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V-Laplace transform, fractional V-power function, V-Mittag-Lefller function, fractional V-integrals, and fractional V-differential
on time scales are defined. Some of their properties are discussed in detail. After then, by using Laplace transform method, the
existence of the solution and the dependency of the solution upon the initial value for Cauchy-type problem with the Riemann-
Liouville fractional V-derivative are studied. Also the explicit solutions to homogeneous equations and nonhomogeneous equations

are derived by using Laplace transform method.

1. Introduction

The subject of fractional calculus (see [1]) has gained consid-
erable popularity and importance during the past three dec-
ades or so due mainly to its demonstrated applications in
numerous seemingly diverse and widespread fields of science
and engineering. It does indeed provide several potentially
useful tools for solving differential and integral equations and
various other problems involving special functions of mathe-
matical physics as well as their extensions and generalizations
in one and more variables.

On the other hand, in real applications, it is not always a
continuous case, but also a discrete case. So, an useful tool as
that time scale is considered. In order to unify differential
equations and difference equations, Higer proposed firstly the
time scale and built the relevant basic theories (see [2-4]).
Recently, some authors studied fractional calculus on time
scales (see [5-7]). Williams [6] gives a definition of fractional
integral and derivative on time scales to unify three cases of
specific time scales, which improved the results in [5]. Bastos
gives definition of fractional A-integral and A-derivative on
time scales in [7]. In [8], the theory of fractional difference
equations has been studied in detail. In the light of the above
work, we will further study the theory of fractional integral
and derivative on general time scales.

From Theorem 3.1.3 in [6], we know that the integer order
V-integral on time scales is

t ty b1
Ig’ftof(t)=J thj Vtz---J f(t,) Vt,
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where * is defined in Definition 31. For continuous case, the
fractional V-integral (see, e.g., [3]) is defined by

x _ -l
Ig f (x) =j %f (t) dt
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while for discrete case, the fractional sum (see, e.g., [8]) is
defined by
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Thus, we expect that fractional V-integral general on time
scales can be defined by

I, f®)= oy (t10) * £ (1), (4)

To do this, the key problem is that how to define generalized
V-power function fza (t,t,) on time scales. In [6], Williams, by
using axiomatization method, gives a definition of fractional
generalized V-power function. However, this definition has
no specific form, but it only has an abstract expression. On
the other hand, we find that some properties of V-power func-
tion f(t, t,) on time scales under the Laplace transform are
important to define fractional generalized V-power function
h,(t,t,) on time scales. So, in Section 3, we will give a def-
inition of V-Laplace transform, fractional generalized V-
power function £, (t, t,) on time scales. Then by using these
definitions, we define and study the Riemann-Liouville frac-
tional V-integral, Riemann-Liouville fractional V-derivative,
and V-Mittag-Leffler function on time scales. In Section 4,
we present some properties of fractional V-integral and frac-
tional V-differential on time scales. Then, in Section 5,
Cauchy-type problem with the Riemann-Liouville fractional
V-derivative is discussed. In Section 6, for the Riemann-
Liouville fractional V-differential initial value problem, we
discuss the dependency of the solution upon the initial value.
In Section 7, by applying the Laplace transform method, we
derive explicit solutions to homogeneous equations with con-
stant coefficients. In Section 8, we also use the Laplace trans-
form method to find particular solutions of the correspond-
ing nonhomogeneous equations.

2. Preliminaries

First, we present some preliminaries about time scales in [2].

Definition I (see [2]). A time scale T is an nonempty closed
subset of the real numbers.

Definition 2 (see [2]). Fort € T, we define the forward jump
operatoro : T — T by

o(t):=inf{seT:s>t}, (5)
while the backward jump operator p: T — T is defined by
p(t):=supf{seT:s<t}. (6)

If o(t) > t, we say that t is right-scattered, while if p(t) < ¢, we
say that t is left-scattered. Points that are right-scattered and
left-scattered at the same time are called isolated. Also, if t <
sup Tand o(t) = t, thentis called right-dense, and ift > inf T
and p(t) = t, then ¢ is called left-dense. Finally, the graininess
functionv: T — [0, 00) is defined by

V() =t —p(t). @)

Definition 3 (see [2]). If T has a right-scattered minimum m,
then we define T, = T — {m}; otherwise, T, = T. Assume that
f:T — Risafunction and let t € T,. Then we define f" (t)
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to be the number (provided it exists) with the property that,
given any ¢ > 0, there is a neighborhood U of t (ie, U =
(t-0,t+06)NT for some § > 0) such that

f(p®)=fOI-f &) [p® -5
Vs e U.

(8)
< s|p(t) —s|,

We call £Y(t) the nabla derivative of f att.

Definition 4 (see [2]). A function f: T — R is called regu-
lated provided its right-sided limits exist (finite) at all right-
dense points in T and its left-sided limits exist (finite) at all
left-dense points in T.

Definition 5 (see [2, page 100]). The generalized polynomials
are the functions i, : T> := Tx T — R, k € N,, defined re-
cursively as follows: The function h; is

hy(t,s) =1, VsiteT, )

and given f for k € Ny, the function fy,, is
—~ t/\
hq (t8) = J h (1,s) VT, Vs,teT. (10)

Definition 6 (see [3, page 38]). The generalized polynomials
are the functions iy, : T> := Tx T — R, k € N,, defined re-
cursively as follows: The function h; is

hy(t,s)=1, Vs teT, 11)

and given hy for k € N, the function hy,, is

t

hiq (t,s) = J hy (1,5) AT,

S

Vs, t € T. (12)

Theorem 7 (see [2], Taylor’s Formula). Let n € N. Suppose

n+1
that the function f is such that f°  is ld-continuous on Ty
Let o« € Ty, t € T. Then one has

F@®=Yh(ta) @)+ J h,(tp @) 7 (1) V1.
k=0 «
(13)

Definition 8 (see [6]). A subset I C T is called a time scale
interval, if it is of the form I = A N T for some real interval
A ¢ R. For a time scale interval I, a function f : I — R is
said to be left dense absolutely continuous if for all ¢ > 0 there
exist § > 0 such that 22:1 [ f(b) — f(a)l < & whenever a
disjoint finite collection of subtime scale intervals (a;, b,] N
T cIforl <k < nsatisfies Y, |b. — a;| < 6. We denote

feAC. IffvnH € AC, then we denote f € ACy.
According to Theorem 4.13 in [9], we have the following
lemma.

Lemma 9. Let E ¢ T — {max T} be a measurable set. If f :
T — R isintegrable on E, then

J f7(s)As = J £ (s) Vs. (14)
E E
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Proof. From Theorem 4.13 in [9], we have that

[ rr@as=] rods Y wne)

iely

- | fOds+ Y @) )

iel,

= L_ f(s)Vs,

where I}; denotes the indices set of right-scattered points of E.
O

Definition 10 (see [8]). The increasing factorial function is
defined as

)7 =x(x+1)(x+2) - (x+n-1), (16)

where 7 is a positive integer and x is a real number, and the
symbol [ ;] is defined as

17)

x]  x(x+1D)x+2)---(x+n-1)
R ~

n!

Definition 11 (see [8]). Let p > 0. The fractional sum whose
lower limit is 7, is defined as

-p _y|[p
AR L2 e ()
Definition 12 (see [8]). Let p > 0 and m = [p] + 1. The frac-
tional difference whose lower limit is #, is defined as

WVEF () =V [, VP f ()] (19)

In our discussion, we also need some information about
V-exponential function.

Definition 13 (see [2, Definition 3.4]). The function p is »-
regressive if

1-v(6) p(t) #0 (20)

for all t € T,. Define the v-regressive class of functions on T,
to be

R, ={p: T — R pisld continuous and »-regressive} .

(21)
For p € &%, define circle minus p by
p
o,p:=— .
P 1- pv (22)
Definition 14 (see [2, Definition 3.9]). For h > 0, let
Zh::{ZEC:%T<Im(z)<%},
(23)

1
C:Z{ eC: —}.
h z Zih

Define the v-cylinder transformation Eh :Cy, — Z, by

z 1
§(2) = = Log (1-2h), (24)
where Log is the principal logarithm function.

Definition 15 (see (2, Definition 3.10]). If p € %, then one
defines the nabla exponential function by

e, (t,s) := exp (r Ey(ﬂ (p(®) V‘r) , fors,teT, (25)

where the v-cylinder transformation Eh is asin (24).

Definition 16 (see [2, Definition 3.12]). If p € %, then the
first-order linear dynamic equation

y=pM®)y (26)

is called v-regressive.

Lemma 17 (see [2, Lemma 3.11]). If p € R, then the
semigroup property

EP (t,u) ép (u,s) = EP (t,s), Vu,s,teT (27)

is satisfied.

Theorem 18 (see [2, Theorem 3.13]). Suppose that (26) is v-
regressive and fix t, € T. Thene,(,ty) is a solution of the initial
value problem

yW=p®y,  y(t) =1 (28)

onT.

Theorem 19 (see [2, Theorem 3.15(ii)]). If p € &, then
e,(p(t),s) = E;; ts)=(1-vt)pt)e,(ts). (29)

3. V-Laplace Transform, Fractional
Generalized V-Power Function,
Fractional V-Integral and Derivative,
and V-Mittag-Leffler Function

In this section, we first define V-Laplace transform and dis-
cuss the properties of V-Laplace transform. By using the
inverse V-Laplace transform, we define fractional generalized
V-power function, which is a basis of our definitions of frac-
tional V-integral and fractional V-derivative.

From now on, we always assume that ¢, € T, sup T = co.
Note that if we assume that z € £, is a constant, then 6,z €
R, and e (£, 1) is well defined. With this in mind we make
the following definition.

Definition 20. Assume that x : T — R is regulated and ¢, €
T. Then, the Laplace transform of x is defined by

Lo 11} (2) = ro xOF, (L4)V  (30)

Ly

for z € D{x}, where D{x} consists of all complex numbers
z € R, for which the improper integral exists.



The following result is needed frequently.
Lemma 21. Ifz € C is regressive, then

é\evz (t> tO) ©,Z
e, (tty) = Tz _feevz (t.ty) - (31)

Proof. By Theorem 19, we have

&%, (t10) = (1=v(1) (6,2)) & - (1:10)

= (1 — M)g@ﬂ (t, to)

1-v(t)z
_ (32)
_ eevz (t’ tO)
1-v(t)z
e,z
=——¢ t,t,).
z 6,z ( 0)
This proves our claim. O

We now will use the Lemma 21 to find the Laplace trans-
form of x(t) = 1 as follows:

o0
ZLo (1} (2) = L 1 -a;vz (t.t,) Vt

1 (™
= - J evZEe z (t’ tO) %2 (33)
z Jt, v
lA [oe)
== tt =,
zeevz( 0) t z

for all complex values of z € &, such that lim, _, & ,(t, ;)
= 0 holds. The following two results are derived using integr-
ation by parts.

Theorem 22. Assume that x : T — C is such that x" is regu-
lated. Then,

Lo 5"} @) = —x () + 2%y, Ix} (2),  (34)
for those regressive z € C satisfying
lim {x (), (t.1,)} = 0. (35)

Proof. Integration by parts and Lemma 21 directly yield

Py {2} @)

J X7 ()@ (t,t,) Vt
to

. [
X (t) eevz (t’ t0)|t0

- ro x(t)e,28, , (t,t,) Vt (36)

e,z (t’ tO) Vit

v

:_x(t0)+zj°°x(t)-ap

to

= —x(tp) + 2Ly, 1x}H(2),
provided that (35) holds. O
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By a similar way, we have

Fo, (V@ = [ 08 (1) Ve

0

= xv (t) Eevz (t, to)|:o
(o)
_ J x (t)e,ze, , (t:t,) Vt
ty

(o]
=—x" (t,) +z J X" ()@ (t,t,) Vt

to

= —x" (t,) + 2%y, {xv} (2)

=—x" (to) —zx(to) + Zzgv,to {x}(2),
(37)

provided that limt_,oo{xv(t)éevz(t, t,)} = 0 and (35) holds
and thus we can get the following result by induction:
. =R
Ly, {xv } (z) = zkgwo {x}(z) - sz "%V (t,),
i=0
(38)

for those regressive z € C satistyinglim, _, oo{xvi(t)é‘eyz (&, t)}
=0,i=0,1,...,k—1.

Theorem 23. Assume that x : T — R is regulated. If

X () = jt x(2)Vr, (39)

ty

fort,t, € T; then
Loy (X} @) = 2 %4, 15} 2), (40)

for those regressive z € C/{0} satisfying

lim {é‘e L (tty) Jt x (1) VT} =0. (41)
t— 00 i t

Proof. By using integration by parts and Lemma 21, we obtain
that

gv,to {X} (=)

- [Txw @ ) v

t

1 [ee)
=-= I X (t)o,ze, , (t,t,) Vt
Z V’

ty

1 R o0
L xwe. o) - [ 08w
0

1
= ;gv,to {X} (Z) >
(42)
provided that (41) holds. O
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Theorem 24. Assume that h(t,t,), k € N, are defined as in
Definition 5. Then,

Zos, fu (1)} @) = (43)

for those regressive z € C satisfying
tlggo {Ek (t.ty) ez (¢ to)} =0. (44)
Proof. It follows from (33) that (43) holds for k = 0. Assume

that (43) is valid for k, and we will show that it is right for k+1.
In fact, by using Theorem 23, we have that

gv,to {Ekﬂ (t> to)} (=) = gv,to {J; Ek (T, to) VT} (2)

1
= Zgw {e (- t0)} @) (45)
1 1 1
- ; ’ Zk+1 Zk+2”

The claim follows by the principle of mathematical induction.
O

It is similar to the proof of Theorems 1.5 and 1.3 in [10],
we get the following uniqueness result about the inverse of
Laplace transform and initial value theorem.

Theorem 25 (uniqueness of the inverse). If the functions f :
T - Randg: T — R have the same Laplace transform,

then f = g.

Theorem 26 (initial value theorem). Let f: T — R have gen-
eralized Laplace transform F(z). Then, f(t,) = lim,_,  zF(2).

By the uniqueness of inverse Laplace transform and fixing
s = t,, we can define fractional V-power function h,(t, t,).

Definition 27. We define fractional generalized V-power
function on time scales as follows:

Etx (t’ tO) = 35,1% {Z“H } (t) (46)

to those suitable regressive z € C\{0} such that & ilto exist for
xR, t>t,.

Applying the initial value theorem of Laplace transform,
for « > 0, we have

1
Za+1

hy (tortp) = lim z - =0. (47)
In particular, when o = k € N, it follows from Theorems 24

and 25, we can know that 71, (£, t,) is usual power function on
time scales for t > t,, defined in Definition 5.

Example 28. When T = R, the time scale power functions

~ e log(t—t,)
h, (t,ty) = TarD) (48)

provided that ,(t, t,) makes sense. In fact, it follows from
Definition 27 that

Loy [ (b10)} (2) = 2 {Ea(t,to)}(z)=zalﬂ. (49)

On the other hand,

eoclog(tfto) ~ (t _ to)“
{ '@ )}(Z)—gto{—r(“+l)]’(2)

1 a —z(t-t,)
_ t—t o’ dt
F(oc+l).[ (E=to)e
ot 1 J- u%eMdu
TF(a+1) 2z )
1 1
- - . .T 1
I(ax+1) z*! (x+1)
B 1
Z{x+1'
(50)
Thus, we have that
eotlog(tftg)
< Lty)t (2) = {— (2)
fﬂ{ ( 0)} T(a+1) 51
1
= Zoc+1'

By using uniqueness of the inverse Laplace transform, we
imply that

eot log(t—t,)

m. (52)

Ea (t’ tO) =

Next, in order to define fractional generalized V-power
function for general s, we will present some preliminaries
about convolution on time scales. In [11], the definitions of
shift and convolution, and some properties about convolu-
tion, such as convolution theorem and associativity, are pre-
sented for delta case, and in the following, we give them sim-
ilarly for nabla case.

Let T be a time scale such that sup T = co and fix t, € T.

Definition 29. For a given f : [ty,00) — C, the solution of
the following shifting problem:

u (t,p(s)) = —u" (t,5),
u(t,to) = f ),

is denoted by f and is called the shift of f.

t,seT, t>s>t,
(53)
teT, t>t,

Example 30. Lett, € T. Then, for k € N,

—_—

hy (1) (t,5) = By (t,s), t,s € T, independent of t,.

(54)



In fact, it is similar to the discussion for the delta case (refer to
[3, page 38]), and we can prove that

B (t,s) = by (t5),
B (65) = (“1Fg (0 = (DG (s0) = Ry (89),
(55)
where g, is defined by
go(t,s) =1, Vs teT,

t (56)
i1 (£,8) = J g (p(1),s)Vr, VsteT.

Thus, according to Definition 29, we can derive the result.

Definition 31. For given functions f,g: T — R, their convo-
lution f * g is defined by

(f*g)(t)=L ftp(r)g@)Vr, teT, (57)

where f is the shift introduced in Definition 29.

Theorem 32 (associativity of the convolution). The convolu-
tion is associative; that is,

(fxg)xh=fx(g=h). (58)
Theorem 33. If f is nabla differentiable, then
(f*9) =f *g+f(t)g. (59)
and if g is nabla differentiable, then
(F*9) =fxg"+fa(t). (60)

Theorem 34 (convolution theorem). Suppose that f,g: T —
R are locally V-integrable functions on T. Then,

Zolf * g} (2) (6D
=Zo{fl @ Zy{g} (@), zeD{fInD{g}.

In the following, we will define fractional generalized V-
power function for general s.

Definition 35. Fractional generalized V-power function
h,(t, s) on time scales is defined as the shift of /1, (¢, t,,), that is

hy (t,s) = ( ty) (ts), (t=s>t,). (62)

According to convolution theorem and Definition 27, we
have

Lo, A1 (1) * hg (10)} (2)

= gv,tn {ila (t, to)} (2) 3V,t0 {ﬁﬁ (t, to)} (2)

T gl (63)

ZO+B+1+1

=2y, {Ea+ﬁ+1 (t, to)} (2).
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By the uniqueness of inverse Laplace transform, we obtain
h (t:t) * hg (6,80) = haypa (B50) (64)
that is,

t —~ —~ -~
L h(x (t’ P (T)) hﬂ (T’ tO) Vr = hoc+/3+1 (t’ tO) . (65)

In particular, if « = 0, then

|| Bo(top @) g (r20) Vr =gy (t185). (66)

Lo

that is,
L: g (2,10) V1 = Frgyy (18). 67)
Thus,
B,y (tt0) = g (t.to). (68)
If B = 0, then
[ Rt @) () Vr=h (). (69
)
that is,

t -~ -~
j B (1 p () Ve = By (68 (70)
to
According to Theorem 33 and (47), (68), for & > 0, we have
~ vV o~ ~
(ho (t.t0) * g (1)) = Iy (1:80) * g (8) + Iyt ) * g (1)

= ﬁa—l (tty) * g (8).
(71)

Now, we can give definitions of fractional V-integral and
fractional V-derivative on time scales.

From now on, we will always denote Q := [t,,
interval on a time scale T (sup T = 00).

t, ] a finite

Definition 36. Lett,t, € Q. The Riemann-Liouville fractional
V-integral I%,t(, f of order a > 0 is defined by

IVt f@: ()« f()

J (tp(@) f(x)Vr 72)

J (tp@) fOVT (E>t,).

Definition 37. Lett,t, € Q. The Riemann-Liouville fractional
V-derivative Dy, f of order a > 0 is defined by
Dg)tof (t) = DYI, "‘f ) (m=[a]l+1;t>t). (73)
Throughout this paper, we denote ¥ = Dyf = Dg, f»
neN.

In the following, we will give the Laplace transform of
fractional V-integral and fractional V-derivative.
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Lemma38. Leta >0, m—-1<a<m (meN)and f: Q —
R. Forty,t € Qum with t, < t. Then, we have

() if f € Ly ,(€), then
Lo (15, f O} @) = Lo, [FOL@: (00

(2) if f € ACG(Q), then

Lyao (D5, f B} (2) = 2Ly, {f O} (2)

- ZZ] 'D (t0)»

(75)

for  those  regressive z € C
lim,ﬂoo{DJVIQZ)“ f®)E, (6t} =0,j=0,1,...

satisfying
,m—1.

Proof. According to Definition 36, Definition 27 and convo-
lution theorem, we have

Lo Iy, f O} (2)
= Zyg, (s (610) * £ (0} (2)

~ (76)
=Zyy, {hoc—l (t, to)} (2) Zyy, {fO} ()

-~ Zo 0} @),

By Definition 37, (3), and taking the Laplace transform of
fractional V-integral into account, we get

Lo ADs, f O} (2) = 2Ly, (DI F 0} (2)

= "Ly, AL B} (2)

S i)

= zmmgv,to {f (t)} () (77)

= j j—m+o
- D 2D f (t)
j=0
= "%y, {f D} @)

_Zle Vt to)

where Dé[gft_o “flt,) = DJ{;: " f(t,) follows from the
definition of fractional V-derivative, and Dg " f (t,) =
lim, _,, I, * f(t,) (t, is right-dense); Dy, mf(to) = 0 (ty is
right scattered) O

Finally, we present the definition of V-Mittag-Leffler
function which is an important tool for solving fractional

differential equation. We have known that the Mittag-Leffler
function E,(2) = Y2, ZF /(T(ak + 1)) is the fractional order
case of exponential function ¢*, and Ea,ﬁ(z) = Z;ZO 25 /(T (ak
+ f3)) is generalized from E,(z). Inspired by these results and
exponential function on time scales &, (¢,0) = Z,‘:ZO Akflk(t, 0)
(see [7, Remark 124]), we give the following definition.

Definition 39. V-Mittag-Leffler function is defined as

= Z)Ljﬁ(xﬁﬁ—l (t.to), (78)

i=0

F,5 (At to)

provided that the right hand series is convergent, where o >
0, ,BeR.

As to the Laplace transform of V-Mittag-Leftler function,
we have the following theorem.

Theorem 40. The Laplace transform of V-Mittag-Leffler func-
tion is

o—

Ly, {vFa’ﬁ ()L;t,to)} (z) = Zi_

a 79

Proof. From the definition of Laplace transform, it is obtained
that

Los o Fap Mits to)} (2)

:L JFap(Mititg) -8, (1) Vit

. (t,t,) Vt

L Z/\ hojpon (t1g) - €5

U]O

_ZA J oc]+ﬁ1 ttO)'

E&z (t’ tO) Vit

. (80)
= Zhjgv)to {h“j+ﬁ_1 (t) t())} (Z)

j=0
- J
- ];)/\ Z"‘j"'ﬁ
= Zﬁﬁzlj(zia)]

j=0

- (<), =

By differentiating k times with respect to A on both sides
of the formula in the theorem above, we get the following
result:

kiz* P

W. (81)

ak
gv% {a/\k vFa/;()L (8 to)} (z) =



4. Properties of Fractional V-Integral
and Fractional V-Derivative

In this section, we mainly give the properties of fractional V-
integral and V-derivative on time scales which are often used
in the following sections.

Propertyl. Leta >0, m =
(1) Ig,tﬁﬁ—l (t.t)

(2) DY, hgy (1) = hg oy (1) (83)

In particular, if 8 = 1, « > 0, then the Riemann-Liouville

fractional V-derivatives of a constant are, in general, not equal
to zero as follows:

[a] + 1, B e R, t,t; € Qun. Then

= Eaﬁﬁ—l (t> to) > (82)

D, 1=ho(tt), (O<a<l). (84)
On the other hand, for j = 1,2,..., [a] + 1,
DS, hoj (1) = 0. (85)

In fact,
DW M(t t) = DYIy, "‘h

j (:t0)

= D', j(ttg) =0.

(86)

Proof. (1) According to Definition 36 and (64), we have
Ig,t(ﬁﬁ—l (t.tg) = hyy (t1) * Eﬁ—1 (t.to)

g (110,

(2) From Definition 37 and (82), (68), it is obtained that

Dg,t(ﬁﬁ—l (t’ to)

(87)

= DYIg, “gy (t:to)
~ _ (88)
= DrVn m+p—a—1 (t’ t()) = hﬁ—tx—l (t’ tO) . O

From Property 1, we derive the following result in [1]
when T = R.

Corollary 41 (see [1]). If R(«x) = 0 and R(f) > 0, then
(12, - ") (x)

_ I (ﬁ) Pra-1
—W(X—a) » R(a)>0),
(89)
(D%, (t - ) ") (x)
_ I (ﬁ) p-a-1
——F(ﬂ_“)(x—a) , R(x)=0).
In particular, if B = 1 and R(x) = 0, then the Riemann-

Liouville fractional derivatives of a constant are, in general, not
equal to zero as follows:

(x—a)™

m, (0< R ((X) < 1) . (90)

(Da1) (x) =

Abstract and Applied Analysis

On the other hand, for j = 1,2,..., [R(a)] + 1,
(D, (t—a)* ) (x) = 0. (91)

As to the fractional sum and difference, there is also a sim-
ilar result in [8].

Corollary 42 (see [8]). Let p > 0, v > 0. Then,
(1) nV*P[ 14 :|:|:V+p]’
o 'n | n—ny n—mny,

@ ) lii)

(92)

Mo " n

Property 2. Leta > Oand m = [a] + 1, t,t, € Q. If f(t) €
ACy (Q), then the fractional V-derivative Dg,to f(t) which
exists almost everywhere on (» can be represented in the
following forms:

m—1 X
Dg,tof(t) = th—rx (ts to)fv (to)
k=0 (93)
# | P (p@) 7 @ v
Proof. By Taylor’s formula,
f@= th t.ty) f V (to)
+ J Ry (0 (1) fvm (t)Vr
fo (94)
mz (t,ty) f V (t,)
+ ;lm—l (t.to) * fvm (t)
and using (82) and (64), we have
m—1 k
I, f ()= Y 15, I (6:80) £ (1)
k=0
+ fztx—l (t’ tO) * )l:lmfl (t’ tO) * fvm (t)
=S e (1) £ (1)
k=0 (95)

+ Eoc+m—1 (t’ tO) * fvm (t)
z% v (t20) £7 (1)
k=0

LI m
+ j Fowms (1 (@) f7 (1) V.
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Besides, according to (95) and taking (68) and (71) into
account, we have

Dy, f(t) = DyIg,* f ()
m—1

Z Ek+m—oc (t> t()) ka (to)

k=0

+ ilm—oﬁm—l (t’ tO) * fvm (t)

m—1 .
= Z o (1) £ (to)
k=0
+ E—oﬁm—l (t’ t()) * fvm (t)
m—1 .
= Z By (t’ to) fV (to)
k=0
[ B p@) 7 @
(96)
O

When T = R, there is the following corollary.

Corollary 43 (see [1]). Let R(x) = 0, and n = [R(«)] + 1.
If y(x) € AC"[a,b], then the fractional derivative D}, y exists
almost everywhere on [a, b] and can be represented in the fol-
lowing form:

n—1 y(k) (a)

k-«
LTk Y

(D;:_y) (x) =
(97)
Y (t) dt

e
r(n_(x) a (x_t)zxfnﬂ'

Similarly, for the fractional sum and difference, there is
also the following corollary.

Corollary 44 (see [8]). For p > 0 andm € N, it is valid that
1) [p +k+ 1]
n—ny,

e,

WV f ()= YV f (g -
k=0

o (98)
VOF () = Zv fm-n)[ B
- [-p+m+1] i
2, ]V f).

r=ny

The semigroup property of the fractional V-integral oper-
ator is given by the following result.

Property 3. If « > 0 and 3 > 0, then the equation

I3, 15, f (O =15 £ (1) (99)

is satisfied at almost every point t € Q for f(t) € LV,p(Q) 1<
p < 00).

Proof. According to Definition 36 and (64), and using asso-
ciativity of the convolution, we have

Ig,tglg,tof (t) = ﬁ“,l (t’ tO) * Ig,tof )
= f’oc—l (t.to) Eﬁ—l (tty) * f (1)
R (100)
= hoc+/3—1 (t’ tO) * f(t)
=@ 0

The following assertion shows that the fractional differ-
entiation is an operation inverse to the fractional integration
from the left.

Property 4. If a > 0 and f(t) € Ly () (1 < p < 00), then
the following equality

Dg,tolg,tof(t) =f() (101)

holds almost everywhere on Q.

Proof. According to the definition of the fractional V-deriv-
ative and using (99), we get

DG Iy, f (8) = DyIg, "Iy, f (£)
(102)
=Dy, Iy, f (&) = f(t). 0

In the following, we will derive the composition relations
between fractional V-differentiation and fractional V-integr-
ation operators.

Property 5. It > B > 0, then, for f(f) € Ly ,(Q) (1 < p <
00), the relation

Dy, I8, f O =1L f @) (103)

holds almost everywhere on Q. In particular, when f = k € N
and « > k, then

b F O =I5 F ). (104)

Proof. The proof is the same with the proof of Property 4, so
we omit it. O
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Property 6. Leta > 0,m = [a]+1,n € N.If f(t) € ACy™™(Q),
then

(1) DyDy, f(t) =D, f(t),

(2) Dy, Dyf (t) =Dy f (1)

(105)
n—lA -
- Zh—oc—rﬁk (t> tO) f (tO) .
k=0
Thus,
D§, Dy f (t) = Dy f (1) (106)
is valid if and only if
" (t)=0, k=0,...,n—1. (107)

Proof. Since f(t) € ACY™(€2), by (93) in Property 2 and (71),
(68), we have

m+n—1

DiDE, fB) =D4 | Y Ty (tate) £ (t)
k=0

+7:l—oc+m+n—l (t’ tO) * fvm ' (t)

(108)

m+n—1A -
= Z hk—oc—n (t’ tO)f (tO)
k=0
+ ﬁ—o&m—l (t’ tO) * fvmM (t)
=Dy f(t).

On the other hand, from f(t) € AC{™((), we know that
Dy f(t) € ACy(Q) and thus, we have

m=l k+n
Dg,toD?vlf (t) = Z Mo (t) to) fv (to)

k=0 (109)
+ ’];l—ot+m—l (t’ tO) * fvmM (t) .

Comparing with (108) and (109), we can get that

n-1_ "
Dy, Dy f (6) = D3y f(6) = Y o (t20) £ (t0)
k=0
(110)
which proves the result. O

Property 7. Letae > 0, m = [a] + 1,n € N.If f(t) € ACg(Q),
then

Ig,tngf (t) = Dglg,tof(t)

ne1_ . 1)
- thx—n—k (t’ tO) f (tO) .
k=0

Abstract and Applied Analysis

Proof. Applying Laplace transform to Ig, Dy f(t), we have

Lo 15, D% f O} 2)
= Ly, {Ea—l (t.ty) = Dy f (t)} (2)

= Lys, {1 (1)} (2) Zy,, (DG f (D} (2)

n-1 .
= zi"‘ anv,t(] {f (t)} (z) - Zzn—k—1fv (to)
k=0

1 n—1 1 "
= L, {f}(2) - mev (to)

k=0

= 3v,t0 {ﬁafnfl (t> tO) * f (t)} (Z)

n-1

- ng,to {Eocfnfk (t’ tO)} (Z) ka (tO)

k=0

n—1 "
= gv,to {Dglg,t(]f (t) - Zﬁa—n—k (t’ to) fV (to)]’ (2).
k=0
(112)

Using the uniqueness of the inverse Laplace transform, we
can derive that

n—1 i
I, Dy f (6) = DYIg, f () = Y P (10) 7 (£0)-
k=0
(113)
The proof is finished. O

To present the next property, we use the space of function
Ig, (Ly,,) defined for« > 0 and 1 < p < co by

15, (Lop) = {f: =, 00 el @},  (4)

The composition of the fractional V-integral operator Ig)tu
with the fractional V-differentiation operator Dy, is given by
the following result.

Property8. Leta > 0, m = [a]+1andlet f,,_,(t) = Ie'ft_o"‘f(t).
(DIfl<p<ocoand f(t) € I%‘)to(LV)P), then

Iy, Dy, f(&)=f(t). (115)

Q) If £(t) € Ly,(Q) and f,, ,(t) € ACT(Q), then the

equality

I Dy, f®)=f()- Zﬁoc—k (t.to) Dg,_t]: (t))  (116)
k=1

holds almost everywhere on (), where D%;Z” y(t,) =

lim, _, 17, * y(£).
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Proof. (1) From the definition of I@"to (Ly,p) and (101), it is easy
to obtain the result.

(2) Applying Laplace transform to I,
get

Dg’to f(t), we can

Ly, { VtODV tof(t)} (2)
=Ly, {Ex—l (t,ty) * D@,tof(t)} (2)

= Lo et (b1} () Z,, {D3, f (0} (2)

- zi“ 2Ly, 1f O} (2) - sz g kf t)
k=1

1
= Zu {f O} (2) - Zm v f (o)

k= 1

= ZLys, {f 0} (2)

- Zth { a-k t tO)}(z)Dgtkf(to)

m

=Py, {f(t Y he

k=1

k(1) Dyge f (to)}

(117)

By the uniqueness of Laplace transform, we have

IVtODVtOf(t) f@)- Zhoc K (t:1) DVtof(tO) (118)
O

Property 9. Let fy_p(t) = I@i;ﬁf(t). When 3> a > 0,M =

(Bl + L if f(t) € Ly,(Q) and fy,_4(t) € ACM(Q), then we
have the following equation:

(1) D§, Iy, f(©)=D5 (),

@ I3,Ds, f(H)=D55f (1) (119)

MA ek
- Zhoc—k (t.to) Dy, f (t)-
k=1

Proof. Let m = [a] + 1. According to Property 3 and the
definition of fractional V-derivative, we have

Dg,tol f(t) = Vtﬂ IVtof(t)
_ D IM ﬁ+o<f (t)

= Dy DY Igy Y F 0 120)

Dg/l—mlg)\;f—m)—(ﬁ_‘x)f (t)

=DEIf ().

1
In addition,
I@"%D’é)to f@) =13, Dy'Iy, f(t)
=Dy, Ion P F ()
‘Mfﬁwmk (t.t,) D M (1)
P (121)
=DESf ()
M ok
= Y oy (t,10) D f (£) -
k=1 O

Property 10. Let fy 4(t) = Iéw)t;ﬁf(t) andn-1< a < n,
m-1<pB<m(nmeN).If f(t) € Ly,(Q) and fM,ﬁ(t) €
AC@“"‘(Q), then we have the following equation:

Dy, Dy, f(t) =Dy f(t) - Zh e (620) D5 N f ().

(122)

Proof. According to Property 6 and Property 9, we have

Dy, Dy, f () =Dy, Dy I P f (1)

=Dy Mgt P (t)

M-1

- Z fl—a—M+k (t> tO) DkI
k=0

W (to)

_ Doc+ﬁf (t)

M-1

- Zﬁ—a—Mﬂc (t.to) D Dy, M+Bf (to)

k=0
=Dy f () - Zh ko (620) D5V f (1)

(123)
O

From Property 10, we derive the following result in [1]
when T = R.

Corollary 45 (see [1]). Leta > 0and 3 > 0 besuch thatn—1 <
a<nm-1<pB<mmmeN)anda+ ff < n, and let
f € Ly(a,b) and f,,_, € AC"(la,b]). Then, there is the fol-
lowing index rule:

(D%, D5, f)(x) = (DS f) (x)

m (X a)]a
— Dﬁ]
jzzl( )T r(1-j-a)

(124)
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It follows from Property 10, for fractional sum and differ-
ence, that there is also the following theorem in [8].

Corollary 46 (see [8]). Let p > 0, M = [p] + 1. Then

WV VEf )]=,, V25 f ()

S vt - )

(125)

5. Cauchy-Type Problem with
Riemann-Liouville Fractional Derivative

In this section, we consider Cauchy-type problem with
Riemann-Liouville fractional nabla derivative

((X>0),

Dy, y(t)=f(ty(®) (126)

(k=1,...,m), (127)

Vt )’(to)

wherem = [a] + 1 fora ¢ Nand « = m for « € N, and the
notation Dg;’(" y(t,) means that if t,, is right-dense, then

Dy, Ky (t) = hmDVt y@t) (Q<k<m-1),

(a#m), (128)

D'y () = lim Iy, "y ()

(a=m),

DOV,toy(tO) = y(to)

if t,, is right-scatter, then DY, y(to)

We discuss this Cauchy type problem in the space L5 (Q)
defined for a > 0 by

LS (Q) = {y € Ly (Q) : D§, € Ly (Q)}. (129)

Here, Ly(Q) := Ly ,(Q) is the space of V-Lebesgue summable
functions in a finite interval Q.

In particular, if « = m € N, then the problem in (126) and
(127) is reduced to the usual Cauchy problem for the ordinary
differential equation of order m € N on the following time
scales:

YWt = flLy®),

m—k
)’V (to) = b

(130)
(k=1,...,m).

In the following, we prove that Cauchy-type problem and
the nonlinear Volterra integral equation are equivalent in the
sense that, if y(¢) € Ly((Q) satisfies one of these relations, then
it also satisfies the other.

Abstract and Applied Analysis

Theorem 47. Let o > 0, m = —[—a], ty,t € Q. Let G be an
open set in R and let f: O x G — R be a function such that
f(t,y) € Ly(Q) forany y € G. If y(t) € Ly(Q), then Cauchy-
type problem (126) and (127) is equivalent of the following
equation:

Y = Y hoi (B10) b
i (131)

t | R p@) 1 (my @) Ve

Proof. First we prove the necessity. Let y(t) € Ly(Q) satisfy
a.e. the relations (126) and (127). Since f(t,y) € Ly(Q),
(126) means that there exists a.e. on Q) the fractional nabla
derivative D%)to y(t) € Ly(Q). According to

Dg’toy t) = DrV”Igf;O“y ®,
(132)

(m=-[-al), I, y®=y@,

we have Igf;]“y(t) € ACJ(Q). Thus, we apply I%‘)to to both
sides of (126) and, in accordance with (116), we have

IVtODV toy(t) y () - Zh(x k(1) Dvr )’(to)
i (133)

- L Tt (6,9 (D) f (1, y () V.

Thus,

=
=
1]
Mz
=)

L (Bt) b+ jt Fot (£:p(D) f (1, y (1) V.
(134)

kol
I
—_

Now, we prove the sufficiency. Let y(t) € Ly(Q) satisty a.e.
(131). Applying the operator D%,to to both sides of (131), we
have

m
D,y (1) = Y DY ek (t:0) b+ DG, I, f (17 (1))
k=1

(135)

From here, in accordance with the formula (85) and (101), we
arrive at (131).
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Now, we show that the relations in (127) also hold. For
this, applying the operators Dg)‘tls(k =1,...,m) to both sides
of (131) and using (83) and (103), we have

Vt y(t) = ZDgtkhtx ](t to)b +D“ kIVtof(t y(t))
k -
= ZD@;U By (t,10) b;

m
+ Y DY h (1) by

j=k+1

+D§ 15, f (65 (1)

k

= Yl (t.t0) b+ 0+ Iy, f(t,y (1)

j=1

>~

= hi_ (,10) by

1

<.
Il

# [ B (6P 0) £ (0 y () Ve

to

(136)

Thus, we obtain the relations in (127). O

In the following, we establish the existence of a unique
solution to the Cauchy-type problem (126)-(127) in the space
L5(Q) defined in (129) under the conditions of Theorem 47,
and an additional Lipschitzian-type condition on f(t, y) with
respect to the second variable, forallt € Qand forall y;, y, €
GcCcR,

[f (& 31) = £ (

where A > 0 does not depend on ¢t € Q. we will derive a
unique solution to the Cauchy-problem (126)-(127).

L) <Aly -yl (A>0, (137)

Theorem 48. Leta > 0, m = —[—a]. Let G be an open set in R
andlet f: Q x G — R be a function such that f(t,y) €
Ly(Q) for any y € G. Let f(t, y) satisfy the Lipschitzian con-
dition (137) and maxyeG)t)SGQ{If(t, J2IB Ifza,l(t, I} < M.
Then, there exists a unique solution y(t) to the Cauchy-type
problem (126)-(127) in the space LG ().

Proof. Since the Cauchy-type problem (126)-(127) and the

nonlinear Volterra integral equation (131) are equivalent, we

only need to prove there exists a unique solution to (131).
We define function sequences as follows:

Y @)=y, @)

+Jt hy (tp @) f Ty, )VT (1=1,2,...),

(138)

13
where
Yo () = kif’a—k (t.ty) by (139)
=1
We obtain by induction
Iy () =y (0)] < M AT Ry (1,8). (140)

In fact, for I = 1, since max,, coll f(t, Y, [y (9]} <
M, we have

t —~
31 (8) = 30 (8)] < j acs (& p )| 1f (.32 ()] V7

<M’ Jt VT = MR, (t,t,).
) (141)
If
Vs () = v (0)] < MPATP R (8,8,). (142)
Then,

GES/=0]

<A J [t (£ p @)] ly121 (@) = 31, (@] VT

t
< AMJ M AR | (1,t,) VT (143)

ty

t —~
=M A J h_, (1.t,) VT

ty
= Ml+1Al_1‘l’;l (t, tO) .

Thus, from Lemma 9, we have

PIPZIORSTRYG]
=1

8

< Y MITAT R (1,1,)
J

1

<
8

= =Y M/ Ak, (t,t,)

j=1

=

(144)

<
g

= —ZMfAjhj (o(t),t,)

Jj=1

B

M]A] (U (t) tO)]
1 J!

(o(t) ~to)
!

In
[
T3

JAJ

A
> [
TM8
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By Weierstrass discriminance, we obtain y,(t) convergent
uniformly. Let y(t) = lim;_, (), then y(¢) is a solution of
(131). Next, we will show the uniqueness. Assume that z(t) is
another solution to (131), that is,

t o~
=00+ | Fuy (p@) f(mz@)Vr. 9

max
yEG,t,s€Q)

{If (&9 ho (69} < M,
|)/0 (t) -z (t)| S J; "]:locfl (t’ P (T))| |f (1,2 (T))l %3 (146)

t —~
< M? J V1 = M*h, (t,t,).

to

If
yir () =2 ()] < M ARy (1,), (147)
then

Ly () -z (1)

= L |Efx—1 (t.p (T))l If (Ty (0~ f(r,2 (T)))l \%3
< MA L lyi1 (1) = 2 (7)| VT

t
< MAJ M AT R (1,1,) VT

ty

t —~
= M2A L hy (1,t,) VT

0

= M2 AT, (18).

(148)
By mathematical induction, we have
(1) -z (6)] < M Ay, (1), (149)
and then, from Lemma 9, we get that
Z [y () =z (1)]
1=0
M & =~
< =Y (MAY Ty (1)
A
(150)

- %Z(MA)l”hm (0 (1).ty)
1=0

(O' (t) _ t0)1+1

M N I+1
= X;(MA) I+ 1)

Thus, lim; _, ., y,(t) = z(t), and then get z(t) = y(t) owing
to the uniqueness of the limit. To complete the proof of
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Theorem 48, we must show that such a unique solution y(t) €
Ly(Q) belongs to the space LG (Q). In accordance with (129),
it is sufficient to prove that Dg’to y(t) € Ly(Q). By the above
proof, the solution y(t) € Ly(Q) is a limit of the sequence
V(1) € Ly(Q) as follows

Jim |y, ) -y ®)] =o. (151)
By (126) and (137), we have
D%, ym ) =D, y @) = £ (& y) = £ (&, 9)]
(152)
<Aly,®-y@).
Thus, by (151), we get
Jim DS,y () - DG,y 0] = 0, (153)

and hence Dg’to y(t) € Ly(Q). This completes the proof of
Theorem 48. 0

Next, we consider the generalized Cauchy-type problem
as follows:

D§,y(®) = f(ty®,Dy, y(®),....DF, y(®))

O0=0ay<a < <<a), (154)

Dg,_t{:y(to) =b(k=1,....mm=—[-a]).

Theorem 49. Let f : O x G — R be a function such that
f v, ) € Ly(Q) forany (v, yy,..., ) € G If y(t) €
Ly(Q), then y(t) satisfies a.e. the relations (154) if and only if
satisfies a.e. the integral equation as follows

y ()= Z;‘oﬁk (t.10) b
k=1

v j Tt (6,9 () 2

x f (T,y (T),Dgttoy (1),... ,D?)tgy (‘r)) V.

Assume that f satisfies generalized Lipschitzian condi-
tion as follows:

lf &yyiecsy) = f(Bz2..0,7))

l

Z|yj‘zj|] (4>0).

(156)
<A

=1

According to the theorem above and by a similar proof of
Theorem 48, we have the following theorem

Theorem 50. Let the condition of Theorem 49 be valid and let
f(t, ¥, y1,..., y) satisfy the Lipschitzian condition (156) and
max e seall f(6 Y, v )L he(t,8)) < M. Then there
exists a unique solution y(t) to be the generalized Cauchy-type
problem in the space LG ().
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6. The Dependency of the Solution

upon the Initial Value

We consider fractional differential initial value problem
(126)-(127) again as follows

Dy, y(®) = f(ty(®),

Dg,_tfy(to) =b(k=1,....,m=~[-«a]),

where « > 0.
Using Theorem 47, we have

t

YO =y (0 + j Bt (bp(@) f(5y @)V, (158)

0

where

Yo (t) = Zﬁa—k (t.to) b

k=1

(159)

Suppose that z(¢) is the solution to the initial value problem
as follows

DG,y (&) = f(ty®),

k (160)
Dy, y(t)=q (k=1....m=-[-a]).

We denote || y(t)|| := max,cq, y(t). We can derive the depend-
ency of the solution upon the initial value.

Theorem 51. Let ty,t,s € Oy, |h,_,(t,s)| < M and suppose f
satisfy the Lipschitz condition, that is,

lf(t.2)-f(t,y)|<Alz-y| (A>0). (16))

Then, we have

© (o) -t,)
|20 -y )] < |20 = yof Y M7 A7 ! )]'! k ’

j=0

(162)

Proof. By the proof of Theorem 48, we know that y(t) =
lim,, , o ¥,,(t), z(t) = lim,, _, . 2,,(t), where

Yo (1) = Zﬁx—k (t.to) b

k=1

Vo () = ¥ (£) + L oy (tp (D) £ (T2 Yy (@) VT,
’ (163)

zy () = Zﬁtx—k (t.to) G
k=1

t -~
2 (1) = 20 (1) + j Bt (6,0 (D) (1,201 (1) V.

15

Using the Lipschitz condition, we have
|20 (£) = 31 )]

= "Zo - )’0”

[ o (@)1 (r20 () = £ (730 )] V7
<leo = ol + 2 [ Al ol Ve

t
=z = ol + MAJzo = 3l | V7
0

= |12 = yol + MA |2y - yo| fll (t:tp)

= |lzo = ¥ (1 + MAh, (t, fo))-
(164)

Suppose that

|zm—1 () = Y (t)l
! .A (165)
<20 = yoll Y. (MAY R, (t,,).
j=0
Then,
|2 (£) = 3 (1))

<z = ol
t o~
[ s (p OIS (7201 @) = f (5 30s @)V
< |lzo = yol

t
+M Jt Alzy_y (1) = Yy ()] VT

< |20 = |
t m—1 %
+M L Alzy - yo| Y. (MAY R, (7,t,) V1
0 =0
= “zo - )’0"
m—1 ot
+ MAz, — y| Y (MAY L By (1,1,) V1
J=0 0
= Ilzo - )’o"
m—1 .
+ MA |z - yo| Y. (MAY Ry, (t:1)
j=0

= lzo = ol %(MA)J’EJ- (,t,).
=
(166)
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According to mathematical induction, we have

2, (£) = ¥ (O] < |20 = y5 Z(MA)jﬁj (tto).  (167)
=0
Taking the limit m — oo and from Lemma 9, we obtain that

lz(t) - y (1)] < |20 - 3ol Y. (MAYR; (t.t,)

Jj=0

= |20 - ol ZO<MA>f'h,~ (0 (t).to)
Z

(168)

(o]
< llzo = yoll Y (MAY
j=0
As a special case, when fractional equation is linear, we
can obtain its explicit solutions and we will explain it in the
next section.

(o) - to)j
J! .

7. Homogeneous Equations with
Constant Coefficients

In this section, we apply the Laplace transform method to
derive the fundamental system of solutions to homogeneous
equations of the following form:

YAy [D?jtoy(t)] + A,y ()=0
Pt (169)
(t>tymeN;0<ay <+ <ay,),

with the Riemann-Liouville fractional derivatives Dg"to y(k =

1,...,m).Here, Ay € R(k =0,...,m)are real constants, and,
generally speaking, we can take A,, = 1.

The Laplace transform method is based on the relation
(75) which is equivalent to the following one:

Lo D%, f O} (@) = 2°Zy, {f ©)} (2)

l
-YdzZ'(I-1<a<lleN),

=1
(170)
d;=Dy/f(t) (j=1....0). (171)
First, we derive explicit solutions to (169) with m = 1 as
follows:
Dy, y(®)=Ay(t) =0
(172)

(t>tpl-1<a<hleN;AeR).

In order to prove our result, we also need the following
definition and lemma.

Definition 52. The function W, (¢) is defined by

W, (1) =det((Dyly) ), (1=lal+1,teQ).

(173)

1
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Lemma 53. The solutions y,(t), y,(t),..., y,(t) are linearly
independent if and only if W, (t*) # 0 at some point t* € Q.

Proof. We first prove sufficiency. If, to the contrary, y;(£)(j =
1,2,...,n) are linearly dependent in €, then there exists n
constants {cj};.‘:p not all zero, such that,

G

(D) 0) | 2

Cn

0 (174)

holds, and thus, W, (t) = 0 which leads to a contradiction.
Therefore, if W, (t*)#0 at some point t* € (, then
Y1), y,(t), ..., y,(t) arelinearly independent. Now, we prove
necessity. Suppose, to the contrary, for t € Q, W,(t) = 0.
Consider the following equations:

((D5y,) (), .C =0, (175)

G

wheret* ¢ Q,C=( 2 ) As W_(t") = 0, the equations has

CVI
nontrivial solution ¢; (j = 1,2,...,n). Now we construct a
function using these constants:

JIOEDYSAGR (176)
j=1

and we get that y(t) is a solution. From (175), we obtain that
y(t) satisfies the following initial value condition:

(DS fy () =0, k=1,...,n. (177)

However, y(t) = 0 is also a solution to equation satisfying the
initial value condition. By the uniqueness of solution, we have

Yy =0, (178)
=1

and thus, y;(t) (j = 1,2,...,n) are linearly dependant which
leads to a contradiction. Thus, if the solutions y, (£), y,(f), ...,
¥, (t) are linearly independent, then W_(¢*) # 0 at some point
t* e Q. O

There holds the following statements.

Theorem54. Letl-1 < a <I(l € N)and A € R. Then, the fol-
lowing functions:

y;(t) = vFoai1-j (st 1)

o ‘ 179)
= Z/\ hkotﬂx—j (t’tO) (] = 1""’1)

k=0
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yield the fundamental system of solutions to (172). Moreover,

yit), j=1,2,..., L satisfy
Dy Yy (k) =0 (kj=1,....Lk#]),
(180)
DS Ey(t) =1 (k=1,....1).

Proof. Applying the Laplace transform to (172) and taking
(170) into account, we have

j-1

1
Zosy YO} (@) = Y d, (181)
j=1

where dj (j=1,...,1) are given by (171).
Formula (79) with f = a + 1 — j yields

(182)

j-1
Ly {vFaare; Bt t0)} (2) = —— (1M < 121%).
Thus, from (181), we derive the followmg solution to (172) as
follows:

()= Zd]yj (), 7; () = (Btto),  (183)

txoc+1 —-j

which shows that an arbitrary solution y(t) can be repre-
sented by y;(t), j = 1,...,L It is easily verified that the
functions yj(t) are solutions to (172) as follows:

DVto [ Focot+1—j (A;t’tO)]

- AVFococ+1 —-j (/\ t, tO) (] =1L. l)

(184)

In fact,

Dg,to [ VFoc,a+1—j (A) t, to)]

= Dg,to [ZAkEkaJrocj (t’ tO):|

k=0

=Dy, [fza J(Ete) + D N o (8, to):|

k=1

= Dgto o—j t tO Z)‘ hkoc ](t tO) (185)

[ee)
=0+ Z)‘kﬂh(kﬂ)afj (t.t5)
k=0

= /\ZAkﬁkawﬁj (t’ tO)
k=0
= AyFyai-j (Bitsto) .

Moreover,

Dg,_t];)’j (t) =

Dg_tloc [ZASESO(+OL—j (t’ to)]
s=0

(186)

Mg

)‘Sﬁsvﬁkfj (t’ tO) .

s=0

17
It follows from (186) that
DS fyi(t) =0 (kj=1,....Lk>j),
(187)
Dy, Ky ty) =1 (k=1,...,1).
If k < j, then
a—k
Dy, v (t)
= Dg,_t};floc—j (tto) + Z/\Silsuﬁk—j (t. 1)
s=1
m—k m a7
= DV tU h t tO ZA hsoc+k j (t tO) (188)
= ng,;kflm—; (t’ to) + Z/\s+1flsa+a+k—j (t> t())
s=0
[ee] 1=
= ZAH hsa+0¢+k—j (t’ tO) >
s=0
andsincea+k—j>a+1-1>0foranyk,j=1,...,1, the
following relations hold:
Vty](to) 0 (kj=1,....Lk<j). (189)
By (187) and (189), W, (t,) = 1. Then, y;(t), j = 1,...,I which

are linearly independent yield the fundamental system of
solutions to (172). O

Corollary 55. The following equation:

Dy, y(®)-Ay®) =0 (t>ty 0<a<L;AeR) (190)

has its solution given by
y(t) = ¢F,, (Lt ), (191)

while the equation

=0 (t>tpl<a<2AeR)

DS, y (1) - Ay (t) (192)

has the fundamental system of solutions given by

Fot,oc—l (A’ t, tO) .
(193)

y1(8) = ¢F,, (Lt ty),

yz(t) = v

Next, we derive the explicit solutions to (169) with m = 2
of the following form:

Dg,toy (t) - ADé,to)’ (t) -

(t>tpl-1<a<lbleN;0<fB<a),

py () =0
(194)

with A,y € R.



18

Theorem 56. Letl-1 <a<I(IeN),0< B <aand,pcR.
Then, the following functions:

t) = ” o (Astoty)
y]( ) = aAk VF(X -Ba+kp+1-j >0 50 (195)

yield the fundamental system of solutions to (194), provided
that the series in (195) is convergent. Moreover, ifax + 1 —1 >
B >1-1, then, yj(t), j=1,2,...,1 in (195) satisfy (180).

Proof. Letm -1 < 3 < m(m < I;m € N). Applying the
Laplace transform to (194) and using (170) as in (181), we
obtain

j—l

Loy O} (2) = Zd,a—‘u

2P (196)

where d; = Dy y(ty) = ADy, y(ty) (j =
Dy y(ty) (j=m+1,...,0).

Forz € C and Ig,tzflg/(z"‘f‘6 —A)| < 1, we have

., m), dj =

1 _zF 1
AP - 2P 1-(uzP/(z%F - 1))

oo ”k L BKB

k=0 (2P - A)kﬂ ,

(197)

and hence (196) has the following representation:

LI 1-Bk

Zyy, Iy 0} (2) = Zd ZM T)L)k”

j=1 k=0

(198)

By (81), for z € C and IAzP~¥| < 1, we have

1Bk
(Z(X*,B _ A)k+1
z((x—ﬁ)—(oc+kﬁ+1—j)

= (199)
(Z‘x_ﬁ _ /\)kﬂ

1 o
= k—z i VEa-parkpri- L (tte) ().

From (198) and (199), we derive the solution to (194) as
follows

1
y () =Ydy; 1), (200)
=1

Abstract and Applied Analysis

which shows that an arbitrary solution y(t) can be repre-
sented by yj(t),j = 1,...,1, where yj(t) (j = L,...,]) are
given by (195). For g, j = 1,..., 1, the direct evaluation yields

Dy1y; ()

u o
Vtoz k! aAk vFo Bro+kp+1-j (A; t, tO)

(201)

k
ue o 7
Z k' Ak Vto Z/\ s(a—p)+a+kp—j (t tO)

[,l ak 0 -
- Z kl aAk ZA hs(oc—ﬁ)+kﬁ+q_j (t, to).

For g > j, Dg;zyj(to) = 0,and forq = j, Dg;?yj(to) =1
Thus, we have W, (,) = 1. It follows from Lemma 53 that the
functions yj(t), j = 1,2,...,1in (195) are linearly indepen-
dent solutions, and then they yield the fundamental system
of solutions to (194). Furthermore, if g < j, then we rewrite
(201) as follows:

Dy,ly; (t) = DG Thy_; (t.to)

+ D N pyag-j (B10)
s=1
k

00 k
ZM o -
+ & k' aAk hkﬁ+q—j (t’ t())

a [ee)
eIl

(@-P+kpra-j (b 10)

7[\/]8
»r:

(202)
= stﬁs(cx—ﬁ)m,j (t,t,)
s=1
" gk_a;tkhkmq i (1)
00 [4 a oo)L E (t t )
+k§1k_W; sla=p)+kp+q-j\"> "0/
Ifoa+1-1>B>1-1,thens(a—P)+q—j = (a—=B)+1-1 >0

fork=0,9j=1,....I, se N, andkB+q-j=p+1-1>
0fors =0,qj = 1,...,1, k € N*. Besides, we also have
ska-P)+kf+q-j= (@a-P+p+1-1 =a+1-1>0
forg,j=1,...,1, s,k € N". These imply that DVt y(tg) = 0.
Thus, the relat1ons in (180) are valid. The proofis ﬁn1shed. O

Corollary 57. The following equation form:

Dy, y(t) - ADI;JO y() =0

(203)
(t>tpl-1<a<hleN;0<B<a)
has its fundamental system of solution given by
Vi) = yFo g Mitte) (j=1...0).  (204)
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Finally, we find the fundamental system of solutions to
(169) with any m € N\ {1, 2}. It is convenient to rewrite (169)
in the form

m-2

DS,y (®) =ADG, y ()= Y ADG: y(®) =0
k=0

(t>t0;m€ N\ {1,2}; (205)

O=ay <oy < <, ,<B<a

MAg..s A, €R).

Theorem 58. Letm € N\{1,2}, I-1 <a <[ (I ¢ N)and let 3
and ay,..., 0, , besuchthata > B>, 5 >+ >a > =

0, and let A, A, ..., A,,_, € R. Then, the following functions:

; (£)

- Z < Z > k! -
n=0 \ kg+-+k,, ,=n m*

1

I\)

m—

v:O

“ oy Ve parioi g e, Mbto) - (F=1.000)
(206)

yield the fundamental system of solutions to (205), provided
that the series in (206) are convergent. The inner sum is taken
overallky,...,k,,_, € Ny such thatky+---+k,,_, = n. More-
over,ifa+1-1>f>a, ,+1-1,then y,(t), j=1,2,...,1,
in (206) satisfy (180).

Proof. Letl, -1 <<l L -1<a <L (k=1,...,m-2;
0<l <--- <1, <I). Applying the Laplace transform to
(205) and using (170) as in (196), we obtain

2!
< t d; ,
v, Y O} (2) = Z AR A (207)
where
d; = D@}ﬁy (to) - /\Dg,_ti)’ (to)
- ZAkD‘;kt ])’ (t) (=1....0),
dj = D@}ﬁ)’ (to) - /\ngti)’ (to)
m—2
S ADETy(t) (=l + L),
k=2
dj = D%}iy (t) - /\Dv,f )’(to) (=lmatLoly)

d;=Dgy(ty) (j=lpy+1....0).

19

Here, YimAr = 0m > mn). For z € C and

| Sl Az P1(z*F — 1) < 1, we have

1
— AP Y Ayt

zP ) 1
zeP ) (1 - ( Z:OZ Az Bl (z0B - /\)))

(o)

:r;)(za_‘g 1 "+1<ZA Z% ﬁ)

- n

m=2 2 B-E (Box)
x (A,)" S —
]}j Z“iﬁ _ A)}’H-l
(209)
if we also take into account the following relation:
(X + -+ Xpa)”
Z 1_[ . (210)
= X7,
kot tk,,_=n k t k”" 2' v=0 ’
where the summation is taken over all k, . .., k,,,_, € N, such
thatky +---+k,,_, =n.

In addition, for z € C and Mz[; | < 1, we have

2 1B-X (B-a )k,
(Za_'B _ A)n+1
2@ B 1-jr T (Ba)k,)

(Z“iﬁ _ A)rﬁ-l

1 o
= v {W vFa parijegnip-a, (B t°)} ).
(211)

From (207), (209), and (211), we derive the solution to (205),

1
y () =Ydy; 1), (212)
j=1
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which shows that arbitrary solution y(¢) can be expressed by
yi(®), j = 1,...,1, where y;(t) (j = 1,...,]) are given by
(206). For g, j = 1,..., 1, the direct evaluation yields

Dg,_t?yj ()

Sy o
g
A \ kiR yon ) Kot Ko

m—2

=0

a?l
X VE e Bt 1o T2 (B-at ), (it.to) }

170 \ ks yon ) Kot Ko

an a-q (e8] o
X {a/\n Dy, [ZA Ry pyracjr 52 (B-ayk, (B t0)

s=0

y _
720 \ kbt pon ) Kot Ko

n o
X {B/\" 0/\ hs("“ﬁ)*'xi}z(ﬂ—av)kﬁq—j (t, to)} .
s=
(213)

For g > j, Dg}oqyj(to) = 0, and for q = j, Dg}Zyj(to) = L
Thus, we have W, (t,) = 1. It follows from Lemma 53 that the
functions y;(t), j = 1,2,...,1 in (206) are linearly indepen-
dent solutions and then they yield the fundamental system
of solutions to (205). Furthermore, if g < j, then we rewrite
(213) as follows:

Vt y](t)

= Dg;zﬁa—j (t.to)

D NPy s512pma g (B Fo)
s=1

N\ 1
+ —

0" ~
thzzz(ﬁ—ocv)kﬁq— j (t.to)

=
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s 1
+ —_—
Z <k0+~-§m2=n> kol -+ Kot

n=1

m—2

i)

19
e

X

<2

LMS

AR g5 2@-ci,rg-j (b to)}

7]

(o)

Z)‘ E s(a—p)+q- ](t tO)

s=1
Y )
1 \ kgt tky,p=n ko! e km—Z!

+
18

n

m2
g v:o a/\" Z"o pt )t 2q-j (o)
[
202

n=1 \ ko+-+k,,_,=n

m-2 k

e [T(a)"

0- m—2 =0

7 00
g { o Zfshswﬁnz:i? (-a kg (& t°)} '

(214)
fa+1-1>p>a,,+]l-1thens(a-fB)+qg—-j =
(@a-pB)+1-1>0forn=0,q9j=1....I, s € N',and
YrIB-a)k, tq-jzf-a+1-12B-a, ,+1-1>0
fors=0,q,j=1,...,1, n € N. Besides, we also have s(a —
/3)+ZZ'LBZ(/3—%)’<V+Q—J'2 @-P+B-o+1-12
-B+B-a, 2 1-1 >0forg,j=1,...,1, s,n e N".
These imply that DVt yJ(tO) = 0. Thus the relations in (180)
are valid. The result follows. O

8. Nonhomogeneous Equations with
Constant Coefficients

In above section, we applied the Laplace transform method to
derive explicit solutions to the homogeneous equations (169)
with the Riemann-Liouville fractional derivatives. Here, we
use this approach to find particular solutions to the corre-
sponding nonhomogeneous equations as follows:

Y ADY, y () + Agy () = £ (£)
k=1 (215)
(t>ty; O<oy <---

withreal A, e R (k=0,...,m).
By (170) and (171), for suitable functions y, the Laplace
transform of Dg)to y is given by

Lo {05,y O} () =22y, {y 0} (2)

<a,;meN),

(216)



Abstract and Applied Analysis

Applying the Laplace transform to (215) and taking (216) into
account, we have

m
Ag+ Y Apz™
k=1

Lys, v O} @) = Loy {f O} (2).
(217)

Using the inverse Laplace transform 5/’;’1% from here we
obtain a particular solution to (215) in the following form:

L [ L 0}
R P e (G
y o Vol Ag+ L, Agz® ®
Using the Laplace convolution formula
Ly (f # 9} (@) = Loy ([} (@) Lyg {9} @), (219)

we can introduce the Laplace fractional analog of the Green
function as follows:

e NS
GO‘] ::: Xy (t) - gv’to {Pocl ,,,,, Xy (Z) } (t) ,
(220)

.....

(221)

.....

Generally speaking, we can consider (215) with A, = 1. First,
we derive a particular solution to (215) with m = 1 in the fol-
lowing form:

Dy, y(O)-Ayt)=f(t) (t>tsa>0).  (222)

Theorem 59. Letx > 0, A € R. Then, (222) is solvable, and its
particular solution has the following form:
Y () = gFoq (Astito) % f (8). (223)

Proof. Equation (222) is (215) withm = 1, = o, A = 1,
A, = -\ and (220) takes the following form:

1
z¥ - A

G (0 = 73}, | }(t) = GF, (htty).  (224)

.....

proved. O

Next, we derive a particular solution to (215) with m = 2
of the following form:

Dy, y(t) - AD§, y(t) - py (t) = f (t)

(t>tya>p>0).

225)
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Theorem 60. Letox > 3> 0, A, u € R. Then, (225) is solvable,
and its particular solution has the following form:

Y () =Gapay (B) = f (1), (226)
oo  k Ak
0
Gappp =Y % 3 Faparg Bbte)s  (227)
k=0"""

provided that the series in (227) is convergent.

Proof. Equation (225) is the same as (215) withm = 2, a, = «,
a =BA,=1,A,=-A A, = —u, and (220) is given by

- 1
g )= 753 | O

According to (197) for z € C and I‘uz_ﬁ /%P = )| < Lwe
have

(228)

o) —p-np
- z
Gopan ) =25 { W—————— }(t). (229)
Bidou Vito nZé (Z“_ﬁ _ /\) +1

In addition, for z € C and [Az¥*| < 1, we have
PP 1

"
(Zafﬁ _ /‘)n+1 = Eyv’to {W VFa—ﬁ,a+nﬁ (/X, t, to)} (z) )

(230)
and hence (229) takes the following form:
B o0 ‘un an )L
Gy () = ,;EW VFo paingstite) . (231)

.....

G papu(t).

Finally, we find a particular solution to (215) with any m €
N\ {1, 2}. It is convenient to rewrite (215), just as (205) in the
following form:

m—2

Dy, ()= ADg, y(t) = Y ADE, y(t) = Agy (t) = £ (t)
= (t>t,)
(232)

withm € N\ {1,2}, 0 < o) < ---
MAg . A, € R

<a,, < B <aand

Theorem 61. Letm € N\ {1,2}, 0 =oap < o <-+- <y <
B <aand let A, Ay,...,A,,_, € R. Then, (232) is solvable,
and its particular solution has the following form:

y(0)=Goy, g () * f(8), (233)
Ga,,.o, 5 paash ()
Ol (Pt 11 8
n=0 \ ko+-+k,,_,=n kol -+ Ky ! V=0 Y (234)

71

X S VFacparyrp-a, Aibt),
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provided that the series (234) is convergent. The inner sum is
taken over all k, ..., k,,_, such thatky + - - - + k,,,_, = n.

Proof. Equation (232) is the same equation as (215) with «,,, =
a o, =pA,=1..,4A,=-A and with —A instead

>4im—-1 T
of A fork =0,...,m — 2. Since oy = 0, (220) takes the fol-
lowing form:

~ 1
G NOEE~ { - }(t)
O 5eesOpy 53506 V,to 20 )tOCﬁ _ ZZ[:OZ Akz"‘k

(235)

Forz € Cand | ZZ:OZ A kz"‘k_/3 /(z%P - ))| < 1, in accordance
with (209), we have

.....

= g;,ltg Z (

n=0

n!
Z )kol---kmz!

kot+-+k,, ,=n

(236)

(t).

v=0

[m—z ] 2 BT (B-ak,
X

[],)" v

For z € C and |AzF%| < 1, we have

2 B2 (B )k,
(Za_‘g _ A)M—l

1 ik
= %, {W vFapassi o, (A6 fo)} (2).
(237)

The proof is finished. O

As in the case of ordinary differential equations, a general
solution to the nonhomogeneous equation (215) is a sum of
a particular solution to this equation and of the general solu-
tion to the corresponding homogeneous equation (169).
Therefore, the results established in this section and in the
previous section can be used to derive general solutions to the
nonhomogeneous equation (222), (225), and (232). The fol-
lowing statements can thus be derived from Theorems 54, 59,
56, 60, 58, and 61, respectively.

Theorem 62. Letl—1 < o < I(I € N), A € R. Then, (225) is
solvable, and its general solution is given by

1
y(t) = ch VFanrj Bstite) + gFo (hitsto) * f (1),
j=1

(238)

wherec; (j =1,...,1) are arbitrary real constants.
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Theorem 63. Let [ -1 < a <I(l e N),0 < S <, A,y €
R. Then, (225) is solvable, and its general solution has the
following form:

1 00 N n
U o
y ()= ZCJZ;% VFa—ﬁ,oc+nﬁ+1—j (/\; t, tO)

j=1 n=0 (239)

+ Gtx,ﬁ;)»,y () * f (®),

where Ga’ﬁ,,\)#(t) is given by (227) and ¢ (j = 1,...,1) are
arbitrary real constants.

Theorem 64. Letm e N\ {1,2}, -1 <a <1 (I € N) and let
Band oy, e, ..., a, , besuchthatoa > >, 5 > > >
ay=0anda—-1+1> BandletA,Ay,...,A,,_, € R. Then,
(232) is solvable, and its general solution is given by

1 00
1
yo-3e ( ) N
j; Jn:O k0+~-§m,2:n ko' e k'”*ZI

[1ea.)"

an
X S Ve pariojrripak, (A6t

X

(240)

+ Gal,.‘.,am,z,ﬂ,a;k (t) * f (t) >

where Gy, | o pan(t) is given by (234) and ¢; (j = 1,...,1)
are arbitrary real constants.
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