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We study the nonlinear g-difference equations of fractional order (Dgu)(t) + f(t,u(t) =0,0 <t <1, (D;u)(O) =0, (Df;u)(l) =
a(DSu)(n), 0 <i<n-2,where Df;‘ is the fractional g-derivative of the Riemann-Liouville type of order a, n - 1 < & < m, ¢ > 2,
1 < B <n-2and0 < a < 1. We obtain the existence and multiplicity results of positive solutions by using some fixed point

theorems. Finally, we give examples to illustrate the results.

1. Introduction

The g-difference calculus or quantum calculus is an old
subject that was initially developed by Jackson [1, 2]. It is rich
in history and in applications as the reader can find in the
work by Ernst [3]. For some recent existence results on g-
difference equations, see [4-7] and the references therein.

The fractional g-difference calculus had its origin in the
works by Al-Salam and Agarwal. Henceforth, fractional g-
difference equations have gained considerable importance
due to their application in various sciences, such as physics,
chemistry, aerodynamics, biology, economics, control theory,
mechanics, electricity, signal and image processing, bio-
physics, blood flow phenomena, and fitting of experimental
data. It has been a significant development in difference
equations involving fractional g-derivatives; see [8-11] and
references therein. As well known, fractional differential
equations boundary value problems is currently under strong
research, see [12-21] and references therein. In particular, in
recent years, fractional g-difference boundary value problem
(BVP) was in its infancy, and many people begin to study
the existence of positive solutions for this kind of BVP; see
[22-27] and references therein. However, there are few related
results available. Lots of work and development should be
done in the future.

Recently, in [16], Li et al. considered the BVP of nonlinear
fractional difference equation

Dyu(t)+ f(tu()=0, 0<t<]l,
€]

u©)=0,  Dbu(l)=aD}u(),

wherel < ¢ £2,0< <1,0<a<1&c¢€(01),and
f :[0,1] x [0,00) — [0, 00) satisfies Caratheodory type
conditions.

More recently, in [23], Ferreira considered the BVP of
fractional g-difference equation

(DEy) @) =—f(ry(x), 0<x<1,

Y0 =(Dy) =0, (Dy)1)==0,

where 2 < &« < 3and f: [0,1] x R — R is a nonnegative
continuous function.

Motivated by the work above, in this paper, we will discuss
the following BVP:

2)

(Dgu) )+ f(tLu®)=0, 0<t<l,

(Dlu)(©) =0, (Dhu)()=a(Dfu)(n), 0<i<n-2,
(3)



wheren-1<a<n(m>2),1<f<n-20<n<1,
0 <a < Land f : [0,1] x [0,00) — [0,00) satisfies
Caratheodory type conditions. We discuss the existence of
positive solutions for BVP(3) and obtain multiplicity results
which extend and improve the known results by using some
fixed point theorems.

2. Preliminary Results

In this section, we introduce definitions and preliminary facts
which are used throughout this paper.
Let g € (0,1) and define

1-4
1-q°

The g-analogue of the power function (a — b)" with n €
Ny is

[al, = a€R. (4)

n-1
@-02=1, (@-0"”=[](a-bq"),
k=0 (5)
neN, abeR
More generally, if & € R, then
-1
@b = [ Q
n=04
Note that, if b = 0, then a® = @ The g-gamma function is
defined by
(x-1)
1-
Lw=""9 _ cerp-12.) @

(1 _ )x—l >
and satisfies T (x +1)= (x)
Then, let us recall some lq)asu: concepts of g-calculus [28].

Definition 1. For 0 < g < 1, we define the g-derivative of a
real-value function f as

) - f(gx)
(Dyf) (x) = (e

(qu) (0) = ,}E,no (qu) (x).
= f'(x).

Definition 2. The higher-order g-derivatives are defined
inductively as

(8)

Note that limq . 17qu(x)

(Dof) () = f (),
(Dyf) @) =D, (D) ) (@),

Definition 3. The g-integral of a function f in the interval
[0, b] is given by

(1,1) () = J: Ftydt

(o)

Zf (xq")q", xe€[0,b].

n=0

)
ne€N.

(10)
=x(1-q)
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If a € [0,b] and f is defined in the interval [0, ], its integral
from a to b is defined by

b b a
L fyd,t= L f@ dqt—L f@®)dgt. (11)

Similarly as done for derivatives, an operator Ij can be
defined; namely,

(1) ) = f (x),

(12)
(L)) =1, (17 f) (x), neN.
Observe that
Dyl f () = f (), (13)
and if f is continuous at x = 0, then Iquf(x) = f(x)- £(0).

We now point out three formulas (;D, denotes the
derivative with respect to variable i):

la(t-s)] =a%t-5),

Dyt =9 = [al (¢ =97, (14)

D, [ F eyt = [T D, Gyt + £ (ax2).

Remark 4. Wenote thatifa > 0anda < b < t,then (t—a)(“) >
(t - )@ [19].

Definition 5 (see [9]). Let « > 0 and let f be a function
defined on [0, 1]. The fractional g-integral of the Riemann-

Liouville type is (Igf)(x) = f(x) and
« . (o-1)
I = - dt,
GNW-pgl, o roan

a>0, xe€[0,1].

Definition 6 (see [11]). The fractional g-derivative of the
Riemann-Liouville type of &« > 0 is defined by (Dg x) =

f(x) and
(D5) ) = (D)) @),

where m is the smallest integer greater than or equal to a.

o> 0, (16)

Lemma 7 (see [9, 11]). Let «, 3 > 0 and let f be a function
deﬁned on [0, 1]. Then, the next formulas hold:

) (P12 () = (157 f)(x)
(2) (Dgl,;‘fxx) = f(x).

Remark 8. Assume that g(t) € [0,1] and «, 8 are two con-
stants such that @ > 2 > 8 > 1. Then

t
(a=1)
Df; L (t-gs)“ Vg(s) dgs

17)
Lo (a-B-1)
= —Fq @ p) J (t—gs) g(s)d,.



Abstract and Applied Analysis

Proof. From Lemma 7, we can get

(DE12g) (6 = (DAL Pg) (1) = (I7Pg) (1), (18)

)
1 @-1)
DF J t— d
T @ 0( gs)” g(s)dgs
. (19)
1 J’ (a—B-1)
=—— | (t—gs s)d,;
L= p) 0( qs) g()d,
that is, (17) holds. The proof is completed. O

Lemma 9 (see [22]). Let o > 0 and let p be a positive integer.
Then, the following equality holds:

(I;DEf) () = (DA15f) (%)

p-1 xa7p+k (20)

-y Dkf (0).
,;)Fq(oc+k—p+1) ( 1 )
Lemma 10. Let g(t) € L[0, 11; then the unique solution of
(Dgu)(t) +g(t)=0, 0<t<l,

(Diu)(©) =0, (DEu)()=a(Dfu)(y), 0<i<n-2,

(21
is
1
u(t) = J G(t.qs) g (s)d,s, (22)
0
where
G (t,s)
B 1
AT, ()
( (1 _ S)(Ot—ﬁ—l)toc—l
—a(n _ S)(a—ﬁ—l)t(x—l
—A(t - )@, 0 <s<min(nt) <1,
(1 _ S)(a_ﬁ_l)t“71
X (ap-1) a1
—a(n -s) "7, 0<t<s<n<l,
(1 - s)@ D1
—A(t - s)Y, 0<ny<s<t<l,
(1 —s)@F D) 0 <max(t,n)<s<1,

(23)
where A = 1 — an® P~
Proof. Let u(t) be a solution of (21); in view of Lemma 7 and

Lemma 9, (21) is equivalent to the integral equation

ut) =t ot P

n

(24)

t
T, () Jo (t- qs)(ail)g(s) dgs,
q

where ¢;, 6, ..., ¢, are some constants to be determined. The
boundary conditions (D;u)(O) =0,0 <i<n-2,imply that
6 =¢=-=¢,=0.Thus,

() =at™" - Lx) L (=49 Vg5 (25)
q

By Remark 8, we have

T (x) e 1
B _ q a—p-1
(un) B =a T, (- ﬁ)t T, (a-B)

t
X L (t—gqs)“ P g(s) dgs.

For (DFu)(1) = a(Dbu)(n),

_ 1 b @D
“= (1 —an“‘ﬁ‘l)l"q () “o (1-4s) g(5)dys

n " p
- L (1-qs)" P g(s)d,s|.

(27)
Hence,
u(t) = . “1(1— s)(“_ﬁ_l) (s)d, s
AT, @ L)V 1 918 %
1 (a-B-1)
-a Jo (n-gs) g(s)dys
(28)
' @ o) g
— t —
W P
1
= J-O G(t,qs) g (s)ds.
The proof is complete. O

Remark 11. For the special case where a = 0, it is easy to see
that G(t, s) can be written as

G(t,s) = T, @

(1 _ S)(a_ﬁ_l)tOFI _ (t _ S)((x—l)’
X (1 _ S)(zx—ﬁ—l)toc—l’

0<s<t<l,
0<t<s<l.
(29)

Lemma 12. Green function G in Lemma 10 satisfies the
following conditions:

(i) G(t,gs) = 0 fort,s € [0,1];
(ii) G(t,gs) < G(1,gs) fort,s € [0,1];
(iii) G(t, gs) = t*"'G(1, gs) fort,s € [0, 1].



Proof. Let

gy (5,5) = (1= 9) PVt _g(y = )PVt
~Alt-9)“", 0<s<min (n.t) <1,
g, (ts) = (1 - )@ F D!
_ a(”l _ S)(a—ﬁ—l)ta—l’ O<t<s<py<l,
gy (5,5) = (1 —5) Pt
~ A =9,

gs(t,5) = (1~ §)@F D0 < max () <s<l.
(30)

We first prove part (i). For t,s € [0, 1], from Remark 4,
for t #0,

g1 (t.qs) = (1 - qs)* PV —ap !

(a—B-1) (a-1)
x(l—@> t“_l—A<1—£> !
n t

(a—1)
= A [(1 —gs) P - (1 - %) ]

+ang P! [(1 -

> At*! [(1 R A qs)(“_l)]
+ arloc—ﬁ—ltoc—l [(1 _ qs)(a—ﬁ—l) —(1- qs)(a—ﬁ—l)]

> 0.
(3D

Since g, (t,gs) = 0, it is easy to know g,(t, gs) = 0, g;(t,gs) =
0, and g,(t,gs) > 0. Therefore, G(t, gs) > 0.
Next, we prove part (ii). Fix s € [0, 1], and

D91 (t.qs) = [a - 1]q(1 - (15)(“7!;71)1‘0‘_2
(a=p-1)
—an“iﬁ*l[oc—l]q<1_£> (o2

n

(a=2)

qS a2
- Ala -1 <1 - —) t
[ — 1], .
= [a— 1], {A [(1 —gs) @Y

(a=2)
(-8
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X [(1 - qs)(a_ﬁ_l)

(-2

> [OC _ I]qttx—Z {A [(1 _ qs)(tx—ﬁ—l)

-(1-g9)“7]}

(32)

That is, g,(t,gs) is increasing function of t. By the same
way, we can conclude that g, (t, gs), g;(t, gs), and g,(t, gs) are
increasing functions of ¢ for fixed s € [0, 1]. Thus, G(¢t,gs) <
G(1,gs) for t,s € [0, 1].

Finally, we prove part (iii). Suppose that 0 < gs <
min{t, 1} < 1; then

G(t,gs)
G(1,gs)
(1-g5) "Vt —a(n-qs) PV A (t-gs) "
(1-45)“ "V —a(n-qs) """ - A(1-gs) 7"
! [(1-99) " ~aln-q9)“ P -A(1-qs/1) "]
(1-45) " —a(n-qs) "V - A1-g5) 7"

a—1

>t
(33)

For other circumstances, we also get G(t,gs) =
t*7'G(1, gs) and this completes the proof. O

Remark 13. Let0 < 7 < 1;then 0 < 7! < 1 and

min]G (t,gs) = 1°'G(1,gs) forse[0,1]. (34)

te[r,1

Lemma 14 (see [29]). Let X be a Banach space with C ¢ X
being closed and convex. Assume that U is a relatively open

subset of Cwith0 € UandT : U — C is complete continuous.
Then either

(i) T has a fixed point in U, or
(ii) there exist u € oU and A € (0,1) withu = ATu.

Lemma 15 (see Krasnoselskii’s [30]). Let E be a Banach space,
and K € E is a cone in E. Assume that O, and Q, are open
subsets of E with 0 € Q, and Q, ¢ Q,. Let T : K N (Q, \
Q,) — K be a completely continuous operator. In addition,
suppose that either

(H)) ITull < llul, for allu € K N oQ, and |Tull = |ull, for
allu e KNoQ, or

(H,) ITull < llul, for allu € K N 0Q, and |Tull = |ull, for
allu e KNoQ,

holds. Then T has a fixed point in K N (52 \ Q).
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Lemma 16 (see [31]). Let P be a cone in a real Banach space
E,P. = {x € P: x| < ¢}, 0is a nonnegative continuous
concave functional on P such that 0 < | x|, for all x € ITC,
and P(0,b,d) = {x € P : b < 0(x), x| < d}. Suppose that
T:P. » P is completely continuous and there exist positive
constants 0 < a < b < d < ¢ such that

(Hy) {x € PO,b,d) : 0(x) > bl#0 and 6(Tx) > b for
x € P(0,b,d),

(H,) ITx| < aforx € P,

(H;) 0(Tx) > b for x € P(6,b,d) with |Tx|| > d.

Then T has at least three fixed points x,, x,, and x5 with

Ixll <a, b<0(xy), a<|xs|| with6(x;)<b. (35)

Remark 17. 1f d = ¢, then (H,) implies (Hj;).

3. Main Result

In this section, we will consider the question of positive
solutions for BVP (3). At first, we prove some lemmas
required for the main result.

Let E = CJ[0, 1] be the Banach space endowed with the
norm ||yl = SUP;e(o,1) lu(t)|. Let T = q" foragivenn € N, and
define the cone P C E by

pP= {u €E:u(t) >0, minut)>71*" ||u||]» . (36)
te[r,1]

Let the nonnegative continuous concave functional 6 on
the cone P be defined by

6/(x) = min |u (1)]. (37)

In this paper, we assume that f : [0,1] x [0,+00) —
[0, +00] satisfies the following conditions of Caratheodory
type:

(D;) f(t,u) is Lebesgue measurable with respect to ¢ on
[0, 1];

(D,) f(t,u) is continuous with respect to u on [0, +00).

Theorem 18. Assume that the conditions (D;) and (D,) hold.
Suppose further that there exists a real-valued function h(t) €
L[0, 1] such that | f(t,u)— f(t,v)| < h(t)|u—v| for almost every
t € [0,1] and all u, v € [0, +00). If

0< Jl G(1,gs)h(s)dys < 1, (38)
0

then there exist unique positive solutions of BVP (3) on [0, 1].

Proof. Consider the operator T': P — P defined by

Tu(t) := J: G(t.gs) f (ssu(s)dys < L. (39)

For any u, v € P, we have

1

ITu(t) - Tv(®) = || G(t.qs)(f (su(s))~f(sv(s)dys

s

0

IN
—

G (t,qs) |(f (s;u(s)) = f (s,v(s)))| dys

0

IN
< —

G (t,gs) h(s)|u(s) = v(s)ld,s
1
< L G(1,gs)h(s)|u(s) = v(s)ld,s

1
< lu—v| J-o G(Lgs)h(s)dys < llu—vl.
(40)

This implies that T' is a contraction mapping. By the Banach
contraction mapping principle, we deduce that T has a unique
fixed point which is obviously a solution of BVP (3). The proof
is complete. U

Corollary 19. Assume that the conditions (D,) and (D,) hold.
Suppose further that there exists a positive constant L €
(0,1/A) with | f(t,u) — f(t,v)] < Llu—v|,t € [0,1],(u,v) €
[0, +00), where

1
A= L G (1,9s)dys; (41)

then there exists a unique positive solution of BVP (3) on [0, 1].

Corollary 20. Assume that the conditions (D;) and (D,) hold.
Suppose further that there exists a real-valued function h(t) €
L[0, 1] such that | f(t,u) — f(t,v)| < h(t)lu —v|, t € [0,1],
(u,v) € [0, +00). If

0< Jl h(s)d,s < AT, (), (42)
0

then there exists a unique positive solution of BVP (3) on [0, 1].

Corollary 21. Assume that the conditions (D,) and (D,) hold.
Suppose further that there exists a positive constant L €
(0, AL () with |f(t,u) — f(t,v)] < Llu - vl t € [0,1],
(u,v) € [0,400); then there exists a unique positive solution
of BVP (3) on [0, 1].

Next, we discuss multiple solutions of BVP (3).

Lemma 22. Assume that the conditions (D) and (D,) hold.
Suppose further that there exist two nonnegative real-valued
functions m,n € L[0, 1] such that | f(t,u)| < n(t) + m(t)u
for almost every t € [0,1] and all u,v € [0,+00). Then the
operation T : P — P defined by (39) is completely continuous.



Proof. We will divide the proof into three parts.

(I) We show that T : P — P is continuous.

Foranyu,,u € P,n=1,2,...,withlim, _, llu, —ul =0,
we have
nangoun ) =u(t), tel0,1]. (43)
Thus

Jim f(tu, ()= f(tu®), tel01]. (44)
So, we can obtain that

sup |f (s,u,(5)) = f (s,u(s))] — 0,

s€[0,1]

as n — 0o.
(45)
On the other hand, we have

[(Tu,) (t) - (Tu) (1)]

_ UO G (t,q5) ( (51, () ~ f (5 () s

46
< sup |f (5,1, (9)) = f (5, u(5))] o)
1
,qs)d,s.
X L G(t,gs)d,s
It implies that
|Tw, - Tu| < SEE] |f (5,14, (5)) = f (s, (s))|

’ (47)

1
X J G(t,gs)ds.
0

Therefore, |Tu,, — Tu| — 0asn — oo. This means that T'is
continuous.

(II) We will prove that T maps bounded sets into bounded
setsin P.

For any & > 0, there exists a positive constant / > 0 such
that for eachu € By = {u € P : |lul < &}, we have |[Tul < I
By the definition of T', for each ¢ € [0, 1], we get

1
[Tu(t)| = L G(t,qs) f (s,u(s)) dys

< Jl G(t,qs) (n(s) +m(s)u(s))d,s
0

< JOI G (1,gs)n(s)dys + |lull JOI G(1,gs)m(s)d,s

< Ll G(Lgs)n(s)dss+§& Ll G(l,gs)m(s)dys =L
(48)

That is, |Tu| < L.
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(IIT) We will show that T' maps bounded sets into equicon-
tinuous sets of P.

Let By C P be abounded set, t;,t, € [0,1] and {; < £,.
For any u € B, we have

[Tu(e) - Tu ()
1
[} (60209 -6 (9 s s
1
< | 160299~ G (a9 If Gl dys
1
< [ 1629 -G (69 19 4 m () s

1
< L |G (2, g5) = G (t1,95)| (n(s) + &m (s)) dys.
(49)

Since G(t, gs) is continuous on [0, 1] x [0, 1], then G(t, gs) is
uniformly continuous in [0, 1] x [0, 1]. Hence, for any € > 0,
there exists § > 0, whenever |t, — t,| < §, and we have

G (t,,q5) = G (t1,95)| < ¢

L+ [} (n(9) +Em () dys

(50)

So |Tu(t,) — Tu(t,)| < & thatis, {Tu : u € B} is equicontin-
uous.

By Arzela-Ascoli theorem, we can conclude that T is
completely continuous. This completes the proof. O

Remark 23. If f: [0,1] x [0,00) — [0, 00) is continuous, T'
is also completely continuous.

Theorem 24. Assume that all the assumptions of Lemma 22
hold. If

1
0< J G(l,qs)m(s)dqs< 1, (51)
0
then BVP (3) has at least one positive solution.
Proof. LetU = {u € P: ||lu|| < r}, where

JOIG(I,qs)n(s) dgs
r =
1- IolG(l,qs)m(s)dqs

>0 (52)

and T : U — P, Tu(t) = Jol G(t,gs) f (s, u(s))dqs. From
Lemma 22, T is completely continuous.

Assume that there exist u € P and A € (0,1) such that
u = ATu; we claim that |jul| #7:

1
ut)=2X Jo G(t,qs) f (s,u(s)) dys

<A Jol G(t,gs) (n(s) +m(s)u(s))d,s

IN

1 1
A (L G(t,qs)n(s)dys + |lul J-O G(t,gs)m(s) dqs> ,
(53)
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and then

1 1
Jull < A(L G(1,gs)n(s) dqs+rL G(Lgs)m(s) qu>

<r.
(54)

That is, u ¢ OU. By Lemma 14, T has a fixed point u € U.
Therefore, BVP (3) has at least a positive solution. The proof
is complete. U

In the following, we set

1 _1
M= <J- G(1,gs) dqs> ,
0

(55)
-1

N = <Ll °7'G(1,gs) dqs>

Theorem 25. Assume that all the assumptions of Lemma 22
hold. If there exist two positive constants r, > r, > 0 such that

f(t,u) = Nr, for(t,u) € [0,1] x [0,7,],  (56)

f(t,u) < Mr, for(t,u) € [0,1]x[0,r,],  (57)

then BVP (3) has at least one positive solution.

Proof. Because T : P — P is completely continuous, we just
only show that u = Tu has a solution u(t) > 0 for t € [0, 1].

Let O, = {u € E : |ull < r}. Foranyu € P N oQ,, we
know T“"lrl < u(t) < r, on [r,1]. Using (56) and (34), we
have

1
Tu] = |[ G (6.as) £ s dys

> Jl G(t.qs) f (su(s)dys (58)

1
> Nr, J G(t,gs) T“_ldqs =7, = |ul,
which implies that | Tul| > [lull, u € P N 0Q,.
Let Q, = {u € E: |ul| < r,}. For any u € P N 0Q,, we get
0 < u(t) <r, on [0, 1]. Using (57), we have

1
|Tu(t)| = L G(t,gs) f (s,u(s)) dgs

(59)
1
< Mr, L G(1,gs) dys =1, = |lul;

that is, [|[Tu| < [ull, u € P N 0Q,.
In view of Lemma 15, T has a fixed point 4, € PN(Q,\Q;)
which is the solution of BVP (3). O

Theorem 26. Assume that all assumptions of Lemma 22 hold.
If there exist constants 0 < A < B < C such that

(G)) f(tu) < MA, (t,u) € [0,1] x [0, A],
(G,) f(t,u) <MC, (t,u) € [0,1]x[0,C],  (60)

(Gy) f(t,u) = NB, (t,u) € [1,1] x [B,C],

hold, then BVP (3) has at least three positive solutions u,, u,,
and u; with
lu <A B<6(w)<|u]<C
(61)

A< us, 0(u;) <B.

Proof. First, ifu € l_’c ={u € P: ||lu| < C}, then ||u| < C. So
0 <u(t) <C,t €[0,1]. By (G,), we have

1
[Tu(t)| = Jo G(t.qs) f (s,u(s) dys

(62)
1
< MCJ G(l,gs)ds =C,
0

which implies that [|[Tu|| < C,u € ﬁc- Hence, T : ﬁc —
Pc. In view of Lemma 22, T : P — P is completely con-
tinuous.

By using the analogous argument, from (G, ), we can get
thatifu € ?A, then ||Tu| < A.

Set u(t) = B+ C)/2,t € [0,1], so u(t) = (B +
C)/2 € P(O,B,C), 0(u) = (B+ C)/2 > B. Therefore, {u €
P(0,B,C)|0(u) > B} 0.

On the other hand, if u € P(0,B,C), then B < u(t) <
C,t € [1,1]. By (G3), we have

0 (Tu) = min |Tu(t)|
te[r,1]
1
= min L G(t.qs) f (s,u(s))dys
. (63)
2 min L G (t,qs) NBd,s,

1
> NBJ ™G (1,9s)d,s = B,
T
which implies that 8(Tu) > B, for u € P(6, B, C).
By Lemma 16, BVP(3) has at least three positive solutions
Uy, Uy, and u; with

| < 4, B<0(u) < |u, < C,
(64)
A < us]» 0 (u3) < B.
The proof is complete. O
4. Example
Example 27. Consider the following BVP:
t
4.5 eu 2 _
(DYfu) () + St H1=0 0<t<,
i 15 1 15 9
(Dis) @ =0, (DY) (1) =~ (D) (5 )
0<i<3.
(65)



Let f(t,u) = eu/(1+e)+t*+1, (t,u) € [0,1] x [0, +00),
h(t) = €'/(1 + €, so |f(t,u) = ft,v)| < h(t)|lu - v, for
(t,u), (t,v) € [0,1] x [0, +00).

By simple calculation, we get

=0.8471---< 1.

1
1
0< | G(l,gs)h(s)d_s <
|, cLan©dgs T
(66)
All conditions of Theorem 18 are satisfied. Thus, BVP (65) has
a unique positive solution.

Example 28. Consider the following BVP:

u

1
D¥u)(t) + = (sint + 1 +2+1=0, 0<t<l,
(Dijaue) () + 4 (sint +1) 15
(D},u) @ =0, (D) () = — (Dlu) (=
124 =Y 124 = 100 124 A
0<i<3.
(67)

Letn(t) = 2+ 1, m(t) = (1/4)(sint +1). Itis easy to check
that f(¢,u) < n(t) + m(t)u for (t,u) € [0, 1] x [0, +00). Since

1 .
AT, ()

=04235--- <1,

N | —

0< Jl G(1,gs)m(s)dys <
O (68)
by Theorem 24, BVP (67) has at least one positive solution.
Example 29. Consider the following BVP:

sin’t

(D?'/Sz“)(t)ﬁL%Jr +1=0, 0<t<l,

(D) @ =0, (Da) =2 (D) (3). @

0<i<l

Let f(t,u) = u/4 +sin’t/5 + 1, (t,u) € [0,1] x [0, +00).
By calculation, we get

1 -1
M = (I G(l,qs)dqs) > AT, (o) = 1.4809...,
0

(70)
1 -1
N = <I G (1,4s) dqs> <2.414....
T
Choosing r; = 1/3,r, = 1, we have
. 2
t
ftu) = %‘ + 200 1< 145 < Mr,,
(t,u) € [0,1] X [0,1,],
: 7
in“t
f(tu) = §+ T f1>1>Nr,

(t,u) € [0,1] x [0,7,] .

By Theorem 25, BVP (69) has at least one positive solution u
such that 1/3 < |lu| < 1.
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Example 30. Consider the following BVP:
(fozu) O+ ftu=0, 0<t<]l,

(Dijou) (0) =0, U%nu)0)=§(DUﬂo<§), (72)

0<i<l.
Here,
t
—+4u*,  (tu)e[0,1]x[0,1],

few=1* (73)

t+7
T + u, (t,u) € [0,1] X [1,+OO).

By Example 29, we have

1 -1
M= (j G(l,qs)dqs> > AT, (o) = 1.4809.....,
0

1 3 (74)
N = <L G (1,4s) dqs) <2414....
Choosing A = 1/2, B =1, C = 5, we have
f(t,u)=£+4u4s0.5sMA, (t,u)e[O,l]x[O,%],

Ftu) = % +u<7<MC, (tu)e[0,1]x[0,5],

t+7 1
ftw) =L +uz2875>NB, (tu)e [E’ 1] « [1,5].
(75)
By Theorem 26, BVP (72) has at least three solutions u,, u,,

and u; such that

1<6(u,), 0 (u;) < 1.

(76)

1 1
s || < > 5 < Jusl»

5. Conclusion

In this paper, we obtain the existence and multiplicity results
of positive solutions of BVP for high-order fractional g-
difference equations by some fixed point theorems, which
enrich the theories for fractional g-difference equations,
and provide the theoretical guarantee for the application
of fractional g-difference equations in every field. In the
future, we will use bifurcation theory, critical point theory,
variational method, and other methods to continue our works
in this area.
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