1,
NG

+7)

1+,
tw+z%9me#+j+u¢ws

<1y (w) |T1 - T2l1/2

(130)
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where

g (w) = \7's (w)
W{(lf (P2 @)+ 1) sup 71 (9,)

@) [<(00)]+ ol
’ (131)

It is not difficult to see that r, and rg are tempered. The lemma
follows from (127) and (131). O

Lemma 18. The random dynamical system ¢ is D-pullback
asymptotically compact in €; that is, for P a.e. w € Q, the
sequence {¢(tn,9_tnw, 1/2(1$)_tﬂc()))}221 has a convergent subse-
quence in € provided t, — oo, B € 9, and vg(S_tnw) €
B(S,t”w).

Proof. Denote by Q, the set {x € R? . |x| < k} for each
k € N. Since t, — 00, there exists n, = n,(B,w) € N such
that t, > Tg(w) + v + 1 for all n > n,,. Then by Lemma 17, we
find that, for alln > n, and o € [-7,0],

[

By the compactness of embedding H Q) — L*Q), it
follows from (132) that for each 0 € [-7,0] the sequence
(V' (o, S_t”a), VO(S—tnw))}Z | is relatively compact in LZ(Qk).
On the other hand, by Lemma 17, we also find that, for all
n > nyand 7,1, € [-,0],

" (9,00 (94,0)) -

(0.9 @0 (Sftn‘”))“;(gk) <

r; (W) . (132)

Vi (12, 9., w, Vv (S,t”w))

L2(Q)

12

<rg(w) |1 - 1 /
(133)
Hence, the sequence {v'(, 9_t W,V (S_t a)))} is equicon-

=1
tinuous. By the Ascoli-Arzela theorem, for each k € N the

sequence {v""(-,9_, w, V0(19_t,,w))}:1 is relatively compact in
C([-»,0]; LZ(Qk)) Then, by a diagonal procedure, we can
extract a subsequence {t,} such that for each k € N, the
sequence {vhi (-, S—tn,“’) V (S,tn‘w))};

(=, 01 L*(Qy).

Obviously, for fixed 0 € [-v,0] and w € Q, & (0, w)(-)
coincides with & (0, w)(-) on Q. Therefore, one can define
unambiguously a measurable function &(o, w)(-) by stipulat-
ing that it is equal to & (0, w)(-) on Q. By Lemma 13, we
obtain that, for all o € [-7,0], k € N, and i > n,,

JQ |vt"i (cr, ‘9—tn,- w, v’ (‘9—tn,-w)) (x)|2dx
k

Vi (a, 19,% w, u’ (S,tniw)) (x)lzdx (134)

| converges to & (-, w) in

< sup J
oe[-,0] JRY

<r (w).
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Thus,

J | (0, @) (x)*dx
Qk

=i [ (00,007 (9,0) 00 e @,
(135)

which implies
||E(0, ou)”2 < sup J |E (0, w) (x)|2dx <r (w). (136)
keN JQ

Hence, £(0, w) € L*(RY).

For every B € & and ¢ > 0, by Lemma 16, there exist
R* =R*(w,&) > 0and T* = T (B, w, &) > 0 such that, for all
u’ e Bandt > T*,

2
o szzz* [ (o 100" <97rw))|2dxﬁ %- (137)

o€[-2,0]
Since t, — 00, there exists q; = g;(w,€) € N such that
t, = T" foralli > q,. Then we get from (137) that, for all
i>4q
oo (0,0 ol ax=
sup J- |v"i o,V w,v |V w x| X< —.
o€[-9,0] J|x|=R* i i 8
(138)

Take a fixed integer k > R*. Then we find from (138) that, for
all integer [ > kand o € [-,0],

j | (0, @) (x)*dx
k<|x|<l

Vi (0, S,tni w, v’ (9,%«))) (x)'zdx

lim J
i—00 Jr<|x|<l

IN

Vi (O', ‘9—%,- w, v’ (‘9-tn,-w>) (x)’zdx

su j
o€[-v,0],i>q; |x|>k

&2
< P
8
(139)
which implies
sup J € (0, ) (x)|2dx
oe[-7,0] JIx|zk
, (140)
< sup J € (0, w) (x)|2dxg £
oe[-2,0], 1>k Jk<lx|<I 8

[0

As the sequence {v'i (., S,tn,w, VO(S,tnvw))} converges to

(-, w) in C([-7,0]; L*(Qy)), there exists g,
such that, for alli > g,

sup J
oe[-7,0] JQx

—

i=

q,(w,e) € N

1 (0,9, 000" (9., ©)) () - € (0,0) ()] dx

&
< —.
2

(141)
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Let ¢ = max{q;,q,}. Then it follows from (138), (140), and
(141) that, for alli > g,

sup
o€[-,0]

v (U’ S—t,,,. w, v’ (S—tn,-“’)) - & (o, cu)“2

u (0,9, wu’ (9, w))(x)
[ (001,000 (,)

— (0, ) (%) |2dx

< sup
oe[-,0]

+2 sup
o€[-7,0]

jl . € (0, @) (x)[dx

+2 sup

€[-1,0] Lxlzk v (0’ S—tni w, v (S—tn,-w)) (x)|2dx

[

(142)

which shows that the sequence {vt"i(-,S_tn_ w, vO(S_tnv a.)))}(‘):)1

converges to (-, w) in €. This completes the proof. O

We are now in a position to present our main result about
the existence of a @-random attractor for y in €.

Theorem 19. The random dynamical system y has a unique
D-random attractor in 6.

Proof. Notice that ¢ has a closed absorbing set K in & by
Lemma 13 and is &-pullback asymptotically compact in €
by Lemma 18. Hence, the existence of a unique Z-random
attractor {&/(w)},.q for ¢ follows from Proposition 10
immediately.

Since v and ¢ are conjugated by the random homeomor-
phism T'(w, &) = £+2°%w) and 2°(w) € Gis tempered, then, by
Proposition 1.8.3 in [33], y has a unique &-random attractor
{e,(w)} e in € which is given by

oy (@) = {E () +2° () : £ (w) € o, ()}

The proof is complete. O

(143)
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