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Some new nonlinear weakly singular difference inequalities are discussed, which generalize some known weakly singular
inequalities and can be used in the analysis of nonlinear Volterra-type difference equations with weakly singular kernel. An
application to the upper bound of solutions of a nonlinear difference equation is also presented.

1. Introduction

The discrete version of the well-known Gronwall-Bellman
inequality is an important tool in the development of the
theory of difference equations as well as the analysis of the
numerical schemes of differential equations. A great deal of
interest has been given to these inequalities, and many results
on their generalizations have been found; for example, see [1-
4]. Among them, one of the fundamental cases is Pachpatte’s
result [3] for the difference inequality:
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In particular, due to the study of the behavior and
numerical solutions for the singular integral equations, some
discrete weakly singular integral inequalities also have drawn
more and more attention [5-7]. Dixon and McKee [8]
investigated the convergence of discretization methods for
the Volterra integral and integrodifferential equations, by
using the following inequality:
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n>0, Nh=T.

Henry [9] presented a linear integral inequality with
weakly kernel:

x(t)<a()+ Jt t — )P b (s) x (s) ds (3)
0

to investigate some qualitative properties for a parabolic
equation. The corresponding discrete version was discussed
by Slodicka [10]. But he studied the case 7, = 7, that is, the
case of constant differences. Furthermore, the first formula-
tion of the inequality with a nonlinearity and 7, nonconstant
was studied in [6], in which the general nonlinear discrete
case as follows:

n-1
Xy < a, + Z(tn - tk)ﬁilkak(U (xk) (4)
k=0

was considered. However, his results are based on the
so-called “(q) condition™ (1) w satisfies e ¥[w(u)]? <
R(Hw(e *)ul; (2) there exists ¢ > 0 such that a,e ™ < c.
Recently, a new nonlinear difference inequality:

n-1
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k=0

was discussed by Yang et al. [11]. For other new weakly
singular inequalities, lots of work can be found, for example,
in [12-22] and references therein.



In this paper, we investigate the new nonlinear weakly
singular inequality:

n-1

X, < @, + Z(tn ~ 1) b (), (6)
k=0

where 0 < B < 1ty = 0, T = f — b SUPeenTk = T>
and lim, _, . t; = oo. Compared to the existing result, our
result does not need the so-called “(q) condition” proposed
in [6] and can be used to obtain pointwise explicit bounds
on solutions for a class of more general weakly singular
inequalities of Volterra type. Finally, we also present an
application to Volterra-type difference equation with weakly
singular kernel.

2. Preliminaries

Let R be the set of real numbers, R, = (0,00), and N =
{0,1,2,...}. C(X,Y) denotes the collection of continuous
functions from the set X to the set Y. As usual, the empty
sum is taken to be 0.

Lemma 1 (Discrete Jensen inequality, [11]). Let A}, A,,...,
A, be nonnegative real numbers, and let r > 1 be a real
number. Then,

(Ay+Ay++A) <n (A + A+ +AT). (7)
Lemma 2 (Discrete Holder inequality, [11]). Let a,,b, (i =

1,2,...,n) be nonnegative real numbers, and let p, q be
positive numbers such that (1/p)+(1/q) = 1 (or p = 1,4 = 00).

Then,
n n Up sy 1/q
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Furthermore, take p = q = 2; then, one gets the discrete
Cauchy-Schwarz inequality.

Lemma 3. Suppose that w(u) € C(R,,R,) is nondecreasing.
Let a,, ¢, be nonnegative and nondecreasing in n. If y, is
nonnegative such that
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Then,
n-1
y, <! Q(an)+cn2bk], 0<n<M, (10)
k=0

where Q(v) = f:(l/w(s))ds, V=V, Q7! is the inverse func-
tion of Q, and M is defined by

i-1
M = sup {i:Q(ai)+ciZbk € Dom (Q_l)}. (11)
=0
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3. Main Results

Assume that

(A)) a,, b, are nonnegative functions for n € N,
respectively;

(4,) w(u) € C(R,,R,) is nondecreasing and w(0) =
0.
Define a, = maxXoqo,kend and T = maXog, 1 kenTho
where 7y, is the variable time step.

Theorem 4. Under assumptions (A,) and (A,), if x, is
nonnegative such that (6), then

(1) for 0 < B<1/2, lettingp =1+ Bandg = 1+ P)/B,

one has

X, <

o’ <Q (27'al) + 20711l F
(12)
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for0 < n < Ny, where Q(u) = j: (1/0(s")) ds, u >

uy = 0, Q7 is the inverse function of Q,

KB =0+pT(F), 13)
and N, is the largest integer number such that
Q (Zq—l &Z) 4 201 1= galp (B) T
(14)
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(2) for1/2 < B < 1, letting p = 2 and q = 2, one has

X, <

n—1 1/2
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(15)

for0 < n < N,, where Q(u) = [ (1/w’(s"*)ds, u >

uy 2 0,
1-8 1
B(B)=4FrCp-1), 5 (9)
and N, is the largest integer number such that
n-1
Q (Zﬁﬁ) +B(B) T e Zeimkb,f € Dom (Qfl) . (17)
k=0

Proof. By definition of @, and assumption (A, ), @, is nonneg-
ative and nondecreasing and @, > a,,. It follows from (6) that

n-1
Xy < [in + Z(tn - tk)ﬁ_lkakw (xk) . (18)
k=0
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(1) If 0 < B < 1/2, using Lemma 2 with the indices p =
1+, q=(1+p)/pfor (18), we get

n—-1

X, <ad,+ Z(tn - tk)ﬁ_lT;/Pri/qe”kefﬁkbkw (x¢)
k=0

fk)ﬁiszilpertke_Ttkbkw (k)

n-1
~ 1
<a,+T /qZ(tn -
k=0

(19)

n—-1

1/p
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k=0

n-1 1/q
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k=0

By Lemma 1, the inequality above yields

n—1 alp
X1 <297g1 + qur[Z(fn 1) g pﬁk]

k=0 (20)

n—1
X [Ze_qrt"bgwq (xk)] .
k=0
Consider that
n-1
Z (t )P(ﬁ 1) prtk
n
k=0

t'l
< j (t, - s)PP Ve ds
’ (1)
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where K(f8) = (1 + ﬁ)_ﬁzl‘([ﬁz) and I'(z) = IOOO u”!
e “du, (Rez > 0) is the well-known G-function. Thus,
we have

_ _ _ 2
xZ < 21 15;1 4 a1 1-a/pp

n-1 (22)
x KUP () T Y e bl (xy).
k=0

2
Let v, = x1, A, = 297'a%, and C, = 207 !¢ WPF
K?(B)eT™». Obviously, A,, C, are nondecreasing

forn € N and wq(v,lc/ 1) satisfies the assumption (A,).
Equation (22) can be rewritten as

n-1
v, <A, + CnZequt"waq (V,lc/q) , (23)
k=0

which is similar to inequality (9). Using Lemma 3,
from (23), we have

n—1
(Q (A,)+C, ) e ™ p )] , (24)

k=0

-1
v, <Q

for 0 < n < N, where N is the largest integer number
such that

n—1
Q(A,)+C,Y e ™ bl e Dom(Q7'). (25)
k=0
Therefore, by x,, = vl/q, (12) holds for 0 < n < Nj.

(2) If 1/2 < B < 1, applying Cauchy-Schwarz inequality
for (18), that is, p = g = 2, we get

X, <, + Z

ﬂ 1_[1/2_[1/2 ‘rtke Ttkb w(xk)

- tk)ﬁ_lrli/ze”kefﬂkbkw (xx)

(26)

. 1/2
<a, + T”Z[Z(t — )PV Z”k]
k=0
n—-1 1/2
X [Zemkb,fwz (xk)] .

k=0
By Lemma 1, the inequality above yields

n—1
X2 <2d +21 [Z(tn - tk)z(ﬁ_l)rkemk
k=0
(27)

n-1
x [Zem"b,fwz (xk)] .
k=0

Because

ty
< J (t, - s)"F Ve ds
’ (28)

27t
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T

< lB (ﬁ) Tl—Zﬁ@ZTt,,’

where B(f) = 417/31“(2/3 - 1), B> 1/2, it follows from
(27) that

x> <2a + B(B) > e [Ze_mkb xk):l . (29)



Let v, = x%, A, = 2a,and C, = B(B)r* e,
Similarly, A,, C, also are nondecreasing for n €

N and wz(v}(/z) also satisfies the assumption (A,).
Equation (29) can be rewritten as

n—1
v, <A, +C, (Ze_m"b,fwz (v,i/z)> , (30)

k=0

which also is similar to inequality (9). Using
Lemma 3, from (30), we have

n-1
o’ <Q (A,)+ CnZe_zrt"b,f>:| , (31)

k=0

v, <

for 0 < n < N,, and N, is the largest integer number
such that

n-1
Q(A,)+C,Y e ™b; e Dom (Q7). (32)
k=0

Clearly, by x,, = vil/ %, (15) also holds for 0 < n < N,.
O
Remark 5. Here, we note that the most significant work in
the study of weakly singular inequalities is Medved’s method,
originally presented in the paper [6] and also applied in
the paper [18]. But his result holds under the assumption
“w(u) satisfies the condition (q); that is, “e”¥[w(u)]? <

R(t)w(e Tu?), where R(t) is a continuous, nonnegative func-
tion” In our result, the condition (q) is eliminated.

Corollary 6. Under assumptions (A,) and (A,), let v > 0,
p > 0(v > p). If x,, is nonnegative such that

n—-1
X <a,+ Y (b - ) b, (33)
k=0
then
@Difo<p<1/2,letp=1+Bandqg=(1+p)/B and
one gets

_ (v-w)/ V- 11— 2
x, < [(zq 152) e P‘zq 1 1-@a/p)p

Y
34
-1 1/(v-u)q (34)
< K9/P (B) eqmz e It b,f]
k=0
orn > 0, where K(f3) is defined as in Theorem 4;
f
(2)if1/2 < B <1, let p=qg =2, and one gets
pP=4q &
- V- _
%, < [(zaﬁ)” O Tl (g
Y
-1 1/2(v—p) (35)
% eZTt,, Ze—Z‘rtkb]f] ,
k=0

for n >0, where B(p) is defined as in Theorem 4
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Proof. Let z, = x, then x,, = z./” and x* = z*/”. From (33),
we have

n-1
-1
z, <a,+ Z(t" —t) kakzz/v. (36)
k=0

Clearly, w(z;) = z}’:/v satisfies the assumption (A,). Ac-
cording to the definition of ) in Theorem 4, for 0 < 3 < 1/2,
letting 1, = 0, we have

u 1 Y ds ) _
J — u('V M)/”’ (37)

Q(u) = juo wq—(sl/q)ds = . S."‘T o

_ v/(v—)
Q'w) = (v #u) ,
v

Dom (Qfl) = [0,00).
(38)

It can be seen easily from (38) that N; = co. Substituting
(37) and (38) into (12), we get

Zy

— ’)} —
< [(2‘7_153)“ W Y e il
Vv

39
n—1 v/(v-p)q ( )

« K1/P (B) ™ Z P b/?
k=0
In view of x,, = zrll/ ¥, we can obtain (34). For the case that

1/2 < < 1,infact, Q and Q7! are the same as (37) and (38),
respectively. So, it follows from (37), (38), and (15) that

x, < [(255)(”‘ ", % B(B) >

40
el 1/2(v—p) (40)
% eZTtn Ze—Zrtk b]f :| ,
k=0
forn > 0. O

Remark 7 In [11], Yang et al. investigated inequality (33),
under the assumption that a,, is nondecreasing. Clearly, our
result does not need such condition, and we get a more
concise formula.

Remark 8. Letting v = 2 and p = 1, we can get the
interesting Henry version of the Ou-lang-Pachpatte-type
difference inequality [3]. Thus, our result is a more general
discrete analogue for such inequality.

Corollary 9. Under assumptions (A,) and (A,), if x,, is
nonnegative such that

n-1
Xn < a, + Z(tn - tk)ﬁ_lkakxk, (41)
k=0
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then

Difo<p<1/2letp=1+Bandqg=(1+f)/p and

one gets

x, < 2(11—1)/11(7” exp (z(q—l)/qu—(q/p)ﬁqu/P (B)
(42)
n-1
x eIy e Tyl
k=0
for n >0, where K(f) is defined as in Theorem 4;
(2) if1/2 < <1, let p = q =2, and one gets

2 k=0

1 - © -
x, < V2@, exp ( B(p) 7’ 2ﬁem"ze m"hf) » o (43)

forn > 0, where B(f3) is defined as in Theorem 4.

Proof. In (41), w(u) = wu also satisfies the assumption (A,).
Thus, we have

Qu) = Ju ds =In2, Q7" () = uyexp (u),
o S Ho (44)

Dom (Qfl) = [0,00).

Similarly to the computation in Corollary 6, the estimates
(42) and (43) hold, respectively. O

4. Application

In this section, we apply our results to discuss the upper
bound of solution of a Volterra type difference equation with
weakly singular kernel.

Consider the following the inequality:

n—1
Xp S 1+ Z(tn - tk)il/sz \/x_k (45)
k=0

Obviously, (45) is the special case of inequality (6), then
we get

w = Vu. (46)

Thus, we cantake p =1+ =3/2andg = (1+ )/ =3;
then, g/ p = 2. Moreover,

a, =1,

K(B)=0+p) " T(F) = (E)_Mr<1>’ (47)

2 4

u 2
Q) = L % 2V, Q') = ”Z.

According to Theorem 4, we obtain

X, <

Q! (Q (217'a?) + 2q71T17(q/p)ﬁ2>

n-1 1/q
x K9P (B) e Z e Ty ]
k=0

o’ (Q (4) + 411/2@)_1/2)

n-1

2 1 3tt,
xI' (Z>e Z

k=0

1/3
_ 4 1 =
ol (4 + 5\/g_rl/zrz <Z> esrt,,ze 3Ttkb£):|

k=0

1/3
e—3Ttk bz ]

2/3
- 4 1 (=
4 1/3<4+ 5\/5‘[1/21“2 (;)emze 3‘rtkb£>
k=0
(48)

for n > 0, which indicates that we get the upper bound of x,,.
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