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Let X be a real Banach space and K a nonempty closed convex subset of X. Let T; : K — K (i = 1,2,...,m) be m asymptotically
nonexpansive mappings with sequence {k,} ¢ [1, c0), Yo, (k, — 1) < co,and F = [, F(T}) # 0, where F is the set of fixed points
of T;. Suppose that {a;,}7", (b}, i = 1,2,...,m are appropriate sequences in [0, 1] and {u;,}7>,, i = 1,2,...,m are bounded
sequences in K such that Y >, b, < oo fori = 1,2,...,m. We give {x,} defined by x; € K,x,,; = (1 — ay, — b)) Vs +
alnTlnyrH-m—Z + blnulw Yorm—2 = (1- Ayn — bZn)yn+m—3 + aZnTznyrH-m—S + bZnuzw coos Yn2 = (1- Am-2)n — b(m—z)n)ynﬂ + a(m—z)nT::l—zynH +
b(m72)nu(m72)n’ Yn1 = (1 “Am-1)n _b(m—l)n)yn +a(m71)nT:1—1yn +b(m71)nu(m71)n’ Yn = (1 “ _bmn)xn +amnT:1xn +bmnumn’ mz=2,nzl
The purpose of this paper is to study the above iteration scheme for approximating common fixed points of a finite family of
asymptotically nonexpansive mappings and to prove weak and some strong convergence theorems for such mappings in real Banach

spaces. The results obtained in this paper extend and improve some results in the existing literature.

1. Introduction

Let K be a nonempty subset of a real Banach space X and let
T : K — K beamapping. Let F(T) = {x € K : Tx = x} be
the set of fixed points of T.

A mapping T : K — K is called nonexpansive if

|7 =Ty < [~ = 5] &)

for all x,y e K. Similarly, T is called asymptotically
nonexpansive if there exists a sequence {k,} < [1,00) with
lim k, = 1 such that

n— 00

[7% =Ty < K, |l = ] @

forall x, y € K and n > 1. The mapping T is called uniformly

L-Lipschitzian if there exists a positive constant L such that
[7% =17 < L]x - 5| 3)

forallx,y €e Kandn > 1.

It is easy to see that if T' is asymptotically nonexpansive,
then it is uniformly L-Lipschitzian with the uniform Lipschitz
constant L = sup{k, : n > 1}.

The class of asymptotically nonexpansive mappings
which is an important generalization of the class nonex-
pansive maps was introduced by Goebel and Kirk [1]. They
proved that every asymptotically nonexpansive self-mapping
of a nonempty closed convex bounded subset of a uniformly
convex Banach space has a fixed point.

The main tool for approximation of fixed points of
generalizations of nonexpansive mappings remains itera-
tive technique. Iterative techniques for nonexpansive self-
mappings in Banach spaces including Mann type (one-step),
Ishikawa type (two-step), and three-step iteration processes



have been studied extensively by various authors; see, for
example, ([2-8]).

Recently, Chidume and Ali [9] defined (4) and con-
structed the sequence for the approximation of common
fixed points of finite families of asymptotically nonexpansive
mappings. Yildirim and Ozdemir [10] introduced an iteration
scheme for approximating common fixed points of a finite
family of asymptotically quasi-nonexpansive self-mappings
and proved some strong and weak convergence theorems for
such mappings in uniformly convex Banach spaces. Quan et
al. [11] studied sufficient and necessary conditions for finite
step iterative schemes with mean errors for a finite family
of asymptotically quasi-nonexpansive mappings in Banach
spaces to converge to a common fixed point. Peng [12] proved
the convergence of finite step iterative schemes with mean
errors for asymptotically nonexpansive mappings in Banach
spaces. More recently Kiziltung and Temir [13] introduced
and studied a new iteration process for a finite family of
nonself asymptotically nonexpansive mappings with errors in
Banach spaces.

In [9], the authors introduced an iterative process for
a finite family of asymptotically nonexpansive mappings as
follows:

x; €K,
n
Xny1 = (1 - aln) Xp T alnTl Ynim-2>

_ n
Ynim—2 = (1 - aZn) Xy + aZnTz Yn+m-3>

(4)

Vo1 = (1 - a(m—l)n) Xyt a(m—l)nT:rll—lyn’

Vo =(1=ay,)x, +a,,Thx, ifm>2n>1,

where T}, T,,...,T, K — K are m asymptotically
nonexpansive mappings and {g;,} € [0,1] fori=1,...,m.

Inspired and motivated by these facts, it is our purpose in
this paper to construct an iteration scheme for approximat-
ing common fixed points of finite family of asymptotically
nonexpansive mappings and study weak and some strong
convergence theorems for such mappings in real Banach
spaces.

Let X be a real Banach space and K a nonempty closed
convex subset of X. Let T; : K — K (i = 1,2,...,m)
be m asymptotically nonexpansive mappings with sequence
{k,} c [1,00), Y2 (k, — 1) < co,and F = [, F(T;) #0.
Suppose that {a;,} >, {b,}2,,i = 1,2,...,m are appropriate
sequences in [0,1] and {u;,},°,,i = 1,2,...,m are bounded
sequences in K such that Y ° | b, < cofori = 1,2,...,m. Let
{x,} be defined by

x, €K,
Xp+1 = (1 a1~ bln) Ynim-2 T alnTTyn+m—2 + blnuln’
Ynm—2 = (1 Gy~ bZn) Yn+m-3

n
+ aZnTZ Yn+m-3 + b2nu2n’
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Yurz = (1= Am-2)n — b(m—Z)n) Vnt1

+ Ay Tz Ve + Oim—aynthm-2y>
Vue1 = (1= pnyn = Bgm-1yn) Vi

+ A1y L1 Vi + Bom-1ynlhm-1y>

n
bmn) xn + amnmen

ynz(l_amn_

+b, u

mn~mn>

m>2,n>1.

(5)

2. Preliminaries

Let X be a real Banach space, K a nonempty closed convex
subset of X, and F(T) the set of fixed points of T. A Banach
space X is said to be uniformly convex if the modulus of
convexity of X

8 (e) =inf1l—u el = ] = 1 x - ] :g} >0
(6)

forall0 < ¢ < 2 (ie, d : (0,2] — [0,1]). Recall that a
Banach space X is said to satisfy Opial’s condition if, for each
sequence {x,} in X, the condition x,, — x implies that

limin [, - x| < limnf |, 5] o)

for all y € X with y # x. It is well known that all /, spaces for
1 < r < 00 have this property. However, the L, spaces do not
have unless r = 2.

A mapping T : K — K is said to be semicompact if, for
any bounded sequence {x,} in K such that |x, — Tx,|| — 0
asn — 00, there exists a subsequence say {xnj} of {x,} such

that {xnj} converges strongly to some x” in K. T is said to be

completely continuous if for every bounded sequence {x,} in
K, there exists a subsequence say {xnj} of {x,,} such that the

sequence {Tx, } converges strongly to some element of the
q n; 8 gly

range of T'.
The following lemmas were given in [14, 15], respectively,
and we need them to prove our main results.

Lemma 1. Let {s,}, {t,}, and {0,} be sequences of nonnegative
real numbers satisfying the following conditions: for alln > 1,
Spi1 < (L+0,)s, +1,, where Y2 0, < coand Y 2, t, < 0.
Then

(i) lim,, _, oS, exists;
(ii) in particular, if {s,} has a subsequence {snj} converging

to 0, then lim, _, s, = 0.

Lemma 2. Let p > 1 and C > 0 be two fixed numbers. Then a
Banach space X is uniformly convex if and only if there exists a
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continuous, strictly increasing, convex function g : [0,00) —
[0, 00) with g(0) = 0 such that

[Ax + (1= 0)y]? < Al + (1= ) |ly]?

~
co
~—

—w, (M) g(|x-y])

forallx,y € B :={x € X : ||x|| < C}, and A € [0, 1], where
w,(A) =M1 - NP+ AP(1 = Q).

The following lemmas were proved in [3].

Lemma 3. Let X be a uniformly convex Banach space and
Br = {x € X : |Ixl € C},C > 0. Then there exists a
continuous, strictly increasing, convex function g : [0,00) —
[0, co) with g(0) = 0 such that

Ix + iy + vz < Al + |

+vlzl* = (M) g (|x - y)

forallx,y,z € Boand A, u,v € [0, 1] withA + u+v = 1.

€)

Lemma 4. Let X be a uniformly convex Banach space, K a
nonempty closed convex subset of X, and T : K — K an
asymptotically nonexpansive mapping. Then I - T (I is identity
mapping) is demiclosed at zero; that is, if x,, — x" weakly and
x, — Tx,, — 0 strongly, then x* € F(T), where F(T) is the set
of fixed points of T.

Definition 5. A family {T; : i € {1,...,m}} of asymptotically
nonexpansive mappings on K with & = (", F(T}) # 0 is said
to satisfy condition (A) on K if there exists a nondecreasing
function f: [0,00) — [0, 00) with f(0) =0, f(r) > 0, forall
r € (0,00) such that max,;_,[lx — T;x|| > f(d(x, F)) for all
x € K.

3. Main Results

In this section, we prove weak and strong convergence of
the iterative sequence generated by iterative scheme (5) to a
common element of the sets of fixed points of a finite family
of asymptotically nonexpansive mappings in a real Banach
space.

Lemma 6. Let X be a real Banach space and K a nonempty
closed convex subset of X. Let T; : K — K (i=1,2,...,m) be
m asymptotically nonexpansive mappings with sequence {k,} C
[1,00), Y72, (k, — 1) < 00, and F = (., F(T;) # 0. Suppose
that {a;,}2 1, (b0 i = 1,2,...,m are appropriate sequences
in [0,1] and {u;,},2,, i = 1,2,...,m are bounded sequences in
K such that ¥,° b, < 0o fori=1,2,...,m. Let {x,} be given
by (5). Then {x,} is bounded and lim lx, — pll exists for
peF.

n— o0

Proof. For any given p € &, since {u;,},2;,i=1,2,...,mare
bounded sequences in K, let

M= sup

n>1, i=1,2,...m

lein = Pl (10)

For each n > 1, using (5), we have
1y, -l
= "((1 ~ Oyn —

< (1 = Qyn — bmn) "xn - P“ T Aun "Trrrgxn - P"

Byan) X + Oy T X + ) = P
* by [n = P
< (1= @y = B) 1%, = ol + @ik |, -
* by [n = P
<k |x, = pll + b,
171 = Pl
= "((1 = An-tyn = Uom-1n) Yn + Am-13nL (1) Vi
+ Bontyttm-n) = P
< (1= ag1y0 = Bon1y) [0 = P + @1
x| Tlonty ¥ = || + ncryn [4n-rya = £
< (1= a1y = Bon-vyn) [ ¥ = Pl + Gn-1yukn
X 13 = Pl + Bon-vyn |46m-13 — £
< ko |y = ol + Bpn-1yuM
<k, %0 = Pl + BunM, + By M,
Y2 = Pl
= "((1 = nzyn = Yom-2)n) Vst + Qon-synTom2) Y1
+ Bonzynthim-m) = P

< (1 = Am—2yn ~ b(m—Z)n) ||yn+1 - P"

+ 8 [Tony Y = 2]
+ Yoy [tm—2yn = Pl

< (1 = Gn2yn = bon-29n) |1 = Pl
+ A2y [ Y1 = P
+ U2y [tm2yn = Pl

< Ky Y = Pl + B2 M

<K % = Pl + BunME + KyBi1yaM + bzyuM,

||yn+m—2 - P“
= "((1 —yy — bZn) Ynim-3 aZnT;yn+m—3 + bZnuZn) - p"

< (1 Gy bZn) "yn+m—3 - p” T Ao



4

XT3 Yrwsms = Pl + b 1420 =

< (1= a3 = b3) [Ynsm-s = Pl + @ik,
X Yiwem—s = Pl + b 112 = ]

< ko [Ynim-s = Pl + b2uM

< KO, pll + Kb, M K M
+ -+ k,by,M +b,,M,

01 = £

= (1 = @1 = b1a) Yrssmoz + 01T} Vo + Brathra) = P
< (1= ay, = by) [ = P + a1
< |T7 Ysma = Pl + bin 11, = P
< (1= ay, = by) [ Vemz = Pl + a1k,
X |Ywsm-z = Pl + by 11— p
< ko [z = Pl + 1M

<K |, = pll + K Vb, M + Kb, 10, M

m—1

+ oo+ K2by, M + Kby, M + by, M.
1)

Then we have
m
||xn+1 - P" < knm "xn - P” + Mst_l)bm, (12)
i=1

which leads to

"xn+1_p" < (1+(k:1n_1)) ||xn_p||+(/)n> nxl, (13)

where
< i—1
Pn = Mzk:_ )bin' (14)
i=1

Since t” — 1 < mt™ ' (t — 1) for all t > 1, the only assumption
¥ (k,~1) < cois enough for the boundedness for {k,,}, then
k, ¢ [1,D], for all n > 1, and for some D. Hence k:1 -1<
mD™ ' (k,—1) holds foralln > 1. Therefore Yoo (k'-1) < 00
andalso Y, ¢, < co. Equation (13) and Lemma 1 guarantee
that the sequence {x,,} isbounded and lim, _, ||l x,,— pll exists.

O

Theorem 7. Let X be a real uniformly convex Banach space
and K a nonempty closed convex subset of X. Let T;

K — K (i = 1,2,...,m) be m asymptotically nonexpansive
mappings with sequence {k,} ¢ [1,00), Yoo (k, = 1) < oo
and F = (1, F(T;) # 0. Suppose that {a,,}oo ), {b,}oo,, i =

1,2,...,mare appropriate sequences in [0, 1] and {u;,},,, i =
1,2,...,mare bounded sequences in K such that Y2, b,, < co

fori=1,2,...,m. Let {x,} be given by (5). Suppose that

0< ligrl)%)r.}fain < li;nﬁsolip (a, +b,) <1 (15)
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fori=1,...,m. Then

Jim [Tix, - x| =0, (=12,...,m). (16)

Proof. Let p € %. Then by Lemma 6, lim, _, lx, — pl
exists. Since {u;,},°,,i = 1,2,...,m are bounded sequences

,,,,,

that {y,,,,,_; — p} is also bounded for each i € {2,3,...,mj},
and hence {(4,,_;;1), — Yuri-1)} is also bounded for i €
{1,2,...,m}. By using (5), we obtain
2
Iy - pl
= "((1 = An

< (1= s = B % = DI + A 2%, = 2|

= Bn) % + Gy T + bytt) = P
+ Byl = I
= (1= Ay = byun) A g (| T, = x])
< (1= = by) [ = I + ikl
X% = DI + Bunallto = I
= (1= Ay = byn) A g (| Ti6, = x])
<Kl = I + by M = (1= = by)
X a9 (| T = %))
Iyt = £l
= (1 = @g-1yn = Bon-13a) Y + -1y
X Tlon 1V + on-tynhimiyn) = P“Z
< (1= an1yn = Bomryn) |7 — P”2

2
+ a(m—l)n”T(nm—l)yn - p" + b(m—l)n"u(m—l)n - P"2

)

= (1= agn-1yn = Bon-1yn) Am-1)n9 ("T(nm—l)yn ~Vn
< (1 = Aoty = bom-vyn) |70 = P“Z

+ Ayyke Y = P + b1y M°

= (1= apn-1yn = Yom-1yn) Ggm-1ng ("T(nm—l)yn - )’n")
<Kl = I + Bome1ynM” = (1= 8130 = Bn-)

X Am-1)n9 ("T(nm—l)yn - y,,“)
<k, (Kl = I + BaM® = (1= @y = B)
2

X Ayng ("Trrrlzxn - xn") ) + b(m—l)nM

- (1 = Am-1)n — b(m—l)n) Am-1yn9 ("T(nm—l)yn - J’n") >
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1is = 2l
<K%, = pI” + k2B M + b1y M
= (1= @yn = Bn) Byng (| T = x,]))
= (1= 130 = Byn-1yn) Fm-1)ng ("T(nm—l)yn - J’n") s
1y = £l
= "((1 = An-2yn = Yom-2yn) Y1 + A2y L2y Y1
+ bn-yatm2yn) = P "2
< (1= 20 = B-zy) [V = I

T(nm—z)ynﬂ - P"Z

+ a(m—Z)n

+ Bsyallttim-ayn — Pl

-(1- Am-2)n ~ b(m—Z)n) Am-2)n

)

< (1 — a(m—Z)n - b(m—2)n) ||yn+1 - pllz

xg ("T(nm—z)ynﬂ = Vn+1

+ A2kl Yuer =PI+ boneM’
= (1= gn-2n = Bon-2n) Gn-2yn
xg ("T(nm—z)ynﬂ = Ynr1 ")
< I Yir = 27 + B M°
= (1= 20 = Byn-2pn) Fm-2n

)

< k2 (K2l = PI + 2By M + By M

xg ("T(nm—Z)ynH = Vn+1

= (1= s = byn) Oyng ([ T = x])
= (1= 8130 = Bonyn) Gn-1yn
X g ("T(nm—l)yn - yn“) ) + By M’
= (1= 8230 = Bon2n) Am-22m
%9 ([T 9me1 = Y]
< Kol = DI + Kby M + b 130 M + B M
= (1= Ay = Bu) Byng (| T = %))

- (1 - a(m—l)n - b(m—l)n) a(m—l)ng ("T(nm—l)yn ~n

)

- (1 - a(m—l)n - b(m—Z)n)a(m—Z)n

xXg (||T(nm—2)yn+1 - yn+1||)

17)

e = I
) m-1
<k, = pl 4 MY Kby,
i=0

m—2 (18)
- Z (1 = agsryn = Busiyn) Fisiyn

i=0
x g (llTirjrlyner—i—Z - yn+m—i—2||) )

- (1 = Oy — bmn) Aund (”Tr’;xn - xn“) .

Note that 0 < 8> =1 <20(0 - 1) forall 6 > 1, the assumption
2221(1% —1) < oo implies that Z;Zl(kfl —1) < 00. Since {k,} is
bounded, there exists D > 0 such thatk, € [1,D],n > 1. Then
kﬁm —1 < 2mD*" ! (k, — 1) holds for all n > 1. Therefore, the

assumption Y o (k,—1) < oo implies that Y o (k2" ~1) < co.
Then

(K" = 1) |x, - p|* < 2mD*™'C* (k, - 1).  (19)
It follows from (18) and (19) that
(1= B = byn) g (| T = )
+ 21 ((1- Air1yn ~ b(i+1)n) Ai+1)n

xg (”Tiyj-lym—m—i—z - yn+m—i—2“) ) (20)
= "xn - P“Z - ||xn+1 - P"2 * 2mD2m71C2 (kn - 1)
m—1
+ M2 Kby gy
i=0

We first obtain that

(1 = Ayn — bmn) Aund (“T::an - xn")

< ”xn - P"2 - "xn+1 - p”Z + ZMDzm_ICZ (kn - 1) (21)

—1
Mzm Kb
+ Z n “(i+1)n"
i=0

Now if 0 < lim inf, | 4, and 0 < lim inf, | a,, <
limsup,_, . (a,, +b,,) < 1, there exist a positive integer #,
and 77,7' € (0,1) such that 0 < 57 < a,,,,, Gy + by <1 < 1

for all n > n,. This implies by (21) that

n(1-1") g (|Thx, - x,])

< I o = s - oI° )

m—1
+2mD™ ' C? (k, = 1) + M* Y Ky By
i=0



It follows from (22) that for € > n,,

¢
Z 9 (“Tr’;xn - xn“)
< i (B ol b= 1)
- n (1 _ 71’) = n n+1
(23)
¢
+2mD*'C* ) (k, - 1)
5 £ m-1 5
+M Z anlb(iﬂ)n) .
n=ny j=0
Then Z;“;no gThx, — x,) < oo, and therefore

lim, , 9T, x, — x,I) = 0, and by property of g, we
have lim,, _, . [IT, x,, — x,,| = 0. By a similar method, together
with (20) and by property of g, we have

Jim [T, — x,||

lim [T, 3 = vl

n— 00

= lim ”T:’ley}’lJrl - )’n+1||

n— 00

(24)
= lim W7 Yem-i1 = Yusm-ia
= Mm [ T7 Y2 = Yuema| =0
for 2 < i < m. Thus, we conclude that
lim sup |2, Vst = Ysm-il = O (25)
for2 <i<m.From (5)and fori=1,2,...,m
17nei = Pruvia |
= "(1 = Am-iyn ~ b(m—i)n) Vnti-1
+ Qi T iy Vst  Bom-iyn Yom-ipn = Yrica |
= "“(m—i)n (T("m_i)yn+i_1 - yn+i—1) (26)

+ b(m—i)n (u(m—i)n - ynﬂ'—l) ||

< a(m—i)n T(nm—i)ynJri—l - yn+i—1'|
+ b(m—i)n “u(m—i)n ~ Vnti-1 “ .

This together with (25) implies that for eachi = 1,2,...,m-2

lim "ynﬂ' - yn+i71|| =0. 27)

n— 00
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It follows from (5) that

17 = .l
= "(1 Oy — bmn) X, t amnTr’:;xn + bmnumn - xn” (28)
< Ay [T % = %] + B |1t — %] -
Equations (24) and (28) imply that
nlil%o ”yn - xn” =0. (29)
It follows from (5) that
||xn+1 - yn+m—2“
= “(1 Ay~ bln) Ynim—2 t alnTTynerfZ
(30)

+ blnuln - yn+m72"
< ay, "TTyn+m—2 - yn+m—2” + bln ”uln = Yn+m—2 “ .

Thus, (24) and (30) guarantee that

lim "xn+1 - yn+m72|| =0. (31)

n— 00

Continuing in this fashion, for eachi = 2,...,m we get,
S %, = Y] = 0, (32)
“xn+1 - xn”
= “xn+l “Yoim-2t Vnim—2 = T Vo1 =Yt Y xn”

= “an = Yutm-2 “ + “yn+m72 = Yn+m-3 "

Tt “yn+1 - yn” + “yn - xn“ .
(33)

Taking the limit on both sides inequality from (33), we have
nILHgO "xn+1 - xn" =0. (34)

Since T,,, is an asymptotically nonexpansive mapping with k,,,
we have

"xn+1 - Trnnxn+1"
= %1 = %, + %, = Ty + Tiox, = T X1 |
35)

< "xnﬂ - xﬂ“ + “Tr’;xnﬂ - T;:;xn" + "Trr:qxn - xn"

< "xn+1 - xn“ + kn "xn+1 - xn" + ”Trrrlzxn - xn" .

Taking the limit on both sides inequality (35), and by using
(24), we get

Jimx,,, = T, = 0. (36)
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Since T,,,_; is an asymptotically nonexpansive mapping with
k,, we have

”xn+1 - T::l—lxn+1 ”

= %t = Y+ Yu = Tyt + TV = Tt X |

< s = 2l + | ToeiXner = T2 (37)
+ |1 = 2l

< [oir = Yl + K %1 = 2l + [ Tomes i = 2l

Also, taking the limit on both sides inequality (37), and by
using (24), we get

,,ll,néo "xn+1 - T:;—lxn+1|| =0. (38)
In a similar way, one can prove that for eachi =2,...,m -1
,,h_,ngo ”xn - Tr':z—ixn" =0. (39)
Next, we consider
”xn - men“
< “xn - xn+1" + |Trrrlt+1xn+l - xn+1||
+ 'T,Tlxn+1 - T::'lxn” + 'T;Hxn - men" (40)
S ”xn - xn+1" + |Trnn+1xn+1 - xn+1||
L = x| + LT, = %] -

It follows from (34), (36), and the above inequality (40) that

Jm [, =T, = 0, (41)
s = T,
S R B (AR
Tt s = Tot, | + [T, = T, (42)
< lxn - n+1”+|' REATE xn+1||

+L ”xn+1 - xn” +L ||T:1—1xn - xn" .

It follows from (34), (38) and (42) that

,}H%O ”xn - Tmflxn" = 0. (43)
Continuing similar process, for eachi = 0,...,m — 1 we get

nll,ngo ”x Tmfixn" =0. (44)
The proof is completed. O

Theorem 8. Let X be a real uniformly convex Banach space
and K a nonempty closed convex subset of X. Let T;

K — K (i = 1,2,...,m) be m asymptotically nonexpansive
mappings with sequence {k,} ¢ [1,00), Yoo (k, = 1) < oo

7
and F = (N, F(T;) # 0. Suppose that {a;,}o2,, {b,}ro -1 i=
1,2,...,m are appropriate sequences in [0, 1] and {um opi=
1,2,...,mare bounded sequences in K such that y .2 b, < 0o
fori=1,2,...,m. Suppose that

0 <lim infa;, < lim sup (a;, +b,,) < 1 (45)

n— 00

fori =1,...,m. If one of {T}} is either completely continuous
or semicompact, for some i € {1,2,...,m}, then the sequence
{x,} generated by (5) converges strongly to an element of F.

Proof. Assume that there exists € € {1,2,...,m} such that T,
is semi-compact. Since {x,} is bounded and by Theorem 7,
llx, — Tox,ll = O0asn — o0, there exists a subsequence
{xnj} of {x,} such that X, converges strongly to p € K. Since

lim]_,oollx - T,x, || = 0, it follows from Lemma 4 that
T,p = p. Also, from Theorem 7 lim; , o, lIx, Tix,, | =0,
i = 1,2,...,m. Therefore, from Lemma 4 we obtain that

p €N~ F(T;). So {x,} converges strongly to p.

If one of T}s is completely continuous, say T, since {x,,}
is bounded, there exists a subsequence {xnj} of {x,} such
that T,x,,

]
that

converges strongly to p € K. By Theorem 7,
Xy, = Texnj | = 0. It follows from continuity of | - ||

Xn, — Te'xnj

-pl =o.
Jim, Jfim [, ~ ] (46)
Using {x,, } — pasj — 00,lim;_ [x ", —Tixn]_|| =0,i=
1,2,. ..,mand Lemma 4, we obtain that p € & = (., F(T}).
Also using {xnj} — pasj — ooand Lemma 6, we obtain

that lim,, _, llx,, — pll = 0. This completes the proof. O

Next, we prove a strong convergence theorem for asymp-
totically nonexpansive mappings in a uniformly convex
Banach space satisfying condition (A).

Theorem 9. Let X be a real uniformly convex Banach space
and K a nonempty closed convex subset of X. Let T;

K — K (i =1,2,...,m) be m asymptotically nonexpansive
mappings with sequence {k,} ¢ [1,00), Yoo (k, = 1) < o
and satisfying the condition (A). Suppose that {a;,} .21, {by,} 02,

i=1,2,...,mare appropriate sequences in [0, 1] and {um}gol,
i=1,2,...,mare bounded sequencesin K such that y . b, <
oo fori = 1,2,...,m. Suppose that F N, F(T;))#0
and 0 < lim inf, | g, < lim supn_,oo(am +b,) <1 for

i =1,...,m. Then the sequence {x,} generated by (5) converges
strongly to an element of F.

Proof. Sincelim,, _,  llx,—pll existsforall p €
then, for any p € & such that

Z by Lemma6,

d(x,, F) = |Ix, - pl|» (47)

we have that lim,,_, Ilx,, — pll exists. It follows from (47) that
lim d(x,, F) exists. From condition (A)

0< f(d(x,F)) <|x

n— 00

(48)




where |[x, — T; x,| is max, ,lx, — T;x,|. From The-
orem 7 lim,_, llx, — T;x,| = 0. It then follows
(48) that lim,_,  f(d(x,,#)) = 0. By property of f,
lim,_, d(x,,#) = 0. It also follows from (47) that
lim, _, ,llx, — pll = 0. Therefore lim =peF. O

n—>ooxn

Now, we prove the weak convergence of iteration (5)
for a family of asymptotically nonexpansive mappings in a
uniformly convex Banach space.

Theorem 10. Let X be a uniformly convex Banach space
satisfying Opial’s condition, and let K be a nonempty closed
convex subset of X. Let T; : K — K (@i = 1,2,...,m)
be m asymptotically nonexpansive mappings with sequence
{k,}, and let the sequences {a,},, {b,, )y, and {u;, )00, i =
1,2,...,mbethe same as in Theorem 7. Then the sequence {x,,}
defined by (5) converges weakly to a common fixed point of
{T;:i=1,...,m}

Proof. It follows from Lemma 6 that lim,, _, . Ilx,, — pll exists.
Therefore, {x,, — p} is a bounded sequence in X. Then by
the reflexivity of X and the boundedness of {x,,}, there exists
a subsequence {xnj} of {x,} such that Xy = P weakly. By
Theorem 7, lim,, _, .. llx,, — T;x, || = 0, and I —T; is demiclosed
at 0 for i = 1,2,...,m. So we obtain T;p = pfori =
1,2,...,m.Finally, we prove that {x,} converges to p. Suppose
p>q € w({x,}), where w({x,}) denotes the weak limit set of
{x,}. Let {xnj} and {xmj} be two subsequences of {x,} which
converge weakly to p and g, respectively. Opial’s condition
ensures that w(x,,) is a singleton set. It follows that p = g. Thus
{x,} converges weakly to an element of #. This completes the
proof. O
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