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An extension of subgradient method for solving variational inequality problems is presented. A new iterative process, which relates
to the fixed point of a nonexpansive mapping and the current iterative point, is generated. A weak convergence theorem is obtained
for three sequences generated by the iterative process under some mild conditions.

1. Introduction

Let Q) be a nonempty closed convex subset of a real Hilbert
space H, and let f: QO — Q be a continuous mapping. The
variational inequality problem, denoted by VI( £, ), is to find
avector x* € Q, such that

(x=x",f(x")) 20,

Throughout the paper, let Q" be the solution set of VI(f, Q)),
which is assumed to be nonempty. In the special case when
Q is the nonnegative orthant, (1) reduces to the nonlinear
complementarity problem. Find a vector x* € ), such that

VxeQ. )

x*20, f(x*)z0, f(x)'x" =0 ()

The variational inequality problem plays an important role
in optimization theory and variational analysis. There are
numerous applications of variational inequalities in math-
ematics as well as in equilibrium problems arising from
engineering, economics, and other areas in real life, see [1-16]
and the references therein. Many algorithms, which employ
the projection onto the feasible set 0 of the variational
inequality or onto some related sets in order to iteratively
reach a solution, have been proposed to solve (1). Korpelevich
[2] proposed an extragradient method for finding the saddle
point of some special cases of the equilibrium problem.
Solodov and Svaiter [3] extended the extragradient algorithm
through replying the set Q by the intersection of two sets

related to VI( £, Q). In each iteration of the algorithm, the new
vector x;; is calculated according to the following iterative
scheme. Given the current vector x;, compute r(x;) = X —
P (x — f(xp)), if r(x;) = 0, stop; otherwise, compute

2z = X — et (%) » (3)

where . = ' and my being the smallest nonnegative integer
m satisfying

(f (=77 (x)) o 7 (o)) = O (xk)llz) (4)

and then compute

Xka1 = Poar, (%) (5)

where H, = {x € R" | (x — z;, f(z;)) < 0}.
On the other hand, Nadezhkina and Takahashi [11] got
Xy, by the following iterative formula:

X1 = 04X + (1= 04) SPo (= A f (1)), (6)

where {o}2, is a sequence in (0,1), {1}, is a sequence,
and S : QO — Q isa nonexpansive mapping. Denoting the
fixed points set of S by F(S) and assuming F(S)NQ" # 0, they
proved that the sequence {x;};°, converges weakly to some
x* e F(S)nQ".

Motivated and inspired by the extragradient methods in
[2, 3], in this paper, we study further extragradient methods



and analyze the weak converge property of three sequences
generated by our method.

The rest of this paper is organized as follows. In Section 2,
we give some preliminaries and basic results. In Section 3, we
present an extragradient algorithm and then discuss the weak
convergence of the sequences generated by the algorithm. In
Section 4, we modify the extragradient algorithm and give its
convergence analysis.

2. Preliminary and Basic Results

Let H be a real Hilbert space with (x,y) denoting the
inner product of the vectors x, y. Weak converge and strong
converge of the sequence {x;},-, to a point x are denoted by
x, — xand x;, — x, respectively. Identity mapping from Q
to itself is denoted by I.

For some vector x € H, the orthogonal projection of x
onto (), denoted by Py (x), is defined as

P, (x) ==argmin{|y - x| | y € Q}. (7)

The following lemma states some well-known properties of
the orthogonal projection operator.

Lemma 1. One has

(1) {(x =Py (x),Py(x)—y) >0, VxeR", VyeQ.

(8)
@ [Pa () =Pa ()] < x=y]. ¥YxyeR. (9
O < e o = fe-Paals
VxeR', VyeQ.
@Po () = Pa )
<fx =y [P ) ~x+y = Pa I ()
Vx,yeR"
A mapping f is called monotone if
(x=y, f(x)=f(y)) =0, Vx,yeQ. (12)

A mapping f is called Lipschitz continuous, if there exists an
L > 0, such that

If G- fOI=Llx-yl,
The graph of f, denoted by G(f), is defined by
G(f)={(xy) e@xQly=f(x)} (14)
A mapping §: Q — Q is called nonexpansive if
I$G) =S < =1

and the fixed point set of a mapping S, denoted by F(S), is
defined by

Vx,yeQ. (13)

Vx,yeQ, (15)

F(§)={xeQ]|S(x)=x}. (16)
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We denote the normal cone of Q at v € Q by
NoW):={weH|{v-uw)=>0,uc}, 17)
and define the function T'(v) as

f(W)+Nq(v) itveQ,

0 if v ¢ Q. (18)

T (v) = <|

Then T is maximal monotone. It is well known that 0 € T'(v),
if and only if v € Q. For more details, see, for example, [9]
and references therein. The following lemma is established in
Hilbert space and is well known as Opial condition.

Lemma 2. For any sequence {x;},-, C H that converges
weakly to x(x; — x), one has

likm inf [|x; — x| < likm inf [|x, - y|, Vy#x. (19)
The next lemma is proposed in [10].

Lemma 3 (Demiclosedness principle). Let Q) be a closed,
convex subset of a real Hilbert space H, and let S : QO — H
be a nonexpansive mapping. Then I —S is demiclosed at y € H;
that is, for any sequence {x;};o, C Q, such that x;, — %, X € Q
and (I - S)x;, — y, one has (I - S)X = y.

3. An Algorithm and Its Convergence Analysis

In this section, we give our algorithm, and then discuss its
convergence. First, we need the following definition.

Definition 4. For some vector x € €, the projected residual
function is defined as

r(x)=x-Py(x- f(x). (20)

Obviously, we have that x € Q" if and only if r(x) = 0. Now
we describe our algorithm.

Algorithm A. Step 0. Take & € (0,1), y € (0,1), x, € Q, and
k=0.
Step 1. For the current iterative point x; € Q, compute

Vi = Po (x5 = f (%)) (21)

2z = (1= 1) Xp + e Yo (22)

where 7, = y"* and n; being the smallest nonnegative integer
n satisfying

G () () 2 S GO 29
Compute

tk = Pyna (%) (24)

X1 = 0 X + (1 - o) Sty (25)

where {o} € (a,b) (a,b € (0,1)), H, = {x € Q| (x -
Zi, f(z)) <0},and S : Q — Q is a nonexpansive mapping.
Step 2. If |7 (x4,1) |l = 0, stop; otherwise go to Step 1.
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Remark 5. The iterative point t; is well computed in Algo-
rithm A according to [3] and can be interpreted as follows: if
(23) is well defined, then t, can be derived by the following
iterative scheme: compute

Xy = Py, (%) tk = Pna (X0) - (26)

For more details, see [3, 4].
Now we investigate the weak convergence property of

our algorithm. First we recall the following result, which was
proposed by Schu [17].

Lemma 6. Let H be a real Hilbert space, let {oq )2, C
(a,b) (a,b € (0,1)) be a sequence of real number, and let
Videoo € H, {wibye, € H, such that

limsup |[ve| < ¢

— 00

limsup |w| < ¢, 27)
k— oo
lim sup [Jogevg + (1 — o) wi || = ¢,
k— 00

for some ¢ > 0. Then one has
klijgo v = will = 0. (28)

The following theorem is crucial in proving the bound-
ness of the sequence {x; };2,.

Theorem 7. Let Q) be a nonempty, closed, and convex subset of
H, let f be a monotone and L-Lipschitz continuous mapping,
F(©S) n Q" #0, and x* € QF. Then for any sequence
{xidcor {titeoo generated by Algorithm A, one has

e I e B

(29)

’Ik (r(x) f (21)) (z -
If I

Proof. Letting x = X, and y = x". It follows from Lemma 1
(10) that

f(z))-

"PHan (%) - X*“z < % - x*Hz - “Ek = Pyno (xk)“z’
(30)

that is,
e =77 < 3 - <7 = [ - 8 (3D)

From (20)-(23) in Algorithm A, we get (x; — 2z, f(z;)) > 0,
which means x; ¢ H,. So, by the definition of the projection
operator and [3], we obtain

f(z)

(%~ 2z f
|/ @I

Mk (r (%) > f (z0))

AT

f(z)

Xy = Py, (%) = x —

(32)

f(z).

= Xk

Substituting (32) into (31), we have

1 (r(x)s f(z1)
If ol

i (r(xi), f(2i))
If I

= o= I = e - el

’1k (r(xe), f (zi)) (t, -

It = x*"2 <|x f(z) —x"

=

2

fz) =t

=

x5 f(z)) B3

If ol
= |l - x*“ = [lx - tk"2
’1k (r(xe), f (zi)) 2 2
||f(zk)|| (2 —ti f (21))
’1k (r(x), f (zi)) s 2
Tk (x" =z, f (=)

Since f is monotone, connecting with (1), we obtain

(2= x" f (21)) 2 0. (34)

Thus

e I T B

) S (@) e
TP A

which completes the proof. O

Theorem 8. Let Q) be a nonempty, closed, and convex subset of
H, f be a monotone and L-Lipschitz continuous mapping, and
F(S)NQ" #0. Then for any sequence {x;}1-o> {Vichroor {titrco

generated by Algorithm A, one has
med \
%112 *12 4
R I SR RS (U R

ka+1

.2 a2 1—og 2

e I E e e =
(36)

Furthermore,
klim "xk - )’k" =0,
— 00

Jim e = il = 0, (37)

klim lye =t =0
— 00



Proof. Using (22), we have
i (r (%) > f (21)) (z -
Il
() f
|f I
_<’1k (r(x). f

1f )l
By the Cauchy-Schwarz inequality,

’7k (r(x0), f (zi)) (x,

X f (21))

W () f) G

(2)) )

If ol fio f (2)) .
i r (%) f (20)) P
(s LED Y
Hence, by (23)
It =1 < =" = -1l
() FEDN
( 1f @I ) v = £l
_ s m (r (%), f (2)) 2 (40)
- (M)

<l P (25 ) Il

Then we have
%12

||.xk+1 - x*"Z = ||0(kxk + (1 - OCk)Stk -

= [loge (o = x™) + (1 = o) (St — x*)”Z
< o[l — x*||2 + (1 -y 15 - x*||2

< oy — x*"z + (1 —og) [ - x*"2
2
N0 4
—(1—04)(—) X — Y,
N7 Gor ) e

It ||) b=l

(41)

= =" (1 -
< oo =,

where the first inequation follows from that S is a nonexpan-
sive mapping.

That means {x;};, is bounded, and so as {z;};,. Since
f is continuous; namely, there exists a constant M > 0, s.t.
I f(z)ll < M, for all k, we yet have

8 2
[ =3P < =5 = (=) (5 ) b=l
(42)
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So we know that there exists & > 0, lim; _,  [lx; — x*|| = &,
and hence

li - =0,

Jm 17 i = el (43)

which implies that lim; _, .l — ¥ |l = 0 orlim; _, . 7, = 0.
Iflimy _, o llx — il = 0, we get the conclusion.
Iflim, _, o 7, = 0, we can deduce that the inequality (23)

in Algorithm A is not satisfied for ;. — 1; that is, there exists

ky, for all k > k,

(f (e =y e (x)) o7 () ) < 8 (x| (44)
Applying (8) by setting x = x; —
(= f () =Py (x5 = f (%)) > Po (3 —

f(x), y = x; leads to

f () = %) 2 0.
(45)

Therefore

(f (xie)s 7 (o)) 2 || (xk)"

=x—Po (¢ = f (k) -
(46)

asr (x)

Passing onto the limit in (44), (46), we get & lim; _, [lx; —
vl = limg_ llxe — yll, since & € (0,1), we obtain
lim _, llxe — el = 0.

On the other hand, using Cauchy-Schwarz inequality
again, we have

’1k (r(xe), f (zi))

(% =t f (21))

If @I’
(r(x), f ()’ w
M (r (%i) > f (2 1 2
< M) 3 bl
Therefore,
lte - x|
2
w2 D)
”xk x " ”xk k" "f (Zk)"
r(x z
.\ (m( ﬁfk)zkf”( k)>) . -
< e = %" - 5 i = tell”
(48)
Then we have
[ x*"2 = Jlogexic + (1 — )t — x*”2
< ol — 7P+ (1— ) [ty - 7
< oy, - x*”2 + (1= og) [l - x*"2 (49)

l-«
5 k“xk _tk||2

1—(Xk

= = = e -l
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Noting that o € (a,b) (a,b € (0,1)), it easily follows that
0<(1-b)/2<(1-0)/2 < (1-a)/2 < 1,which implies that

Jim [ =i = 0. (50)
By the triangle inequality, we have

Iy = ticll = Iy = i + x5 = ticl < Ny = 2] + e =t -

Passing onto the limit in (51), we conclude
li —t] =0.
Jim [y =t (52)
The proof is complete. O

Theorem 9. Let Q) be a nonempty, closed, and convex
subset of H, let f be a monotone and L-Lipschitz con-
tinuous mapping, and F(S) N Q" #0. Then the sequences
(% oo ichieos {tidieo generated by Algorithm A converge
weakly to the same point x* € F(S) N QF, where x* =
limy _, o Pres)nq- (X4)-

Proof. By Theorem 8, we know that {x;};2, is bound, which
implies that there exists a subsequence {xki};fo of {x; };2, that
converges weakly to some points x* € F(S) N Q.

First, we investigate some details of x* € F(S).

Letting x' € F(S) N Q*, since S is nonexpansive mapping,
from (29) we have

R M
Passing onto the limit in (53), we obtain

Jim st -] <. (54)
Then by (25) we have

lim "ock (xk - x’) +(1-0y) (Stk - x')”

k— 0o

, (55)
= klingo “xk+1 - " =£.
From Lemma 6, it follows that
kll}n(l)() "Stk - xk" =0. (56)
By the triangle inequality, we have
IS¢y = x| < [[Sxci = St + (St = x|
(57)
< e = till + ]St - ]
and then passing onto the limit in (57), we deduce that
Jim [[$x - x| = 0, (58)

which imply that x* € F(S) by Lemma 3.

Second, we describe the details of x* € Q".
Since x;, — x”, using Theorem 8 we claim that #;, — x”

and y, — x".
Letting (v, u) € G(T), we have

ueT()=f()+Nqg®),

thus,

u-f»eNq(), (59

(v=x"u-f)=0, Vx"eQ. (60)

Applying (8) by letting x = x; — f(xz), y = v, we have

(i = f (o) = Po (o = f (%)) Pa (3 = f (x)) = v) 20,
(61)

that is,

(k= f (%) = Yoy —v) 2 0. (62)
Note that u — f(v) € No(v) and t;, € Q, then

(v=tipu)
> (v=ti, f (V)
2 (v=ti, f ) = (i, = f (%) = Yo i = v)
= (vt FO) = () + (v=ti, f(8))  (63)
= (V=T 2 = 26) = (V=20 f (3,))
2 (v =t f(8)) = v =i 3, = %1,
— (V=i £ (x,))

where the last inequation follows from the monotone of f.
Since f is continuous, by (37) we have

Jim f () = lim f ()
Passing onto the limit in (63), we obtain

(v=x",u) >0. (65)

lim x;, = lim ¢, . (64)
i—oo ' i—oo '

As f is maximal monotone, we have x* € f7'(0), which
implies that x* € Q".

At last we show that such x™ is unique.

Let {xkj};’i’o be another subsequence of {x;};°,, such that

Xg, = x,. Then we conclude that x; € F(S) N Q. Suppose
x, #x"; by Lemma 2 we have

lim [x, — x|
k— oo

- lim -3 |

= lim inf ”xk.—x* “ < liminf ka.—xz
i— 00 ! i ' k— oo

1— 00

= lim inf ”xk_—xz “ < liminf “xk"C*" = lim |x, - x*||,
j— oo 7 j—o oo ) k— oo

(66)

which implies that lim; _, . llx, — x*[| < lim_, llx, — x*[,
and this is a contradiction. Thus, x* = x , and the proof is
complete. O



4. Further Study

In this section we propose an extension of Algorithm A,
which is effective in practice. Similar to the investigation in
Section 3, for the constant 7 > 0, we define a new projected
residual function as follows:

r(x,7) = x - Py (x — 7f (x)). (67)

It is clear that the new projected residual function (67)
degenerates into (20) by setting 7 = 1.

Algorithm B. Step 0. Take § € (0,1), y € (0,1), 7., > 0,0 >
1, xo € Q,and k = 0.

Step 1. For the current iterative point x;. € (), compute
Vi = Po (% = 7 f (1)) »

zi = (1= 1) X¢ + MY

(68)

where 7, = min{0n_,,1}, 5, = y™7, and n; being the
smallest nonnegative integer # satisfying

n 1)
(f (o = y'mer (2 10)) o 7 (30 7)) 2 T_k ""(xk)Tk)||2~
(69)

Compute

tk = Pyn (%)
(70)
Xio1 = X + (1 - o) Sty

where {o;} € (a,b)(a,b € (0,1)) and H, = {x € Q | (x -
Zi> f(z)) < 0}
Step 2.1t ||r(x;, Tl = 0, stop; otherwise go to Step 1.

At the rest of this section, we discuss the weak conver-
gence property of Algorithm B.

Lemma 10. For any T > 0, one has

x"is the solution of VI(f,Q) & x" = Py (x" —f (x")).
(71)

Therefore, solving variational inequality is equivalent to
finding a zero point of the projected residual function (e, 7).

Meanwhile we know that r(x, 7) is a continuous function of
x, as the projection mapping is nonexpansive.

Lemma11. For any x € R" and 1, > 7, > 0, it holds that

Ir el = | (% %) (72)

Theorem 12. Let Q) be a nonempty, closed, and convex subset
of H, let f be a monotone and L-Lipschitz continuous mapping,
and F(S) N Q" #0. Then for any sequence {x;};o0> {ti}rco
generated by Algorithm B, one has

R I e I

N 2’1k (r (7)) f (2i))

el e @

(73)
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Proof. The proof of this theorem is similar to Theorem 7, so
we omit it. O

Theorem 13. Let Q) be a nonempty, closed, and convex
subset of H, let f be a monotone and L-Lipschitz contin-
uous mapping, and F(S) N Q" #0. Then for any sequences
(X0 Witieo {tidioo generated by Algorithm B, one has

1-
e

e = "I < e = %7 -
Furthermore,
klim i =yl =0,
— 00
Jim x| =0, (75)
Jim |y = el = 0.
— 00

Proof. The proof of this theorem is similar to the Theorem 8.
The only difference is that (44) is substituted by

<f (xk —y e (xk)Tk))’r(xk’ Tk)> < % ||r(xk>7k)||2’
(76)

where (76) follows from Lemma 11 with 7; = land 1, = 7.
O

Theorem 14. Let Q) be a nonempty, closed, and convex
subset of H, let f be a monotone and L-Lipschitz con-
tinuous mapping, and F(S) N Q" #0. Then the sequences
(X0 Witieo {tidioo generated by Algorithm B converge
weakly to the same point x* € F(S) N QF, where x* =
Jim Pregng- (xc).

5. Conclusions

In this paper, we proposed an extension of the extragradient
algorithm for solving monotone variational inequalities and
established its weak convergence theorem. The Algorithm B
is effective in practice. Meanwhile, we pointed out that the
solution of our algorithm is also a fixed point of a given
nonexpansive mapping.
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