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The concept of A-statistical convergence for sequences of real numbers was introduced in Mursaleen (2000). In this paper, we prove
decomposition theorem for A-statistical convergence. We also define and study A-statistical convergence, A-statistically Cauchy, and

strongly A ,-summability in Paranormed Space.

1. Introduction

The notion of statistical convergence was first introduced by
Fast [1]. In the recent years, statistical summability became
one of the most active areas of research in summability
theory, which was further generalized as lacunary statistical
convergence [2], A-statical convergence [3], statistical A-
summability [4], and statistical o-convergence [5]. Maddox
[6] studied this notion in locally convex Hausdorff topolog-
ical spaces and Kolk [7] defined and studied this notion in
Banach spaces while Cakalli [8] extended it to topological
Hausdorft groups. The concept of statistical convergence is
studied in probabilistic normed space and in intuitionistic
fuzzy normed spaces in [9, 10]. Recently, the statistical
convergence has been studied in Paranormed Space and
locally solid Riesz spaces in [11, 12], respectively. Therefore,
one can choose either some different setup to study these
concepts or generalizing the existing concepts through dif-
ferent means. In this paper, we will study the concept of A-
statistical convergence, A-statistical Cauchy, and strongly A ,-
summability in Paranormed Space.

A paranorm is a function g : X — R defined on a linear
space X such that forall x, y,z € X

(P1) g(x) =0ifx =6,

(P2) g(-x) = g(x),
(P3) g(x +y) < g(x) + g(y),

(P4) if (a,,) is a sequence of scalars with o, — «, (n —
o0) and x,,a € X withx,, — a (n — ©0) in the
sense that g(x,, —a) — 0 (n — ©0), then o, x,, —
aya (n — ©00), in the sense that g(w,x,, — aya) —
0(n — 00).

A paranorm g for which g(x) = 0 implies that x = 0 is
called a total paranorm on X, and the pair (X, g) is called a
total Paranormed Space.

2. A-Statistical Convergence

Let A = (A,) be a nondecreasing sequence of positive num-
bers tending to co such that
A

<A, +1, A =0 (1

n+l

The generalized de la Vallée-Poussin mean is defined by

1
() = -2 %5 @

where I, = [n—- A, + 1,n].
A sequence x = (xj) is said to be (V, A)-summable to a

number L if

t,(x) — L asn— oo. (3)



Let K be a subset of the set of natural numbers N. Then,
the A-density of K is defined as

8A(K)=lirlln/\i|{n—/\n+1San:jeKH. (4)

The number sequence x = (x;) is said to be A-statistically
convergent to the number L (c.f. [3, 13, 14]) if §,(K(€)) = 0;
that is, if for each € > 0,

1imi|{keln xe—L| =€} =0. (5)
n )Ln

In this case we write sty-lim;x;, = L and we denote the set
of all A-statistically convergent sequences by S,. In case A,, =
n, A-density reduces to the natural density and A-statistical
convergence reduces to statistical convergence. This notion
for double sequences has been studied in [15].

A sequence x = (x;) is said to be strongly A,-
summable (0 < p < 00) to the limit L [14] if

o1
hrrln/‘— Z |x. - L|f =0, (6)
nkel,

and we write it as x;,. — L[V,] p-In this case L is called the
[V)L]P—limit of x.
The following relation was established in [14].

Theorem 1. If 0 < p < oo and a sequence x = (x) is str-
ongly A ,-summable to L, then it is A-statistically convergent to
L. If a bounded sequence is A-statistically convergent to L, then
it is strongly A ,-summable to L.

The following theorem is A-statistical version of Connot’s
Decomposition Theorem [16].

Theorem 2. If x = (x;) is strongly A ,-summable or statistica-
Ily A-convergent to L, then there is a convergent sequence y and
a A-statistically null sequence z such that y is convergent to
Lx=y+zand

lizn%erIn:zk#O}] =0. (7)

Moreover, if x is bounded, then y and z both are bounded.

Proof. By Theorem 1, it follows that x is A-statistically con-
vergent to L if x is strongly A ,-summable to L. Set Ny = 0
and choose a strictly increasing sequence of positive integers
N, < N, < N; < --- such that

1 — -
}t—erIn:|xk—L|2]1}|<]1 (8)
forn > N;. Define y and z as follows.

If Ny < k < Nysetz, = 0and y, = x;. Let j > 1 and

N; <k < Nj,;. Now we set

_xks z =0, if |xe—Ll<j™
Te=L ze=xc—L, if |x - L|>j".

)
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Clearly, x = y + z and y and z are bounded, if x is bounded.
Also, we observe that for k > N;, we have

lye —L| <€ since |y —L|=|x,—L| <€
if |x - L] <57, (10)
lye —L|=IL-LI=0 if |x-L|> "

Hence, lim; y;, = L, since € was arbitrary.
Next we observe that

{k €I, : 2z, #0}| > |{k € I, : |z| > €} (11)

for any natural number n and € > 0. Hence, lim,(1/A,)|{k €
I, : z;, #0}| = 0; that is, z is A-statistically null.

We now show that if § > 0 and j € N such that j~' <
O,then |{k € I, : 2z, #0}| < S foralln > N;. Recall from
the construction that if N; < k < N, then 2, #0 only if

lx, — L| > j~'. It follows that if N, < k < N,,,, then

(kel,:z#0 cf{kel,:|x-L|>¢"}. (2

Consequently,

1 1 -1
A—|{keln:zk¢0}| < A—erln - L > 7

n n (13)

<el<jl<s,
if N, <n < Ny, and € > j. That s,
1
lignl— [{k € I, : z, #0}| = 0. (14)

This completes the proof of the theorem. O

3. Application to Fourier Series

Let f : T — C be a Lebesgue integrable function on the
torus T := [-7,7); that is, f € L'(T). The Fourier series of f
is defined by

F@~ Y F()e’ xeT, )

j€Z
where the Fourier coefficients f(j) are defined by

_ 1
T on

1) Lf e dt, jez. (16)

The symmetric partial sums of the series in (15) are defined
by

s (fix) = Zf(j)eijx, xeT, keN.

e w

The conjugate series to the Fourier series in (15) is defined by
(17, Vol. 1, pp. 49]

Y (=i sgn j) f(j)e™. (18)

jeZ
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Clearly, it follows from (15) and (18) that

Y F()e™ +iY (=isgn j) f(j)e™

j€Z j€Z
o ) (19)
=1+2) f(j)e™,
j=1

and the power series
1+ 2Zf (j)e”*, wherez:=re™, 0<r<1,  (20)
=1

is analytic on the open unit disk |z| < 1, due to the fact that

o)l 52 [ Irolan jez.

The conjugate function f of a function f € L'(T) is defined
by

s 1 ACELN
f o= lim> Lsnlsn 2 tan (t/z)dt

(22)

1
=lim—
el0 7T

Tfx—t)- f(x+1)
L 2 tan (£/2) dt

in the “principal value” sense and that f(x) exists at almost
every x € T.

The following is A-statistical version of [18] (c.f. [19,
Theorem 2.1 (ii)]).

Theorem 3. If f € L'(T), then for any p > 0 its Fourier
series is strongly A ,-summable to f(x) at almost every x € T.
Furthermore, its conjugate series (18) is strongly A ,-summable

for any p > 0 to the conjugate function f(x) defined in (22) at
almost every x € T.

From Theorems 1 and 3, we easily get the following useful
result.

Theorem 4. If f € L'(T), then its Fourier series is A-stati-
stically convergent to f(x) at almost every x € T. Furthermore,
its conjugate series (18) is A-statistically convergent to the conj-

ugate function f(x) defined in (22) at almost every x € T.

4. \-Statistical Convergence in
Paranormed Space

Recently, statistical convergence, statistical Cauchy, and stro-
ngly Cesaro summability have been studied in Paranormed
Space by Alotaibi and Alroqi [11].

In this paper, we define and study the notion of A-sum-
mable, A-statistical convergence, A-statistical Cauchy, and
strongly A ,-summability in Paranormed Space.

Let (X, g) be a Paranormed Space.

A sequence x = (x;) is said to be convergent to the
number & in (X, g) if, for every € > 0, there exists a positive
integer k, such that g(x; — &) < € whenever k > k. In this
case, we write g-lim x = &, and ¢ is called the g-limit of x.

We define the following.

Definition 5. A sequence x = (x;) is said to be A-statistically
convergent to the number & in (X, g) if, for each € > 0,

li,gn% [{kel,:g(x-8§)=¢}lf =0 (23)

n

In this case we write sty (g)-lim x = &.

Definition 6. A sequence x = (x;) is said to be A-statistically
Cauchy sequence in (X, g) if for every e > 0 there exists a
number N = N(e) such that

lirrln/\iHjeIn:g(xj—xN)ZeH=0. (24)

Definition 7. A sequence x = (x;) is said to be strongly A -
summable (0 < p < 00) to the limit £ in (X, g) if

1

lim-= > (g (xi = §)" =0, (25)

nkel,

and we write it as x; — §[V}, gl,. In this case § is called the
Vi, g]P—limit of x.

Now we define another type of convergence in Para-
normed Space.

Definition 8. A sequence (x;) in a Paranormed Space (X, g)
is said to st} (g)-convergent to & € X if there exists an index
set K =1{k; <k, <--<k,<--} SNyn=12,...,with
6, (K) = 1 such that g(x;, — &) — 0 (n > ©0). In this case,
we write & = st} (g)-limx.

First we prove the following results on A-statistical con-
vzergence in (X, g).

Theorem 9. If g-lim x = ¢, then st (g)-lim x = & but converse
need not be true in general.

Proof. Let g-limx = &. Then, for every ¢ > 0, there is a
positive integer N such that

g(x,—-&) <e (26)

foralln > N. Since the set A(e) := {k € N: g(x; — &) > ¢} is
finite, 5, (A(e)) = 0. Hence, sty (g)-lim x = &.

The following example shows that the converse need not
be true.

Example 10. Let X = £(1/k) := {x = (x;) : ¥ | |V*D <
oo} with the paranorm g(x) = (3, kall/(k“)). Define a sequ-
ence x = (x;) by

k)
X = 0

and write

ifn-[A,]+1<k<nneN;

27
otherwise, @7

K(e)=1{k<n:g(x)>¢}, 0<e<l (28)



4
We see that
g(x) = {]g)l/(kﬂ) ) ioft;,e;“[,i,;]’ +l1<k<nneN; (29)
and hence
limg (4.) = {(1) ftge;gs’;] phsksnmeli g

Therefore g-limx does not exist. On the other hand
0,(K(¢g)) = 0; that is, sty (g)-lim x = 0.
This completes the proof of the theorem. O

We can easily prove the following results on A-statistical
convergence in (X, g) similar to those of [11].

Theorem 11. If a sequence x = (x) is A-statistically conver-
gent in (X, g), then st)(g)-limit is unique.

Theorem 12. Let sty (g)-limx = & and st)(g)-limy = &,.
Then,

(i) sty(g)-lim(x + y) =& £ &,
(ii) sty (g)-lim ax = a&;, a € R.

Theorem 13. Let (X, g) be a complete Paranormed Space.
Then a sequence x = (x;) of points in (X, g) is A-statistically
convergent if and only if it is A-statistically Cauchy.

Theorem 14. (a) If0 < p < co and x;, — €[VA,g]p, then
x = (xy,) is A-statistically convergent to £ in (X, g).

(b) If x = (x) is bounded and A-statistically convergent to
&in (X, g), then x, — E[VA,g]p.

Theorem 15. Let (X, g) be a complete Paranormed Space.
Then a sequence x = (x;) of points in (X, g) is A-statistically
convergent if and only if it is A-statistically Cauchy.

Note that the proof of Theorem 2.4 [11] is incorrect and
the correct proof is given in the following theorem which is
generalization of Theorem 2.4 [11]. Another form of this result
is given in [20] for ideal convergence.

Theorem 16. A sequence x = (x;) in (X, g) is A-statistically
convergent to & if and only if it is st} (g)-convergent to &.

Proof. Suppose that x = (x;) is A-statistically convergent to
&; that is, sty (g)-lim x = &. Now, write forr = 1,2,.. ..

K, := {nEN:g(xkn—f)Zl},

' (3)
M, = {neN:g(xk —E)<l} (r=1,2,...).
r n r
Then §,(K,) =0,
M, >M,>--->M;>DM; ;> -, (32)
5, (M,)=1, r=12,.... (33)
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Now we have to show that, for n € M,, (x; ) is g-con-
vergent to &. On contrary suppose that (x; ) is not g-con-
vergent to &. Therefore, there is ¢ > 0 such that 9(x, - H>e¢
for infinitely many terms. Let M, = {n € N : g(x;, - &) < ¢}
ande > 1/r,r € N.

Then

8, (M,) =0, (34)

and by (32), M, ¢ M,. Hence §,(M,) = 0, which contradicts
(33) and we get that (x),) is g-convergent to &. Hence, x is
st} (g)-convergent to &.

Conversely, suppose that x is st} (g)-convergent to £. Then
there exists a set K = {k; < k, < k3 < -+ <k, < ---} with
8)(K) = 1 such that g-lim,_, ,x; = &. Therefore, there is
a positive integer N such that g(x,, — §) < ¢ forn > N. Put
K, :={neN:g(x,~&) = elandK' := {ky,» knsa» - - -}. Then
8,(K') = 1and K, € N - K’ which implies that §,(K,) = 0.
Hence x = (x;,) is A-statistically convergent to &; that is st; (g)-
limx = &

This completes the proof of the theorem. O

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgment

This work was funded by the Deanship of Scientific Research
(DSR), King Abdulaziz University, Jeddah, under Grant no.
(130-073-D1434). The authors, therefore, acknowledge with
thanks DSR technical and financial support.

References

[1] H. Fast, “Sur la convergence statistique,” Colloquium Mathe-
maticum, vol. 2, pp. 241-244, 1951.

[2] J. A. Fridy and C. Orhan, “Lacunary statistical convergence,’
Pacific Journal of Mathematics, vol. 160, no. 1, pp. 43-51, 1993.

[3] Mursaleen, “A-statistical convergence,” Mathematica Slovaca,
vol. 50, no. 1, pp. 111-115, 2000.

[4] O. H. H. Edely and M. Mursaleen, “On statistical A-summa-
bility, Mathematical and Computer Modelling, vol. 49, no. 3-4,
pp. 672-680, 2009.

[5] M. Mursaleen and O. H. H. Edely, “On the invariant mean and
statistical convergence,” Applied Mathematics Letters, vol. 22, no.
11, pp. 1700-1704, 2009.

[6] I.J. Maddox, “Statistical convergence in a locally convex space;”
Mathematical Proceedings of the Cambridge Philosophical Soci-
ety, vol. 104, no. 1, pp. 141-145, 1988.

[7] E. Kolk, “The statistical convergence in Banach spaces,” Tartu
Ulikooli Toimetised, no. 928, pp- 41-52, 1991.

[8] H. Cakalli, “On statistical convergence in topological groups,”
Pure and Applied Mathematika Sciences, vol. 43, no. 1-2, pp. 27—
31, 1996.

[9] S. Karakus, “Statistical convergence on probabilistic normed
spaces,” Mathematical Communications, vol. 12, no. 1, pp. 11-23,
2007.



Abstract and Applied Analysis

[10] S.Karakus, K. Demirci, and O. Duman, “Statistical convergence
on intuitionistic fuzzy normed spaces,” Chaos, Solitons and Fra-
ctals, vol. 35, no. 4, pp. 763-769, 2008.

[11] A. Alotaibi and A. M. Alroqi, “Statistical convergence in a
paranormed space,” Journal of Inequalities and Applications, vol.
2012, article 39, 2012.

[12] H. Albayrak and S. Pehlivan, “Statistical convergence and stati-
stical continuity on locally solid Riesz spaces,” Topology and Its
Applications, vol. 159, no. 7, pp. 1887-1893, 2012.

[13] S. A. Mohiuddine, A. Alotaibi, and M. Mursaleen, “Statistical
convergence through de la Vallée-Poussin mean in locally solid
Riesz spaces,” Advances in Difference Equations, vol. 2013, article
66, 2013.

[14] M. Mursaleen and A. Alotaibi, “Statistical summability and
approximation by de la Vallée-Poussin mean,” Applied Math-
ematics Letters, vol. 24, no. 3, pp. 320-324, 2011, Erratum in
Applied Mathematics Letters, vol. 25, p. 665, 2012.

[15] E Moricz, “Statistical convergence of multiple sequences,” Arc-
hiv der Mathematik, vol. 81, no. 1, pp. 82-89, 2003.

[16] J. S. Connor, “The statistical and strong p-Cesaro convergence
of sequences,” Analysis, vol. 8, no. 1-2, pp. 47-63, 1988.

[17] A.Zygmund, Trigonometric Series, Cambridge University Press,
New York, NY, USA, 1959.

[18] A. Zygmund, “On the convergence and summability of power
series on the circle of convergence. II,” Proceedings of the London
Mathematical Society, vol. 47, pp. 326-350, 1942.

[19] E Moricz, “Statistical convergence of sequences and series of
complex numbers with applications in Fourier analysis and
summability,” Analysis Mathematica, vol. 39, no. 4, pp. 271-285,
2013.

[20] M. Mursaleen and S. A. Mohiuddine, “On ideal convergence in
probabilistic normed spaces,” Mathematica Slovaca, vol. 62, no.
L, pp. 49-62, 2012.



