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The main aim of this paper is to present an extension of the modular sequence spaces by means of Cesaro mean of order one, to
investigate several relevant algebraic and topological properties, and derive some other spaces in the sequel.

1. Introduction

Throughout the paper w(X) will represent the spaces of all X
valued sequences spaces, where (X, q) is a seminormed space,
seminormed by gq. For X = C, the space of complex numbers,
these represent the corresponding scalar valued sequence
spaces. The zero sequence is denoted by 6 = (6,0,0,...),
where 0 is the zero element of X.

An Orlicz function is a function M : [0,00) — [0, 00),
which is continuous, nondecreasing, and convex with M(0) =
0, M(x) > 0, for x > 0and M(x) — 00,asx — 00.

If convexity of Orlicz function M is replaced by M(x +
y) < M(x) + M(y), then this function is called a modulus
function introduced by Nakano [1].

Lindenstrauss and Tzafriri [2] used the idea of Orlicz
function to construct sequence space

= {x cw: ZM(M)<OO, for some p>0} @
k=1 P
The space ¢,; becomes a Banach space, with the norm
s N ||
Ix| =inf {p>0: Y M({ =5 ) <1 )
k=1 P

which is called an Orlicz space. The space €, is closely related
to the space €, which is an Orlicz sequence space with M(x) =

xP forl < p < co.

Another generalization of Orlicz sequence spaces is due
to Woo [3]. Let {M; } be a sequence of Orlicz functions. Define
the vector space ¢{M,} by

E{Mk}z{x cw: ZMk<M><oo, for some p>0}
p

k=1

3)

and equip this space with the norm

||x||:inf{p>0:§Mk(%)sl]». (4)

k=1

Then ¢{M,} becomes a Banach space and is called a
modular sequence space. The space £{M,} also generalizes
the concept of modular sequence space introduced earlier by
Nakano [4], who considered the space £{M,.} when M, (x) =
x%, where 1 < oy < cofork > 1.

An Orlicz function M is said to satisfy the A ,-condition
for all values of u, if there exists a constant K > 0, such that
M(Qu) < kM(u) (u = 0). The A ,-condition is equivalent to
the satisfaction of inequality M (lu) < kluM(u) for all values
of uand for [ > 1 (see [5]).

The previous A,-condition
KI°%X M(u), forallu > 0,1 > 1.

Bektas and Altin [6], Parasar and Choudhary [7], Mur-
saleen et al. [8], Dutta and Basar [9], Dutta and Bilgin [10],
Karakaya and Dutta [11], Tripathy and Dutta [12], Jebril [13],
and many others have studied different summable spaces and
other sequence spaces using Orlicz functions.

implies M (lu) <



A BK-space (introduced by Zeller [14]) (X, - ||) is a
Banach space of complex sequences x = (x;) in which the
coordinate maps are continuous; that is, [x; — x| — 0,
whenever [|x" - x|| — 0asn — oo, where x" = (x})), for all
n € N and x = (x;).

Let A denote the set of all complex sequences which have
only a finite number of nonzero coordinates, and let A denote
a BK-space of sequences x = (x;) which contains A. An
element x = (x;) of A will be called sectionally convergent
if

n
X" = Zxkek — X, asn-— 0o, (5)
k=1
where ¢, = (3y;), where 8y = 1, 8); = 0 for k#1.

A will be called AK-space if and only if each of its elements
is sectionally convergent.

LetM = (M) be asequence of Orlicz functions, let X be a
seminormed space with seminorm g, let p = (p;) be sequence
of positive real numbers, and let C = (¢,4); -, be the Cesaro
matrix of order one with ¢, = 1/(n+1)if 0 < k < nand
¢ = 0, otherwise. Then for nonnegative real numbers s we
define

¢{My, p, g5, C}

o Zk Pr
s 0Xj
zixew(X):];)k I:Mk< ( (Jk+1)>>]

< 00, for some p>0} .

(6)

The following inequality will be used throughout the
paper. Let p = (p;) be a positive sequence of real numbers
with 0 < p, < sup p = G, D = max{1,2°7'}. Then for all
a, b, € Cforallk € N, we have

|ay, + b | <D {iakipk + |bk|pk}- 7)

2. Main Results

In this section we give the theorems that characterize the
structure of the class of sequences £{My, p, g, s, C} and some
other spaces which can be derived from this space.

Theorem1. Let p = (p,) be bounded sequence of positive reals;
then €{M,, p,q, s, C} is a linear space over the field of complex
numbers.

Proof. Let x,y € €{M,, p,q,s,C} and «, B € C. Then there
exist some p, > 0 and p, > 0 such that

S RN .
k=0 L k q Pl(k+1) ] ’

(8)

>
k=0
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We consider p; = max(2|e|p;, 2|B|p,). Since each M is non-
decreasing and convex, and since g is a seminorm,

e ()]
(o)
S(38)]
B (555
)]
)]
B ulo(em))] o

)

<

i} Nl

This completes the proof. O

Theorem 2. ¢{M,, p,q, s, C} is a paranormed space (need not
total paranorm) space with paranorm g, defined as follows

Ziox'
—j pa/H -s j=0"j
g(x)_lnf{p .kéok [Mk<q<—(k 1)))}

(10)
where H = max{1, sup, p}.

Proof. Clearly g(x) = g(—x). Since M;(0) = 0, forallk € N
we get inf{p?/H} = 0 for x = 6.

Now let x, y € €{M,, p,q,s,C}, and let us choose p; > 0
and p, > 0 such that

[ Z]]c':oxj ]
Mk(‘f(M =l

YK
k=0

(1)

[ Zf’:oyj
Mk <q<m <1

>
k=0




Abstract and Applied Analysis

Let p = p; + p,. Then we have

B o (o(B2))
() (o))
() 8 o (o)) =

(12)

Hence g(x + y) < g(x) + g().

Finally let A be a given non-zero scalar; then the conti-
nuity of the scalar multiplication follows from the following
equality

g (Ax)

:mf{pwH:Zk [ ()]
]
mf{umw S [ <4<s5k113>>]

< l,n:1,2,...}, where s = |p|
s

(13)
This completes the proof. O

The proof of the following theorem is easy, so omitted.

Theorem 3. Let M = (M) and T = (T}) be sequences of
Orlicz functions. For any two sequences p = (p,) and t = (t;,)
of bounded positive real numbers and for any two seminorms
q, and g, one has

(i) if q, is stronger than q,, then €{M,, p,q,,s,C} C
e{My, p, 4,5, Cl,

(ii) &{My, p»q1> 5, C} N €{M, p, 45,5, C} C €{My, p,qy +
925, C},

(iii) £{My, p,q,s,C} n e{T}, p,q,5,C} ¢
T 45, Ch,

(iv) ¢{My, p,q,> s, CY N €{M,, t, 4,5, Cl # ¢,

(v) If s; <'s,, then €{M,, p,q,s,,C} € e{My, p,q,s,,C}.

M, +

Theorem 4. Let M = (M,) and T = (T}) be sequences of
Orlicz functions which satisfy A ,-condition and s > 1, then

¢{M. p,q,s,C} € €{T} o My, p,q,5,C}. (14)

Proof. Let x € ¢{M, p,q,s,C} and ¢ > 0. We choose 0 <
6 < 1 such that each My (u) < efor 0 < u < §. We write

Yk = Mk(q«z] -0 J)/p(k +1))) and consider

(9]

Zk_s[Tk ()’k)]Pk =

k=0

KT ()1 + Y k[T ()]

(15)

where the first summation is over y, < & and the second is

over ¥, > 6. Now we have

[ee]
Zk_s[Tk ()] < max(l,sH) Zk_s <00, sinces> 1.

1 k=1
(16)

For y; > 8, we use the fact that
Vi <)’k>

<—=<1 = . 17
V<5 s 17)

Since each T}, is non-decreasing and convex, it follows that

Tk(yk)<Tk<1+%)< “T, (2)+ = Tk( )g) 18)

for each k in N.

Since each T, satisfies A ,-condition, we have

1 1 _
Te (5) < SK2T, () + K2ET, () = Ky T ).
(19)
Hence
YT ()] < max (1, (K6 M (2) ")
2
00 (20)
x Yk ()™ < o0
k=1
Thus
Zk *[Tk )’k) Zk *[Tk )’k) Z [T (J’k)]pk
k=0

< max(l,sH)

x ik_s + max(l, (KS_IM (2))H)

k=1

X ik"s(yk)‘”k < 00.
k=
1 (1)

Hence x € ¢{T} - My, p,q,s,C}.
This completes the proof. O



Taking M, (x) = x,for all x € [0,00) and k in N, in
Theorem 4, we get the next corollary.

Corollary 5. Let M = (M) be any sequence of Orlicz
functions which satisfy A ,-condition and s > 1, then

¢{p,q.s,C} < €{M,, p,q,s,C}. (22)

We will write f = g for non-negative functions fand g
whenever C, f < g < C, f forsomeC; >0, = 1,2.

Theorem 6. Let M = (M) and T = (TI) be sequences
of Orlicz functions. If M = Ty for each k € N, then
e{M,, p,q,s,C} = e{T, p, g, 5, C}.

Proof. The proof is obvious. O

Theorem 7. Let M = (M) be a sequence of Orlicz functions.
Iflim, _, (M (t)/t) > 0 and lim, _, (M (t)/t) < oo, for each
k € N, then ¢{M,, p,q,s,C} = €{p,q,s,C}.

Proof. If the given conditions are satisfied, we have M (t) = t
for each k, and the proof follows from Theorem 6. O

If we take s = 0, the sequence space £{M,, p,q,s,C}
reduces to the following sequence space:

¢{M;; p,q,C}

. Zk X Pr
= x): ¥ | M 07
{xem > z{ k<q(P(k+U>)] .

< 00, for somep>0}.

Theorem 8. Let p = (p,) be bounded sequence of positive
reals, and let (X,q) be a complete seminormed space, then
{M,, p,q, C} is a complete paranormed space paranormed by
h, defined by

o k
h(x) = inf pp"/H : M| q ijo %
= pk+1)

(24)

where H = max{1, sup; p;}.

Proof. Let (x') bea Cauchy sequence in £{M,, p, g, C}. Let§ >
0 be fixed, and let » > 0 be such that for a given 0 < & <
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1, ¢/r6 > 0, and ré > 1. Then there exists a positive integer
ny such that

h(xs—xt)< %,

. - Zlfzo(xs.—xt.)
:»mf{pp/ ];)le<q<W>>}

Vs, t > ny.

Vs, t > ng.

(25)

Hence we have

y Tieo (35 - %)
];)[Mk<6<m <1, Vst>n,

(26)

It follows that
k s t
Z j=0 (x iTx j)

Mk<q<h(x5_xt)(k+1)>>gl) (27)

Vs,t >n, keN.

For r > 0 with M, (#r8/2) > 1, we have

Zl;zo (xj B xj) ro
M, <q<m =M <7) (28)

Vs, t >ny, keN.

Since M, is non-decreasing for each k € N, we have

k S _ 4t
J(Z i) e e g
k+1 2 ré6 2

Hence it follows that (x;) is a Cauchy sequence in (X, q) for
each k € N. But (X, gq) is complete, and so (x}) is convergent
in (X, q) for each k € N.

Let lim, _, . x; = x; exists for each k € N.

Now we have for all s, t > n,

. P Zlfzo(x?—xt.)
1nf<lpp/ :;;)I:Mk<q< ]p(kil)] >>:|

<l,n= 1,2,...} < E&.
Then we have

S Zlfzo(xs'_xt‘)
lim {inf { /"% [ M, e
Sl,n:I,Z,...}}<£, Vs 2 n,.

(31)

(30)
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Using the continuity of Orlicz functions, we have

o Zk.:() (x§ —limt_,ooxt,)
i Pu/H J J J
1nf{p .kZOle<q< pke 1)

(32)

This implies

e[ (25

<ln= 1,2,...} <& Vs>

(33)

It follows that (x* — x) € £{M,, p,q,C}.

Since (x°) € €{M,, p,q,C} and &{M,, p,q,C} is a linear
space, so we have x = x°* — (x° — x) € £{M,, p,q,C}.

This completes the proof.

If we take s = 0 and p;. = [, a constant the sequence space
{M,, p, g, s, C} reduces to the following sequence space:

¢{M;, q,C}

- Yo%
= X): M
«|xew( ) 1;)|: k<Q<p(k+1) G

< 00, for somep>0}.

Theorem 9. Let (X,q) be a complete normed space; then
2{M,, q,C} is a Banach space normed by | - |, defined by

o) zk X
_ . j=0"J <
lIx]l = mf{’)',;)[M"<q<p(k+1)>>] _1}. (35)

Proof. We prove that || - || is a norm on ¢{M,q,C}. The
completeness part can be proved using similar arguments as
applied to prove the previous theorem.

If x = 0, then it is obvious that |x|| = 0. Conversely
assume [|x|| = 0. Then using the definition of norm, we have

. . o X;
1nf{p:1;|:Mk<q<P(]k+l)>>] < 1} =0. (36)

This implies that for a given € > 0, there exists some p, (0 <
p. < &) such that

Sl (o 225 W o
ST U (k1) S

It follows that

M Zi® <1, VkeN (38)
NNk ) )57 '
Thus

Z?:oxj Z?’:oxj
M"<q<s(k+1> =M\ e (39)

<1, VkeN.

n;

Suppose (ijo x;)/(n; + 1) #0, for some i. Let ¢ — 0 then
(Z;.”':o x;)/(e(n; + 1)) — oo.

It follows that Mk(q((zlj-:o xj)/(e(k +1)))) — ocoase —
0 for some n; € N. This is a contradiction.

Therefore (Y5, x;)/(k +1) = 0,for all k € N.

It follows that x; = 0 for all k > 1. Hence x = 0.

Again proof of the properties |lx + y| < x| + || yll and for

any scalar o, |ax|| = |e|||lx|| are similar to that of Theorem 2.
O

It is easy to see that I — 0 implies that xi — 0 for
each i > 1. Hence we have the following proposition.

Proposition 10. The space ¢{M,, q, C} is a BK-space.

Now we study the AK-characteristic of the space
¢{M, g, s, C}. Before that we give a new definition and prove
some results which will be required.

Definition 11. For any sequence of Orlicz functions M =
(M), we define

& Y ox;
h{My,q,C} = {xew(X);l;)[MkG(P(fkﬂf)))}

< 00, for every p > 0} .

(40)

Clearly h{M,, g, C} is a subspace of £{M,, g, C}. The topology
of h{M, g, C} is the one it inherits from | - |.

Proposition 12. Let M = (M) be a sequence of Orlicz
functions which satisfy A ,-condition. Then

€{My,q,C} = h{My,q,C}. (41)

Proof. It is enough to prove that £{M,, g, C} < h{M,, q,C}.
Let x € {M, g, C}, then for some p > 0,

o0 Zk X
=0 Xj
I;)|:Mk<q<l)(k+l)>>] < 00. (42)




Choose an arbitrary # > 0. If p < # then

i M 0%
o A AT )
\ Yo%
<I;)|:Mk<q<p(k+l) < 00
Letnowyn < pand put! = p/n > 1.

Since each M, satisfies the A,-condition, there exist
constants Kj, such that

2[”( <”I§£<il])>>]
; IZKk<§>log2Kk {Mk< (E(Zi f)))]

Let S = sup;, Ki(p/n)°® . Then for every 5 > 0

2] ()

(45)
© Zk'=o X
<8Y | M ==L < 0.
,;)[ k<q<p(k+ 1)
This completes the proof. O

Proposition 13. Let (X, q) be a complete normed space, then
h{M, q,C} is an AK-space.

Proof. Let x € h{M,, g, C}. Then for each €,0 < € < 1, we can
find an s, such that

ZIJLO Xj
kz M, sl <1 (46)

Hence for s > s,

oo

Sl]> < e

(47)
Thus we can conclude that h{M;, q,C} is an AK space. [

Combining Proposition 10 and Proposition 12, we have
the following theorem.
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Theorem 14. Let M = (M,,) be a sequence of Orlicz functions
which satisfy A ,-condition, then €{M,, q, C} is an AK-space.

Proposition 15. The space h{M,, q, C} is a closed subspace of
E{Mk, q9, C}

Proof. Let {x°} be a sequence in h{M,q, C} such that ||x° -
x| — 0, where x € ¢{M,,q,C}.

To complete the proof we need to show that x €
h{M, g, C}; that is,

k
Z |:Mk <q<pz(1k_ix1])>>] < oo for every p > 0. (48)
k=0

To p > 0 there corresponds an [ such that Ix' - x| < p/l2.
Then using convexity of each M,

oo Z))]
() )
+%};[Mk<4<%>>]

[ (o(2222))

+%};}[Mk<q<%>>]

<

N | =

(49)
Now from Theorem 9, using the definition of norm | - ||, we
have
2 ’i X —x;
Z M| g M <1. (50)
= [l = || (k + 1)
It follows that
Y ox;
M S < oo forevery p>0. (51)
I;{ k<q<P(k+1) Y P
Thus x € h{M;, q,C}. O

Hence we have the following corollary.

Corollary 16. The space h{M,, q, C} is a BK-space.
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