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By the virtue of variational method and critical point theory, we give some existence results of weak solutions for a p-Laplacian
impulsive differential equation with Dirichlet boundary conditions.

1. Introduction
In this paper, we shall consider the following problem:
_ I}
(| o) 2y () = ftu®), aetel0T],

20 (o (1)) = o' () (5) = () (5)

L(u(t;), j=12...,m

u)=u(T)=0
where p > 1,0 = t, <t <t, < -+ <t, <t,, =T,
f:[O,T]xIR—»[RandI R—->R,(=12,...,m)are
continuous.

Many evolution processes are characterized by the fact
that, at certain moments of time, they experience a change
of state abruptly. These processes are subject to short-term
perturbations whose duration is negligible in comparison
with the duration of the process. Consequently, it is natural to
assume that these perturbations act instantaneously, that is, in
the form of impulses. Thus impulsive differential equations
appear as a natural description of observed evolution phe-
nomena of several real world problems.

Recently, there have been many papers to study impulsive
problems by variational method and critical point theory,
such as [1-11] and the references therein.

In [7], Nieto and O’Regan studied the linear Dirichlet im-
pulsive problem

' () +Aut)=a(t), t#t, te[0,T],
M () =d;, j=12...,p, )
u0)=u(T)=0

and the nonlinear Dirichlet impulsive problem

" () + M (t) = f(tu), t#t,

A () =1 (u(t;)), j=12...

u(0) =u(T) =

tel0,T],

, P> 3)

In the paper, they have shown that the impulsive problem
minimizes some (energy) functional, and the critical points of
that functional are indeed solutions of the impulsive problem.

In [3, 4], Sun et al. utilized some variant fountain theo-
rems by [12] to consider the existence of infinitely many solu-
tions for the following two impulsive problems:

" ) +g®ut) = f(tu),

M () =1 (u(t), j=1L2....p,

u)=u(T)=0

ae te[0,T],



-+ A()u=VW (t,u), ae. te][0,T],

A (t) =1, (u' (t;), i=12...,N, j=1,2,...,]

u(0) = u(T) = 1(0) — (T) = 0.
(4)

Admittedly, they obtained many perfect results.

We also note that some people begin to study p-Laplacian
differential equations with impulsive effects; for example, see
(1,2, 8-11].

In [1], Chen and Tang considered the p-Laplacian impul-
sive problem

(W O ) + g @ u)

= f(t,u(t)), aetel0,T], 5)
Au'(tj)=1j(u(tj)), j=L2,...,m,
u(0)=u(T)=0.

They established some existence theorems for one or infi-
nitely many solutions under more relaxed assumptions on
their nonlinearity f, which satisfies a kind of new superquad-
ratic and subquadratic condition.

In [8], Bogun discussed the existence of weak solutions
for the p-Laplacian problem with superlinear impulses by the
virtue of mountain pass theorem and symmetric mountain
pass theorem

_(|u'|P_2u'), = f(tu), inQ,
u(0)=u(l)=0,
u(t;)—u(t;.)zo, j=12,...,n,

A'u' (tj)'pizu’ (tj) =1I; (u (tj)) , j=L2,...,n

In [9], Xu et al. reconsidered the previous problem by
topological degree theory and Fountain theorem under Cer-
ami condition.

In [11], by the virtue of three critical points theorem
obtained by Bai and Dai is studied the existence of at least
three solutions for the following p-Laplacian boundary value
problem:

(6)

(PO, (W 1)) =s®)$, @)+ Af (L) =0,
ae. t € (ab),

o 7)
Pu (b7) + B,u (b) = 0,

D (p(6) 0, (W () = 1y (w(t), =120

Motivated by the previous facts, in this paper, our aim
is to study the existence and multiplicity of weak solutions
for impulsive problem (1) by using variational method and
critical point theory. It is well known that the Ambrosetti-
Rabinowitz type condition is to ensure the boundedness of
all (PS) sequences of the corresponding functional. However,

ou' (@) - oyu(a) =0,
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without it, it will become more complicated. Therefore, we
will use new variant fountain theorems due to Zou [12] to
overcome this difficulty and obtain infinitely many weak solu-
tions for (1). On the other hand, for the superlinear at +co and
asymptotically linear at —co, we obtain a weak solution for (1)
by the mountain pass theorem. The results obtained here
improve some existing results in the literature.

2. Preliminaries

In this section, we recall some fundamental facts of critical
point theory which will be used in the proofs of our main
results. Let W be the Sobolev space WO1 ’P(0, T) with the usual
norm

T /p
lull = (J PGl dt) . Yuewy?(0,7). (8
0

Tt is clear that WO1 P (0,T) is a reflexive Banach space. Next, we
make a finite dimensional decomposition for W. In order to
do this, we first need to consider the eigenvalue problem

(W @ 0) aworuw <o, ter.
u(0)=u(T)=0.

It is well known that the set of all eigenvalues of the problem
(9) is given by the sequence of positive numbers (see [1, 13-
15])

km, P
Ak:z(p—l)(T), fork=1,2,...,

27
where 7, :=

P psin(n/p)’

We denote by ¢, the corresponding eigenfunctions associated
with A for all k, and ¢, € W. Moreover, the first eigenvalue
A, is simple and isolated, and ¢, is positive in [0, T]. Further-
more, the Poincaré inequality

(10)

(o= [wors. e
W @ de= Ay | ju@Pd,  Yue Wyt (0,1) (1)
0 0

holds. Note that we can normalize ¢, such that

T
J loe )|Fdt =1, Vk. (12)
0
Fix any k > 1 define Y} = span{¢,,...,¢,} and
k
Zy=(\ker(Z;)={ueW: %, ) == % (u) =0},
j=1
(13)
where
T p-2
L= L lo; 0 ; ®ut)de. (14)
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By [16, Section 5], the conclusions are

WZYkQ)Zk, dlek =k,
T T , (15)
Aot I u(t)|Pdt < J W ®)'dt, Vuez, k=1
0 0
Note the definitions of A, and ¢; by (9), we have
-2 ! —
(le O "9k ) + Mg OF g 0) =0 )

for t € [0,T].

For each v € W, multiply by v on both sides of (16) to obtain

T —
J i (t)'P ol () () dt
0 17)

T -
= Ak L loe O “op (1) v (1) dt.

In particular, choosing v = ¢, we see IOT lp (£)|Pdt = A, for
all k.

We denote the normsin L' (0, T) (1 < r < 0o) and C[0, T]
as follows:

T 1/r
e, == (J Iu(t)lrdt> , YueL (0,T),
° (18)

|ulloo = max |u(t)], VYueC[0,T].
t€[0,T]

By the Sobolev embedding theorem, the embeddings W —
L’(0,T) and W — CJ[0, T] are compact. Consequently, we
also find that there are two constants C >0andC,p, > 0
such that

embl

”u"r < Cembl "u” > ”ulloo < Ceme "u" > VH € W (19)

For u € W"P(0,T), we have that u and u' are both abso-
lutely continuous. Hence, A (t) =4 () —u'(t7) = 0 for any
te[0,T].Ifuce WO1 P(0,T), then u is absolutely continuous.
In this case, the one-sided derivatives u' (t%), u'(+7) may not
exist. It leads to the impulsive effects. As a result, we need to
introduce a different concept of solution. Suppose that u €
C[0,T] satisfies the Dirichlet condition u(0) = w(T) = 0.
Assume that, for every j = 1,2,...,m, u; = ”|(rj,tj+1) and
u; € WHP(0,T). Let 0 =ty <t <ty <= <t, <ty =T,

Take v € W and multiply the two sides of the equality

(W 0w ®) = e (20)

by v and integrate from 0 to T

T

[ (I o o) var - LT Ftu@®)v®de. @D

3
For the left term, in view of impulsive effects, we find
JT —(|u’ o u! (t))'v(t) dt
0
-3 r’“ ~(ju o " (t))'v (t) dt
j=07tj
= 2.5 (u(ty) v(e) v | (T)'p_zul (T)
j=1
’ P2 T ’ P2 ’
wr O @ "W @+ [ | of W 0 ©d
0
m T _
=31 (u(t)v(t) + L | @) 2 ()Y @) dt.
j=1
] (22)
Consequently,
T b2 m
J | O W oV @O de+ Y1 (ult)v(t)
’ 7 (23)

T
_ L Fbu®) v d.

Considering the previous, we introduce the following concept
for the solution for (1).

Definition 1. One says that a function u € W is a weak
solution for (1) if the identity

T . m
L W @ 0 @y de + 25 (u (1)) v (1)
= (24)

T
=J ftu@)v(t)dt, VveW.
0

Consider the functional ] : W — R defined by

0 0

1 m u(tj) T
T @)= —llul + ) J I;(t)dt - J F(t,u()dt, (25)
P p=i

where F(t,u) = jou f(t, s)ds. Note that for the continuity of f

and I; (j=12,...,m),wesee ] € CY(W, R). Furthermore,
the derivative of J is

T —
(J' w),v) = L W O @)V (1) de
w2 1 (u(t;))v(t)) (26)

T
—J ftu@)vt)dt, Yu,veW.
0

Thus, we easily know that weak solutions of (1) coincide with
the critical points of the C ! functional J.



For the reader’s convenience, we now present some criti-
cal point theorems; one can refer to [12, 17-22] for more de-
tails.

Definition 2. Let X be a real Banach space and ] € CHUX,R).
For any sequence {u,} < X, if {J(u,)} is bounded and
J'(u,) — 0asn — oo possesses a convergent subsequence,
then we say that ] satisfies the Palais-Smale condition (PS
condition for short).

Definition 3. One says that ] satisfies (PS). condition if the
existence of a sequence {u,} ¢ X such that J(u,) — ¢ and
] '(u,,) — 0asn — oo implies that {1} has a convergent sub-
sequence.

Lemma 4 (see [17]). Let J € C*(X,R) satisfy (PS) condition.
Suppose that

(i) 7(0) =0,
(ii) there exist p > 0 and o > 0 such that J(u) > « for all
ueX |ul =p

(iii) there exists u;, € X with |u,ll > p such that J(u;) < «.

Then ] has a critical value ¢ > o. Moreover, ¢ can be
characterized as inf jermax,ego,17)/ (), where T = {g €
C([0,11,X) : g(0) = 0, g(1) = u,).

Let X be a Banach space equipped with the norm | - ||

and X = @;enX;, where dim X; < oo for any j € N. Set
Y, = EB’;:IX]. and Z; = @;:ka. In the following, one will
introduce variant fountain theorems by Zou [12]. Let X and the

subspaces Y;. and Z,. be defined as previously. Consider the fol-
lowing C'-functional J, : X — R defined by

Jy@) = AW -ABw), Ae[L2]. (27
Lemma 5. If the functional ], satisfies the following:

(T1) J, maps bounded sets to bounded sets uniformly for A €
[1,2]. Moreover, ], (—u) = ], (u) for all (A, u) € [1,2] x
X;
(T2) B(u) = 0 for all u € X; moreover, A(u) — 00 or
B(u) — ocoas|lul — oo,
(T3) there exists ;. > p > 0 such that
ay (A,) = IITf ]A (H) > bk (A)

ueZy,lul=py 08)
28

= max J,(u), VAel[l,2],

u€Yy,|lull=ry

then
a M) < (V) = infmaxJ, (yw), VvAelL2], (9

where B, = {u € Yy : |ull < i} and Iy = {y € C(B, X) :
y is odd, ylyp, = id}. Moreover, for a.e. A € [1,2], there exists

a sequence {ufl(/\)}zil such that

s%p "u’fl (/\)" < 00, ]g (u:j (/\)) — 0,

(30)
I (u’; (A)) — . (\) asn— oo.
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Now, we list our assumptions on f and I; (j =
1,2,...,m).

(H1) There exist y;,p, > 0 such that |f(t,u)| < p, +
tolulT! (1< q<00),VueR,tel0,T],

(H2) lim,, _, ,(f(t, w)/|lulPu) = fo € [0,+00) uniformly
fort € [0,T],

(H3) lim,, _, _(ft,w)/[ulf?u) = f,, € [0,+00) uni-
formly for t € [0, T7,

(H4) There exist § > 0 and 0 € (0, 1/p) such that

0 < F(t,u) <Ouf (t,u), tel0,T], |ul=4, (31)

(H5) F(t,u) > O for all (t,u) € [0,T] x R and
hm|u|aoo(F(t> w/lul?) = +oo, uniformly on t €
[0’ T])

(H6) there is a positive constant b > 0 such that
lim, , o ((=pF(t,u) + f(t,u)u)/|ul?) > b, uniformly
ont € [0,T],

(H7) [ I()ds 2 0,Vu e R, j=1,2,...,m,

(HS8) pjoulj(s)ds—lj(u)u >0,VueR,j=12,...,m,

(H9) There exist 0,7 > 0 and y; € [1, p) such that

;)| <o + Tj|u|yi_1,Vu €eRandj=12,...,m,
(H10) f(t,u) and Iiw) (j=12,...,m)are odd functions
about u, for all t € [0, T1.

Remark 6. (1)As known to all, (H4) implies that
lim,, _, . (F(t,u)/|ul?) = +oco; that is, f(t, ) is superlinear at
oo with respect to |u|?2u. In view of (H3) and (H4), we see
that f(¢,u) is superlinear at +co and asymptotically linear at
—00; this is a new case. However, the nonlinearity f in [9] is
asymptotically linear at +oo.

(2) Condition (H6) is weaker than the well-known Am-
brosetti-Rabinowitz condition (H4); also see condition (p,)
in [8]. Indeed, by (H6), there is a § > 0 such that

—pF (t,u) +uf (t,u) > blu|? >0, V|u|>4. (32)
Consequently, pF(t,u) < uf(t,u) forallt € [0,T] and |u| >
8, which is weaker than condition (H4).

3. Main Results

Theorem 7. Suppose that (H1)-(H4), (H7), and (H9) hold, q €
(p,+00), and f, < Ay < foo with f # Ay for all k. Then (1)
has a weak solution.

Proof. From (H1)-(H4), for all € > 0, there exist p; > 0, pty >
0 such that

F(t,u) < %(f0 +e)|ulf +pslul?, Vte[0,T], ueR,
(33)

F(t,u)z%(foo—s)lulp—m, vVt € [0,T], u€R. (34)
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Choose ¢ > 0 such that (f, + €) < A,, together with (33), (11),
(19), and (H7); we obtain

u(t;)

1 n j
W= Slul? + j
p ]:Zl 0

T
Lde - | Feuw)

1 T
> —||u||P—j Ftu(t)dt
P ° (35)
> l||u||1’—jT[1(f &) lul? + |u|q]dt
—p o Lp 0 Us
1 1 fo+e
>l = L2 P = L
p P M o

If p is small enough, (ii) of Lemma 4 can be proved.
On the other hand, we can take & > 0 such that f —
Ay; by (34), (19), and (H9), noting that Y € [1, p), we find

1 » Mmoo esei(t;)
I (sp1) = E"S%" + Z L I; (£)dt

=1
T
- | Fleso @)
0
1 p .Y soit)) -1
< —|su " + Zj [o*j+rj|t|”f ]dt
p j=170
[ |5 G- bl - |
oLp
Ly wp 1fw—€p 1p
< p||5‘P1" p X ” ‘Pl"
m T, ‘
e 3 |absoile ool | it
j=1 Y
1 p 1fe—¢ P
< —|s =—|s
p" §"1" P 1, ” ?’1"

< Y
3 [oiCumalonl+ Zhlonl |+t
i Vi
— —00 as s — —0o.
(36)
Therefore, (iii) of Lemma 4 is also proved, as required.
Now, we only claim that J satisfies (PS) condition. Sup-

posing that {u,} ¢ W is a (PS) sequence, for all n € N, we
have

G ir"(w I(t)dt JTF(t ) dt
— U + . — ’un
P ! 0 / 0

j=1

< (37)

lr lul, 0w, (1) V' (1) de
0

(38)

3 (i 1) (1) - LTf (1, () v () dt

<é, "V” , Yvew,

where { > 0is a constantand e, — 0" asn — ©0. Next, we
will show that {u,,} is a bounded sequence in W. If not, there is
a subsequence of {u,,}, still denoted by {u,,}, such that

||un|| — 00, 1N —> 00. (39)
Define z,, = u,,/|lu,,ll, then ||z, || = 1,V¥n € N, and thus it has a
subsequence, still denoted {z,}, such that z, — z, weakly in
W, z, — z,strongly in LP(0,T), z,(t) — z,(t) ae. t €
[0,T], and |z,(t)| < n(t), a.e. t € [0,T], where z, € W,
n € LP(0,7T).

Divide (38) by [|u, [’ to get

“T |2 0|2, v () de
0

Zﬂﬁég)(’ s

&
o e

G

Passing to the limit in (40), we see

v(t)dt|  (40)

i JTf (t,u, 1))
n— 00 0

”u “P—l v (t)dt

(41)
T ' P2 ’

=J 2 O "z @)V (1) dt, Vvew,
0

with the fact that

Sl )

1 (1 (1)
2 jep M)

j=1

”Vrl (42)

b2" Cembz "V” — 0,

2 Ilunll” 1

YveW.

Now, we claim that z,(¢) < 0, a.e. t € [0,T]. Indeed, in (41),
taking v = z; = max{z, 0}, we arrive at
i J f(tu, @)
im —_—
n—00 Jo+ "un "P

where Q" = {t € [0,T] : z,(t) > 0}. However, by (H3) and
(H4), there is s > 0 such that

z, (t)dt = JQ |z(’)(t)|Pdt < +00, (43)

f(tu, ()
[

2 (—foo|’7 (t)|P72’7 (t) - [45) z, (1),
ae te[0,T].

z, (£)
(44)



In addition, note that lim,, _, , u,(t) = +co a.e. t € Q" and
the super-linearity of f we have

- f(tu, (1)
lim ————z
oo

Mzﬁ‘l )2 () (45)

o ()

n— o0

= lim
n—00
n

=+00, ae teQ'.

Consequently, if |Q*| > 0, by the Fatou theorem, we get

i J f(tu, ()
n—00 Jo+

o

which contradicts the fact of (43).

Obviously, z,(t) # 0. From (H2) and (H3), there exists
tg > 0 such that | f(t,u,)|/|u,/P" < g ae. t € [0,T]. By
(41), Lebesgue’s dominated convergence theorem enables us
to see

zo (t) dt = +o0, (46)

T
L |2y )"z () (1) dt

T
= s jo l2o O 220 (6) v (1) dt, (47)

Vv eW.

This contradicts f, # A for all k. Therefore, {1} is bounded,
as required. Going, if necessary, to a subsequence, we can as-
sume that u, — u weakly in W; then

(7' () =T (), — )
= [ (el ) (- )
w2 (L (e (1)) = 1 (u (8))) (o (25) = (1))

—

-

s
~

(f (tu,) = f (t,w)) (u, — u) dt.

0
(48)

W << C[0, T] enables us to obtain that

(2 (1 (£5)) = 1 (1 (1)) (wa (85) = (15)) — 0.

M

j=1

JT(f(t,un)—f(t,u))(un—u)dt—> 0 asn-— co.
0 (19)

It follows from u,, — u weakly in W and J'(u,) —J (w),u, -
u) — 0 that

JT ('u;'p_zu; - |u"P_2u'> (u; - u') dt — 0
0

as n — OQO.

(50)
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Note that
JT (|u;|P_2u; - |u'|‘D_2u’ ) (u; - u') dt
0

> (P~ = 10l (ot = M)

and thus |lu,, —ul| — 0asn — 0. So, J satisfies (PS) condi-
tion. This completes the proof. O

(51)

In what follows, we will utilize Lemma 5 to study (1). Now,
we define a class of functionals on W by

m u(t]-) T
Jy (u) = Lja? + D J I(t)dt - /\J F(t,u(t))dt
p st

0 0

=A(u)-ABu), Ace€]l,2].

(52)

It is easy to know that J; € C'W,R) forall X € [1,2] and
the critical points of J; correspond to the weak solutions of
problem (1). Note that J; = J, where J is the functional
defined in (25).

Theorem 8. Assume that (HI) and (H5)-(HI0) hold. Then (1)
possesses infinitely many weak solutions.

Proof. We first prove that there is a positive integer k; and two
sequences 1, > p, — oo ask — oo such that

ay (A) = uEZZ,r"llf”:kaA (u) > 0, vk > kl’ (53)
be(A)= max J,(u)<0, VkeN, (54)

u€Y,|lull=ry
where Y, = span{¢;,..., ¢} and Z, = ﬂl;:I ker(Z)).
Step 1. We will show that (53) holds true.
From (HI), we see that there exist y, > 0, yg > 0 such that
F(t,u) <y, lul + yglul®, VY (t,u) € [0, T]xR.  (55)
Consequently, by (H5) and (H7), we obtain

u(t
0

1o e (40 T
) = lul +121j L@d-1 [ Feu)

1 T
> —|lul? —ZJ F (t,u(t))dt
P 0
1 T
> Sl =2 [ (bl + gl
P 0
1 _
2l - 20, Tl = 24t a2,

(56)
Let vq(k) = supuezk’”u":lllullq, Vk € N. Then by [19, Lemma
3.8], vq(k) — 0ask — 00.Since W —< L%(0,T), we find
1 _
a0 2l = 24T, )l = 2447 8Bl
(57)



Abstract and Applied Analysis

Let p, = l/vq(k) — o0 as k — oo. Then there exists k; such
that (1/p)pf - 2, T — 2u > 0, Vk > k. Therefore,

% (1) = weri 2 )
> %p,f —2u, T M9~ 2p > 0, (58)

Vk > k.

Step 2. We will show that (54) holds true.
We first prove that there exists € > 0 such that

meas(t € [0,T] : lu(@®)| = elul) >¢,

59)

Yue 2\{0}, VX cW, dimZ < oo.

There exists otherwise a sequence {u,,},en € 2\ {0} such that
) _ 1

meas| t € [0,T] : |un (t)| >— )< -, VneN. (60)
n n

Foreachn € N, letv, := u,/llu,ll € T = v,/ = 1,Vn e N
and

meas (t €[0,T]:|v, ()| > l) < l, vn e N. (61)
n n

Passing to a subsequence if necessary, we may assume v, —
vy in W for some v, € 2 since  is of finite dimension. We
easily find [|vy|| = 1. Consequently, there exists a constant o, >
0 such that

meas (t € [0,T] : |v, (t)] > 0,) > 0. (62)

Indeed, if not, then we have

meas (t €[0,T]:|v, )] = %) =0,

) (63)
i.e., meas <t €[0,T] : |vy (1)] < —> =T, VYneN,
n
which implies
T T
0<j [vo®)|Fdt < — — 0, asn—oco.  (64)
0 n
This leads to v, = 0, contradicting to ||v,| = 1. In view of

W << LP(0,T) and the equivalence of any two norms on
X', we have

T
J v, = vo|Pdt — 0, as n — oo. (65)
0
For every n € N, denote

N o= {t €[0,T]: |Vn(t)| < l}n
"1 (66)
N = {t €[0,T]: v, (1)] = ;},

and ' == {t € [0,T] : |vy(t)| = 0y}, where 0, is defined by
(62). Then for n large enough, by (62), we see

1

meas (W N AN,y) = meas (N ,) — meas (N) >0y — — = %.
n

(67)

Consequently, for n large enough, we arrive immediately at
T
J v, — VO|P dt
0

> J v, - v0|pdt
VOV

| (68)
> L j IvoFdt - j v, |Fdt
2P J o, NON,
y P+1
o 1 o
> (—0——)meas(/Vﬂ/Vo) > -2 >0,
2P npb 2p+2

This contradicts (65). Therefore, (59) holds. For the € given in
(59), we let

Ny={t €[0.T]: [u@®)f = elul}, VueZ\{0}. (69)
Then by (59), we find

meas (/) > e, VueZ\{0}. (70)
By (H5), for any k € N, there is a constant S, > 0 such that

p
Fitu > 40

£P+1 A |u| > Sk’ (71)

where ¢ is determined in (59). Therefore,

Iy (u)

1 m u(tj) T
= —||u||P+ZJ I (t) dt—AJ F(t,u(t))dt
P =1l 0

1 mcult)) B ul?
< —||u||P+ZJ0 [o;+;1t]" l]dt—J 4

w 8P+1
u

P
1 Py 5t ¥,
< 1) ull? + Y | 0 Compo lall + ZCU s lull |
P Vi
(72)

Now for any k € N, if we take 7, > max{py, S;/¢}, noting that
p > 1land p >y, and [lull = r, large enough, we have

b (A) =

max J, (u) <0,
u€Y,llull=r;

Vk € N. (73)

Step 3. The continuity f and I; (j = 1,2,...,m) and ], €

C!'(W,R) imply that J, maps bounded sets to bounded sets
uniformly for A € [1,2]. In view of (H10), J;(—u) = J,(u) for



all (A, u) € [1,2] x W. Thus condition (T1) of Lemma 5 holds.
Besides, by (H7), we get

m u(tj)
A=+ Y [ L
p j=170
(74)

1
> —[ull’ — co as |lu — oo

and B(u) > 0 since F(t,u) > 0. Thus the condition (T2) of
Lemma 5 holds. For step 1 and step 2, the condition (T3) of
Lemma 5 also holds for all k > k;. Consequently, Lemma 5
implies that, for any k > k; and a.e. A € [1,2], there exists a

sequence {u’;(/\)}zzl such that

sup "uﬁ (/\)" < 00, ]1 (uﬁ (/\)) — 0,
’ (75)

I (u]; ()L)) — {(A) asn— oo,

where B, = {u € Y : |lu| < n}, I, = {y € C(B,W) :

y/\is o[dd,)]/laBk = id} and {(A) = inf max,p Jo(y(),
VA € [1,2].
Furthermore, we easily have

G € fant], Vk=k, (76)

where {; := max, e, (y(w) and @, := (1/ p)pf ~ 2, T~/ -
2pg — oo as k — co.

Claim 1. {ufl(/\)}zil C W possesses a strong convergent sub-
sequence in W, for all A € [1,2] and k > k;. In fact, by the
boundedness of {uﬁ(l)}ﬁil, passing to a subsequence, as n —
00, We may assume ”]:1(/\) — u*(A) in W. By the method of

Theorem 7, we easily prove that uﬁ()t) - ) strongly in
w.
Thus, for each k > k,;, we can choose A; — 1such that the

sequence {uﬁ (Ap}o2, obtained a convergent subsequence, and
passing again to a subsequence, we may assume
.k k.
Jim o, () =w in W, VIeN, k2k.  (77)
Thus we obtain

I(u) =0, I, () € [@wli], YIeN, kxk. (78)

Claim 2. {u;‘} is bounded in W and has a convergent subse-

quence with the limit uF e Wforall k > k,. For convenience,

we set uf‘ =y, for all I € N. If not, {1} is unbounded in W;

that is, [lu;| — oo. By (H6), there is 1y > 0 such that

Y (t,u) € [0,T] x R.
(79)

_pF (t,u) + f (t,u)u > blulq — U,

Combining this and (H8), we have
P, (w) - (]i, (w), ”1)

T T
= -Ap L F(tu (1) dt + A, JO ftw®)w (Hdt (go)

T T
>, L (b | - py) dt = A L 1t — Ay, T,
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This implies that

[ | "dt
ear]|?

On the other hand, by (H1) and (H9), we see

(],'\, () 1)
~fuf? + ifj (0 (1)) (1)

— 0 asl— oo. (81)

T
M| ®) 0 dr

(—0]- =7 (tj)|y]_l) | (1))

1

3

> il +

-
Il

' » (82)
-A L ([h + o[ty (1) ) |u; (1)] dt

m

2 ||”l||p - Z [U iCemb2 e | + chligbzlluzll”]
j=1

T 1/q
—AZMT“W(J |ul(t)|th>
0

T
- ity JO |y ()| dt.
Consequently, noting that p > 1 and p > y;, we have

_Jel” O3, () )
||”1||P ||“1||p

271 [0Cemba el + 7,Copualla]”]

Jeall”

. 1/q (83)
)‘1#171171/‘1(]‘0 [ (t)|th)

Jeall”

At _[OT |t (t)lth

— 0 asl— oo.
Jeall”
This is a contradiction. Therefore, {14};"; is bounded in W.
By claim 1, we see that {14};°, has a convergent subsequence,
which converges to an element u* € W for all k > k,.
Hence, passing to the limit in (78), we see

N() =0, 1, (u") e[@nse], YIeN, k>k. (84)

Since @, — ocoask — 00, we get infinitely many nontrivial
critical points of J; = J. Therefore (1) possesses infinitely
many nontrivial solutions by Lemma 5. This completes the
proof. O
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Remark 9. (1) Let

u<o,

85
u>0, (85)

f(tu) = {g (u) 2,

g ) [ulPu+ul™,

where g € C(R), g(0) = 0, g(-0c0) € (A, +00) with avoiding
Ay for all k. Then (H1)-(H4) hold true with g € (p, +00) and
fo <Ay < foo with fo # A forall k.

(2)Letp=5,q9 =6, f(t,u) = u’, and Li(u) = {u for all

t € [0,T] and u € R. Then F(t,u) = [ f(t,5)ds = (1/6)[ul’,

[ 1;(s)ds = (3/4)Vu. Clearly, (H1), (H7), (H9), and (H10)
are satisfied.

(1) limy, oo (Fw)/[ulf) = limy, o ([ul®/6lul®) =
+00, uniformly on t € [0,T7], and F(t,u) > 0 for all
(t,u) € [0,T] x R. So, (H5) holds.

(2) limy, L oo (-pF(tw)  +  f(t,wu)/[ul?) =
lim, _ oo ((=5 x (1/6)[ul® + v’u)/|ul®) = 1/6, uni-
formly on t € [0, T], and hence (H6) holds.

@) p [ I()ds - Lwu = 5 x G/OVu* - ux u =

(11/4)Vu* > 0, Vu € R, j = 1,2,...,m. Therefore,
(H8) holds.
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