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This paper is concerned with the nth-order forced nonlinear neutral differential equation [x(t) —
pOx(T()]™ + I qi(t) fi(x(oa (), x(0 (b)), ..., x(0ik, (1)) = g(t), t > to. Some necessary and
sufficient conditions for the oscillation of bounded solutions and several sufficient conditions for
the existence of uncountably many bounded positive and negative solutions of the above equation
are established. The results obtained in this paper improve and extend essentially some known

results in the literature. Five interesting examples that point out the importance of our results are
also included.

1. Introduction

Consider the following nth-order forced nonlinear neutral differential equation:
[(®) = pt)x(@E)]™ + Xai(®) filx(0n (), x(@a(t), .. x(0w () = g(1), t2t,  (L1)
i=1

where ty) € R and n,m, k; € N are constants for 1 < i < m. In what follows, we assume that

(A1) p,g,7,0i € C([ty, +o0),R) and g; € C([to, +0), R*) satisfy that

tlim T(t) = tlim O'i]-(t) =+00, 1<j<k;, 1<i<m, (1.2)
— +0o — +00
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and there exists 1 < iy < m such that g;, is positive eventually:
(A2) T is strictly increasing and 7(t) < tin [t, +o0);
(A3) fi € C(RK,R) satisfies that

filu, iz, .. u) >0, (i, u,...,ug) € (R*\ {0))",

fi(ulruZ/"'/uki) < 0/ V(ulluZI"‘luki) € (R* \ {0})kl

(1.3)

forl<i<m.

During the last decades, the oscillation criteria and the existence results of nonoscil-
latory solutions for various linear and nonlinear differential equations have been studied
extensively, for example, see [1-28] and the references cited therein. In particular, Zhang and
Yan [25] obtained some sufficient conditions for the oscillation of the first-order linear neutral
delay differential equation with positive and negative coefficients:

[x(t) =p(B)x(t = 7)] + q(t)x(t - 0) = r()x(t=6) =0, t2to, (1.4)

where p,gq,r € C([ty,+0),R*), 7 > 0, and 0 > 6§ > 0. Das and Misra [7] studied the
nonhomogeneous neutral delay differential equation:

[x(t) —cx(t-7)] +q(t) f(x(t - 0)) = g(t), t>to, (1.5)

where q,¢ € C([T,+0),R*\ {0}), 0 >0, 7>0, c € [0,1),f : R — R, tf(¢) > 0 for t#0,
f is nondecreasing, Lipschitzian, and satisfies fg (1/f(t))dt < +oo for every k > 0, and they
obtained a necessary and sufficient condition for the solutions of (1.5) to be oscillatory or tend
to zero asymptotically. Parhi and Rath [18] extended Das and Misra’s result to the following
forced first-order neutral differential equation with variable coefficients:

[x(t) - p()x(t-1)]" +q() f(x(t - 0)) = g(t), t>0, (1.6)

where p € C(R*,R), and they got necessary and sufficient conditions which ensures every
solution of (1.6) is oscillatory or tends to zero or to oo ast — +oo. By using Banach'’s fixed
point theorem, Zhang et al. [24] proved the existence of a nonoscillatory solution for the
first-order linear neutral delay differential equation:

[x(t) + p(t)x(t - T)]/ + if,-(t)x(t -0;)=0, t>ty, (1.7)
im1

where p € C([ty, +0),R), 7> 0, 0; € R*, and f; € C([to, +o0),R) for 1 <i < m. Cakmak and
Tiryaki [6] showed several sufficient conditions for the oscillation of the forced second-order
nonlinear differential equations with delayed argument in the form:

xX"(t) +pt) f(x(a(t) = g(t), t2t20, (1.8)
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where p,a,g € C([to,+o0),R), a(t) < t, lim;_,,a(t) = +oo, and f € C(R,R). Travis [20]
investigated the oscillatory behavior of the second-order differential equation with functional
argument:

x'(t) + p() f (x(t), x(a(t))) =0, >t (1.9)

where p,a € C([to, +0),R) and f € C(R? R) satisfies that f(s,t) has the same sign of s and
t when they have the same sign. Lin [12] got some sufficient conditions for oscillation and
nonoscillation of the second order nonlinear neutral differential equation:

[x(t) - p()x(t-7)]" +q(t) f(x(t-0)) =0, >0, (1.10)

where p, g € C(R*,R), p € [0,1) with 0 < p(t) < p eventually, f € C(R,R), f is nondecreasing
and ff(t) > 0 for t#0. Kulenovi¢ and HadZiomerspahi¢ [9] deduced the existence of a
nonoscillatory solution for the neutral delay differential equation of second order with
positive and negative coefficients:

[x(t) +cx(t—7)]" + q1(t)x(t — 01) — qa(t)x(t —02) =0, t>to, (1.11)

where c# £1, 7 > 0, 0; € R*, q; € C([tp,+o0),R*), and j:;w gi(t)dt < +oo fori € {1,2}.
Utilizing the fixed point theorems due to Banach, Schauder and Krasnoselskii, and Zhou
and Zhang [27], and Zhou et al. [28] established some sufficient conditions for the existence
of a nonoscillatory solution of the following higher-order neutral functional differential
equations:

[x() + cx(t—7)]™ + (1) [P(Hx(t - 0) - QH)x(t—86)] =0, >t

w (1.12)
[x(t) +p(t)x(t—1)]"™ + D qi(t) fi(x(t — o)) = g(t), >t
i=1

where ¢ € R\ {£1}, 7,0,6,0; € R*, P,Q € C([ty,+00),R*), and p, g, fi € C([to, +o0),R) for
1 <i<m.Lietal [11] investigated the existence of an unbounded positive solution, bounded
oscillation, and nonoscillation criteria for the following even-order neutral delay differential
equation with unstable type:

[x(t) - p(Hx(t - T)]™ - q(B)lx(t - o) x(t-0) =0, t>1, (1.13)

where 7 > 0, 0 > 0, a > 1, and p,g € C([ty, +0),R"). Zhang and Yan [22] obtained
some sufficient conditions for oscillation of all solutions of the even-order neutral differential
equation with variable coefficients and delays:

[x(t) + p()x(x(t)] ™ + qO)x(0(£) =0, >k, (1.14)

whereniseven, p,q, 7,0 € C([tg, +o0),R*), p(t) <1, 7(t) <tand o(t) < tfort € [ty, +o0), and
lim; 1o, 7(t) = lim; 1,0 (t) = +o0. Yilmaz and Zafer [21] discussed sufficient conditions for



4 Abstract and Applied Analysis

the existence of positive solutions and the oscillation of bounded solutions of the nth-order
neutral type differential equations:

[x(t) + cx(T(t)]™ +q(t) f(x(c(1)) =0, >t

(1.15)
[x(t) + p()x(z ()] ™ + q() f(x(a(t)) = g(t), t>to,

where ¢ € R\ {£1}, 7,0 € C([ty,+),R"), p,q,8 € C([ty,+0),R), and f € C(R,R). Bolat
and Akin [4, 5] got sufficient criteria for oscillatory behaviour of solutions for the higher-
order neutral type nonlinear forced differential equations with oscillating coefficients:

[t + p)x(i)] ™ + Dai(® filx(oi() =0, 12,
- (1.16)

[x()) + pB)x ()] ™ + Y ait) filx(oi(t)) = g(t), t>to,
i=1

wheren € N\ {1}, m €N, p, fi, g, 7,0; € C([to, +o0), R), fi is nondecreasing and u f; (1) > 0 for
u#0, o; € C'([to, +0),R), oi(t) >0, oi(t) < tfort € [ty, +o0), imy 1o T(t) = limy . 0i(t) =
+oo for 1 < i < m, and p and g are oscillating functions. Zhou and Yu [26] attempted to
extend the result of Bolat and Akin [4] and established a necessary and sufficient condition for
the oscillation of bounded solutions of the higher-order nonlinear neutral forced differential
equation of the form:

[x(t) — p()x(z ()] ™ + S i) filx(i(1)) = (), >t (1.17)
i=1

wheren € N\ {1}, m € N, and
(C1) p,gi, 7,8 € C([ty, +o0),R) fori=1,2,...,mand lim;_, ,,T(t) = +o0;
(C2) p and g are oscillating functions;

(C3) 0; € C([ty,+0),R), oi(t) > 0, 0;(t) < t and lim;_,,,,0i(t) = +oo for i =
1,2,...,m

(Cs) fi € C(R,R) is nondecreasing function, uf;(u) >0foru#0andi=1,2,...,m.
That is, they claimed the following result.

Theorem 1.1 (see [26, Theorem 2.1]). Assume that

(Cs) there is an oscillating function r € C([to, +0),R) such that r™(t) = g(t) and
hmt—H—oor(t) = O;

(Ce) p is an oscillating function and |p(t)| < po < 1/2;
(C7) qi(t) 20,i=1,2,...,m.

Then, every bounded solution of (1.17) either oscillates or tends to zero if and only if

f s lgi(s)ds = +o0, i=1,2,...,m. (1.18)

to
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We, unfortunately, point out that the necessary part in Theorem 1.1 is false, see
Remark 4.2 and Example 4.7 below. It is clear that (1.1) includes (1.4)—(1.17) as special cases.
To the best of our knowledge, there is no literature referred to the oscillation and existence
of uncountably many bounded nonoscillatory solutions of (1.1). The aim of this paper is to
establish the bounded oscillation and the existence of uncountably many bounded positive
and negative solutions for (1.1) without the monotonicity of the nonlinear term f;. Our results
extend and improve substantially some known results in [4, 5,9, 10, 20, 24, 26-28] and correct
Theorem 2.1 in [26].

The paper is organized as follows. In Section 2, a few notation and lemmas are
introduced and proved, respectively. In Section 3, by employing Krasnoselskii’s fixed point
theorem and some techniques, the existence of uncountably many bounded positive and
negative solutions for (1.1) are given, and some necessary and sufficient conditions for all
bounded solutions of (1.1) to be oscillatory or tend to zero as ¢t — +oo are provided. In
Section 4, a number of examples which clarify advantages of our results are constructed.

2. Preliminaries

It is assumed throughout this paper that R = (oo, +0), R* = [0,+00), R_ = (-0, 0] and
p = min{t,inf{7(t), 0;j(t) : t € [to, +00),1 < j <ix, 1 <i<m}}. (2.1)

By a solution of (1.1), we mean a function x € C([f, +o0),R) for some T > to+p, such that x(t)—
p(t)x(7(t)) is n times continuously differentiable in [T, +oo) and such that (1.1) is satisfied for
t > T. As is customary, a solution of (1.1) is said to be oscillatory if it has arbitrarily large
zeros. Otherwise, it is nonoscillatory, that is, if it is eventually positive or eventually negative.
Equation (1.1) is said to be oscillatory if all its solutions are oscillatory.

Let BC([p, +o0), R) stand for the Banach space of all bounded continuous functions in
[B, +o0) with the norm ||x|| = suptzﬂlx(t)| for each x € BC([, +o0), R) and

A(N,M) = {x € BC([f,+x),R) : N<x(t) <M, t >p} for M,N € R with M > N.
2.2)

It is easy to see that A(IN, M) is a bounded closed and convex subset of the Banach space
BC([B, +0),R).

Lemma 2.1. Let n € Nand x € C"([to, +o0), R) be bounded. If x™ (t) < 0 eventually, then

(a) limy_, 4o (t) exists and lim; _, ,,xD(t) = 0 for 1 < i < n — 1; furthermore, there exists
0 =0 for n odd and 0 = 1 for n even such that
(b) (-1)%"xD () > 0 eventually for 1 < i < n;

¢) (=1)*x® is nonincreasing eventually for 0 <i < n—1.
8 Yy
Proof. Now, we consider two possible cases below.

Case 1. Assume thatn = 1. Let 6 = 0. Note that x'(¢) < 0 eventually. It follows that there exists
a constant t; > fy satisfying x'(t) < 0, for all ¢ > 1, which yields that x is nonincreasing in
[t1,+00). Since x is bounded in [¢), +o0), it follows that lim;_, ;. x(t) exists.
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Case 2. Assume that n > 2. Notice that 6+7 is odd. It follows that (-=1)%*"x™ () > 0 eventually,
which implies that there exists a constant t; > t; satisfying

(-1)%"x ™ () >0, Vi, (2.3)
which means that

(1) Ixm=D (1) s nonincreasing in [t;,+o0). (2.4)

Suppose that there exists a constant t, > # satisfying (-1)°""x*(t,) < 0, which
together with (2.4) gives that

(1) 1D () < (1) D (1) <0, VE> b, (2.5)

which guarantees that (-1)%*"2x"-2)(t) is increasing in [t,, +c0) and

(_1)6+n71x(n—2) (t) _ (_1)9+n71x(n—2) (tz)

= t (1) 1D (g)ds < (<)M x D (1) (t - t) — —c0  as t — +oo, 20
ty
that is,
tliglmx<"-2>(t) = —oo, (2.7)
which means that
Jm A0 = im0 == i 0 = Ima = (9
which contradicts the boundedness of x. Consequently, we have
)0 Dy >0, VE>H. (2.9)
Combining (2.4) and (2.9), we conclude easily that there exists a constant L > 0 with
lim (-1)%"xV(#) = L. (2.10)

t—+oo

Next, we claim that L = 0. Otherwise, there exists a constant b > t; satisfying

(-1 D) > % >0, Vt>b, (2.11)
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which yields that

(_1)9+n—1x(n—2) (t) _ (_1)9+n—1x(n72) (b)

t (2.12)
L(t-b
= J (-1 x D (5)ds > (T) — +00 ast — +oo,
b
which gives that
Jlim x"2(4) = 00, (2.13)
— +00
which means that
lim x93 () = lim x®" () =--- = lim x/(t) = lim x(t) = +oo, (2.14)
t—+oo t—+oo t—+oo t—+oo
which contradicts the boundedness of x in [t), +o0). Hence, L = 0, that is,
Jlim x™D(t) = 0. (2.15)
— +00
Repeating the proof of (2.3)—(2.15), we deduce similarly that
(—1)9+j xD is nonincreasing and nonnegative in [t;, +o0),
(2.16)

Jim x(=0, 1<j<n-1,
—+o0

which together with the boundedness of x implies that (—1)9x is nonincreasing in [t;,+o0)
and lim;_, ., x(t) exists.
Thus, (2.3) and (2.16) yield (a)—(c). This completes the proof. O

Lemma 2.2. Let x,p, 7,1,y € C([ty, +o0),R) satisfy (A2) and

y(t) =x(t) —pt)x(T(t)) —r(t), Vt>to; (2.17)
x is bounded and tlim T(t) = +oo; (2.18)
— +00
tlirflwy(t) = tlirpwr(t) =0, |lp(®)| > po > 1 eventually, (2.19)

where py is a fixed constant. Then, lim;_, ,,,x(t) = 0.

Proof. Since T is a strictly increasing continuous function, 7(f) < t in [fg,+o0) and
lim;_ 1, 7(t) = +oo, it follows that the inverse function 77! of 7 is also strictly increasing
continuous, 771 () > tin [7(ty), +o0) and lim;_, ,, 77 (t) = +co, where 777 = -0V (771) for all
j € N. Equation (2.18) implies that there exists a constant B > 0 with

lx(t)| < B, Vt=>t. (2.20)



8 Abstract and Applied Analysis

Using (2.18) and (2.19), we deduce that, for any € > 0, there exist sufficiently large numbers
T > 1+ |ty| and K € N satisfying

B

Py

e(po-1)

<3 max{lyOL I} < == |p®]2p, V=T (2.21)

In view of (2.17), (2.20), and (2.21), we infer that for all ¢t > T
[x(z' (1) —y(T'(®) - r (= )|

B =

ol P ®)]

xEO) + yETE) [+ [ ®)|
- lp(z1(1))]
e(po-1)

< Plo|x<7'1(t))| + 2—}90

) g(po—-1 g(pg—1
<1[plo|x(T<t>>|+ G >]+ (ro=1)

~po 2po 2po

i (2.22)
= pl%|x<’r_2(t)>| + —S(onpo ) <1 + Plo)

IN

S%|x<T‘K(t)>|+%<1+%@+~-+pg1>

=

B e(p-1) 1
N 2po 1-1/po

IN

=

<g,

which gives that lim;_, ,,x(t) = 0. This completes the proof. O

Lemma 2.3. Let x,p, 7,1, and y be in C([ty, +o0), R) satisfying (A2), (2.17), (2.18), and
Amly@l=d>0- limr) =0 223)
p1 > |p(t)| > po > 1 eventually, P> po+p1, (2.24)

where d, po, and py are constants. Then, there exists L > 0 such that |x(t)| > L eventually.

Proof. Obviously, (2.20) holds. It follows from (2.18), (2.23), and (2.24) that for € = d[po(po —
1) =p1]/(po(po — 1) + p1) > 0, there exist K € Nand T > 1 + |t satisfying
B

> £ £ £
B — —_— > > > 1.
pé< < 4’-71, d 4 < |y(t)| < d+ 4’ |T(t)| < 4p0’ pl - |p(t)| —po’ Vt— T (225)
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Put L = d[po(po — 1) — p1]1/2p1po(po — 1). In light of (2.17), we conclude that for each t > T
_ x(r') y(@®) o)

p(ri®)  p(ri®)  p(r®)

_ 1 [x(rz(ﬂ)_y(ﬂt))_r(r%t))]_y(rl(t))_r(ﬂ(t))
p(r1(®)) | p2(0)  p2®) pE®) | p(r ) pri®)

B x(T72(1)) ~
_Hlep(ri(t)) 7

x(t)

r(t/(®) (2.26)
I p(T7i(t))

y(t7 (1))

T p(ri(t)

M
M

Il
—_
Il
—_

r(t7(t))
I p(r-i(t)

M=

BEIG0) _i y(r7®)
MEpEi®) Jpaie)

]
—_

which together with (2.20) and (2.25) yields that for any t > T

[x(8)] >

ly(z'®)]  |x(z*®)| _i ly(7®)| <& r(z7®)]
()] T |p(i®)] S |peier)| ST |p(ri®)]

d-¢/4 B el &1
2 -x (@)X - X
p1 Po j=2Po poja Po
>d_5/4—i—<d f) 1/p5 £ 1/po (2.27)
- p1 4p1 4 1—1/p0 4p0 1—1/p0
_d-g/2  d+e/2 _dlpo(po-1) -pi] ~ (e/2)[po(po - 1) +pi]
P po(po-1) pipo(po—1)
=L.
This completes the proof. O
Similar to the proof of Lemma 3.2 in [26], we have the following two lemmas.
Lemma 2.4. Let x,p, 7,1, and y be in C([ty, +o0), R) satisfying (A2), (2.17), (2.18), and
tlirpwy(t) - tLHPoor(t) =0 (2.28)
lp®)] <po < % eventually, (2.29)

where py is a constant. Then, lim;_, 4o, x(f) = 0.
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Lemma 2.5. Let x, p, T, v, and y be in C([tg, +o0),R) satisfying (A2), (2.17), (2.18), (2.23), and
(2.29). Then, there exists L > 0 such that |x(t)| > L eventually.

Lemma 2.6 (Krasnoselskii’s fixed point theorem). Let X be a Banach space, let Y be a nonempty
bounded closed convex subset of X, and let f, g be mappings of Y into X such that fx + gy € Y for
every pair x,y € Y. If f is a contraction mapping and g is completely continuous, then the mapping
f + g has a fixed point in'Y.

3. Main Results

First, we use the Krasnoselskii’s fixed point theorem to show the existence and multiplicity
of bounded positive and negative solutions of (1.1).

Theorem 3.1. Let (Al), (A2),and (A3) hold. Assume that there exist pg, p1 € R*\{0}, 1o, 11 € RY,
and r € C"([to, +o0), R) satisfying

p1 > p(t) > po > 1 eventually, pg > po + p1s (3.1)
r®W(t) =g®),  -ro<r(t) <1 eventually; (3.2)
J‘ Sn_lzqi (S)ds < +o0. (33)

to i=1

Then, the following hold:

(a) for arbitrarily positive constants M and N with

(po-1)M > (py —1)N+% +70, (3.4)

equation (1.1) has uncountably many bounded positive solutions x € A(N, M) with

N < I%m inf x(t) < limsup x(t) < M; (3.5)

t—+oo

(b) for arbitrarily positive constants M and N with

(po-1)N > (p1 _1)M+% . (3.6)

equation (1.1) has uncountably many bounded negative solutions x € A(-N,—-M) with

-N < I%m inf x(t) < limsup x(t) < -M. (3.7)

-t t—+o0
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Proof. It follows from (3.1) and (3.2) that there exists an enough large constant Ty with
77 1(To) > 1+ |to| + |B] satisfying

po<pt)<p, () =gt), -ro<r{t)<r, Yt>T,. (3.8)

(a) Assume that M and N are arbitrary positive constants satisfying (3.4). Let D €
((p1 =1)N + (pir1/po) » (po —1)M —ry). First of all, we prove that there exist two mappings
Fp,Gp : A(N,M) — BC([f,+0),R) and a constant Tp > 771(Ty) such that Fp + Gp has
a fixed point x € A(N, M), which is also a bounded positive solution of (1.1) with N <
liminf; ., x(t) <limsup,_,, x(t) < M. Put

B = max{|fi(uy, ua, ..., ux)| :uj € [N,M],1<j<k;1<i<mj. (3.9)

In light of (3.3), (3.9), and (A2), we infer that there exists a sufficiently large number Tp >
771(Tp) satisfying

B e . _D+M+r D+N 1 _

e I Y T R L
Define two mappings Fp, Gp : A(N, M) — C([f, +),R) by
D, x(r7'(®) T(T_l(t))l .

(Fpx)(t) = p(r7i(t) p(r7(1) p(r7H(H)) (3.11)

(Fpx)(Tp), p<t<Tp,

(
p(T7(t))(n-1)!
XJ—+°° (s—771 (i‘))n_1

(Gpx)(t) = 4 T (3.12)

m

x 3" gi(s) fi(x(011(8)), x(012(8)), - .., x(0ik, ()))ds, t>Tp,

i=1

\ (GDx) (TD)/ ,6 <t<Tp,
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for each x € A(N,M). In view of (3.1), (3.8), and (3.10)—(3.12), we conclude that for any
x,u€ A(N,M)and t > Tp

x(7H () —u(r7H(t))

|(Fpx)(t) = (Fpu)(t)| = P(r ()

1
< —Jlx —ul,
0

(Fpx)(t) + (Gpu)(t)

__ D x(@®) r@®) D"
p(r'®)) p(r'®) p(r'®)  p(rH)@-1)!

X f o (S -7 ! (t)>nflz%(s)fi(u(aﬂ(s)),u(o,-z(s)) ..... u(oi, (s)))ds
o i-1
2 M T_() L +oo o m .
< po po T po pon-1) J‘ﬂ(t) s ;qz(s)ds
< M+min{M— D+M+r0,D+N_E_N}
Po Do o 7
<M,
(Fpx)(t) + (Gpu)(t)
__ D x(e) @) D"
p(Tfl (t)) p(’l'*1 (t)) p(Tfl (t)) p(’Zﬁl (t)) (n _ 1)'
’ j oo() (S _T_l(t)>niliqi(s)f"(”(oﬂ(S))f”(Uiz(S)) ..... u(oik,(s)))ds (3.13)
T i=1
2 ﬁ - r—l - L +00 n-1 < .
: P1 " p1 po  po(n—1)! JT_](t) s ;q:(S)ds
D+N_r_l_min{M—D+M+7’0’D+N_r_1_N}
P1 Po Po r -
>N,
|(Gpu) (t)]
_ ’ (1)
p(t71(t)) (n - 1)!
x f o (s - T_l(t))"’lzqi(s)fi(u(o'ﬂ(S)),H(O'iz(s)) ..... u(oik,(s)))ds
! i=1
L e n-1 = )
= po(n—1)! L-l(t)s ;ql(s)ds
<min{M_ D+M+TOID+N_r_1_N}
po p1 Po

<M,
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which ensures that

1

|[Fpx — Fpu|| = sup|(Fpx)(t) — (Fpu)(t)| < —|lx —u|, Vx,ue AN, M), (3.14)
£>Tp Po

Fpx+Gpu e A(N,M), Vx,ue A(N,M), (3.15)

IGpul| < M, VYue A(N,M). (3.16)

It follows from (3.11), (3.12), (3.15), and (3.16) that Fp and Gp map A(N,M) into
BC([B, +0), R), respectively.

Now, we show that Gp is continuous in A(N, M). Let {x1};cy C A(N, M) and x €
A(N, M) with lim;_, ,x; = x, given € > 0. It follows from the uniform continuity of f; in
[N,M]k" for 1 <i <mand lim;_, ,,x; = x that there exist 6 > 0 and K € N satisfying

| fiCuir, uin, . .., uix,) = fi(vin, Vi, - .., Vik,) |

< . _ , Vu, v € [N,M],
1+ (1/po(n=1)") [Fig,) s Ziy qi(s)ds (3.17)

|ul’]'—'Ui]'|<6, 1§]Skll 15157’7’1/

[lx;—x|| <6, VI>K.

In view of (3.8), (3.12), (3.17), we arrive at
IGpx: — Gpx||

b ="
p(T71(t))(n-1)!

t>Tp

<[ (s=m10)" S ilxlon(s), x1(0a(s), .. 01(00 (5))
i=1

0
—fi(x(011(5)), x(0i2(5)), . . ., x (0, (5))) ] ds

<sup———m—
o po(n—1)!

x f 1S i(9) | (3101 (9)), X1(0a(9)), . x1(0ik, (5)))

() i=1

_fi(x(oil(s))rx(UiZ(S))l oo, x(0ik (9))) |d5

1 JH—OO 4 m £
< — s" i(s)ds - —
pO(Tl — 1)' T 1(Tp) ;q 1+ 1/p0(Tl — 1)' f;’l(TD) STl—l Z:’il (]i(S)dS
<e, VI>K, (3.18)

which means that Gp is continuous in A(N, M).
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Next, we show that Gp(A (N, M)) is equicontinuous in [f, +o0). Let € > 0. Taking into
account (3.3) and (A2), we know that there exists T* > Tp satisfying

1 +oo 1 m €
_— s i(s)ds < —. 3.19
po(?l - 1)' jrl(T*) ;q ( ) 4 ( )
Put
B, = max{ s" 1D gi(s) : T (Tp) < s < T_l(T*)}. (3.20)
i=1

It follows from the uniform continuity of pr~! and 77! in [Tp,T*] that there exists 6 > 0
satisfying

L epi(n - 1)
‘p(r 1(t1)> P<T 1(t2)>| < 4[1 N BJ:jO(TD) sy qi(s)ds] ’

Vi, t € [TD,T*] with |t1 - t2| < 6,’

3.21
epo(n—1)! 420

4B [1 +Bi+(n-1) f:jo(TD) -ty qi(s)ds]

|T_1(t1) - T_l(t2)| <

Vi, t € [TD,T*] with |t1 - t2| < 6.

Let x € A(N, M) and ty, t; € [, +o0) with |t; — 2] < 6. We consider three possible cases.

Case 1. Letty,t; € [T*,+o0). In view of (3.8), (3.9), (3.12), and (3.19), we conclude that

[(Gpx)(t1) — (Gpx)(t2)]

1
(n-1)!

1
p(71(t))

x j (s-7(10)" 2ai(5) fix(@n(s)), x(0n(s)), . x(ou, (s)))ds
i=1

T (t)
B 1
p(T7(t2))

x J‘ <5 - T_l(t2)>nilqu‘(5)fi(x(0i1(S))rx(O'iz(S)), .., X(0ik;(8)))ds
i-1

771 (t2)
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B too m +00 m
: po(n—1)! I:J‘ ) $"7 Y qi(s)ds + I Sanqi(s)dS]

i=1 771(t2) i=1
£
< E
(3.22)
Case 2. Letty,t; € [Tp, T*]. In terms of (3.8), (3.9), (3.12), (3.21), we arrive at
[(Gpx)(t1) — (Gpx)(t2)|
1 1
(=) p(rl(h))
< N ()" 3406 fi(x(0a (5)), x(0a(s)), ..., x(0u, (5)))ds
Tk i=1
1
p(r7 (k)

x f N (s-77)" 2ai(9) filx(on(s)), x(02(s)), - ., x(0, (s)))ds
(2 i=1

1 {' 1 B 1
T (m-Di | p(r i) p(rHt)

+ ;
p(r7(t2))

|

77 (t2) n-1m
[ (s=m00) " e i ea (), ¥ .., ¥ ()
i=1

771 (t)

too B n-1 B n-1
+ J‘T](tz) <s -T 1(t1)> - (s -T 1()f2)>
x>4i(s) fi(x(0i1(5)), x(0i2(8)), - - ., x(Oiki(S)))dS:I }
i=1

B {|P(T_1(t1)) -p(t7! ()] f“”
T (=D p(r t)p(tTH(R) )

d

n 1
s 1N gi(s)ds + —
> 4i(s) o

i=1

7 (t) m
J s"‘lzqi (s)ds
i=1

T (t)

+ J‘ (n—1)smxn20) |T_1(t1) -7 (t) |Z‘1i(5)d5:| }
(7)) i=1
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B B ~ +00 . m
< mhﬂ(f 1(t1)> —P<T 1(tz)> L(TD) s 1§qi(s)ds
B +00 o m B B
+ (=1 [31 +(n-1) . s 1§q,~(s)ds] |T L) —174(h)
€
< E
(3.23)
Case 3. Letty,t, € [B,Tp]. By (3.12), we have
|(Gpx)(t1) — (Gpx)(t2)| = (Gpx)(Tp) — (Gpx)(Tp)| =0 < &. (3.24)

Thus, Gp(A(N, M)) is equicontinuous in [f, +o0). Consequently, Gp (A(N, M)) is relatively
compact by (3.16) and the continuity of Gp. By means of (3.14), (3.15), and Lemma 2.6, we
infer that Fp + Gp possesses a fixed point x € A(N, M), that is,

D x(7N(t))  r(rM(®) (-1)"

@0 pE0) p®) | pr®) -1

+00 n_1m
X J " <s - T‘l(t)> Zqi(s)fi(x(oﬂ(s)),x(oiz(s)), ..., x(0i,(s)))ds, Vt>Tp,
Tt i=1
(3.25)

which gives that

(_1)11—1

x(t) —p()x(r(t)) = =D +r(t) + TR

<[ 5= 0" S0 fix(0(5), K@l . x(0, (1),
i=1

t

vt > 7 H(Tp),

[x()) ~ pOx(T®)] ™ = g(t) = X (t) filx(0a (), x(02(D), ..., x(0w (1)), Vi 27 (Tp),
i=1
(3.26)

which mean that x € A(IN, M) is a bounded positive solution of (1.1) with

N < l}m inf x(t) < limsup x(t) < M. (3.27)
— +00

t—+oo

Let D; and D, be two arbitrarily different numbers in ((p1 — 1)N + (p1ir1/po), (po —
1) M — rp). Similarly, we conclude that for each I € {1,2} there exist two mappings F p;,Gp;
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A(N,M) — BC([B,+),R) and a sufficiently large number Tp, > 77'(T) satisfying (3.8)—
(3.12), where D, Tp, Fp, and Gp are replaced by D;, Tp,, Fp,, and Gp,, respectively, and
Fp, + Gp, has a fixed point x; € A(IN, M), which is also a bounded positive solution with
N <liminf; ;o x;(t) <limsup,_,, x(t) < M, thatis,

D xa(®) (@) D"

MO= 10y pE®) pm)  pE ) -1

+00 n_im
x f o (s - T’l(t)> >4i(s) fi(xi(0ia (), x1(00a(5)), - .., x1(0ik, ()))ds, Vit > Tp,.
Tt i=1
(3.28)

It follows from (3.3) that there exists T3 > max{Tp,, Tp, } satisfying

B J‘+oo §" 1 | D2|
_ i(s)ds < ————= 3.29
po(n =1 )z, ;q © 4p1 (3.29)

Combining (3.8), (3.28), and (3.29), we conclude easily that

|21 (t) = x2(t)]
_ ‘ D, -D, . x1(77H(t)) = xo (7™ 1(1.‘)) (-1)"
p(T7(t) p(T7'(1) (@) (- 1)!

« fm (s-m'®0)"

H(t)

x Z%(S) [fi(x1(0in(8)), x1(012(5)), - - ., x1(0ik, (5)))
in1

—fi(x2(011(8)), x2(0i2(5)), . . ., X2 (0K, (5)) )] ds

(3.30)

s"iliqi(s)ds

(D) i=1

5 [P1= Do (' (1) — (v ()] 2B J+w
Z P(T*l(t)) P(T*l(t)) P(Tﬁl(t))(fl—l)'
> |D1 = Ds| %1 —xof 2B J‘+oo
- m po poln—1)

s"‘lzqi(s)ds
i=1

1(T3)
o 1D1=Dof _lxi = x|l |D1 - Dy
p1 Po 2p
_[Di=Ds| _|lx1 =]
2p; Po

’ vt > T3/
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which guarantees that

D,-D
21 — x| > polD: — D >0, (3.31)
2p1(1+ po)

that is, x1 # x,. Hence, (1.1) has uncountably many bounded positive solutions x € A(N, M)
with N <liminf; , ,,x(t) < limsup,_,, x(t) < M.

(b) Assume that M and N are arbitrary positive constants satisfying (3.6) and put
By = max{| fi(ui, u, ..., ux)| 1 uj € [-N,-M],1<j < k;, 1 <i<mj}. (3.32)

Let D € ((1-po)N + 11, (1 —p1)M = (p1ro/po)). It follows from (3.3), (3.8), (3.32), and (A2)
that there exists Tp > 77 (Tp) satisfying

-—,N+

, 3.33
p1 po Po ( )

+o0 m _ _ _
B2 f s""lzqi(s)ds < min{—M + M-D_n m}

pom=-D! )y S

Let the mappings Fp,Gp : A(-N,-M) — C([p,+o0),R) be defined by (3.11) and (3.12),
respectively.
Using (3.1), (3.8), (3.11), (3.12), and (3.33), we deduce that for any x,u € A(-N,-M)

andt>Tp

(Fpx)(t) + (Gpu)(t)

__ D . x(t71(1)) ~ r(t71 (1)) . (-n"
p(r (1) p(rt®) pt®) p(r ') @n-1)!

x f (s-771)" D) fi(u0u(s), u(0a(s), .., u(ow, (s)ds
i=1

D B +00 m
< = - M + m + —Z'J‘ Snilzqi(s)ds
pr P po pon-D! )y H
< D_M+E+min{—M+M_D—E, N+—D_N_rl}

< _Mr



Abstract and Applied Analysis 19

(Fpx)(t) + (Gpu)(t)

__ D _x@m) r@w)
p(rt®) p(i®) p(i®) p(rH®H)@m -1

<[ (=) S fiulon (), u(@a() - u(on ()i
i=1

(1)

+oo m
S\ LI "3 gi(s)ds
Po  Po Po P()(Tl - 1)' (1) i=1
> —D—N—n —min{—M+ M-D —T—O, N+—D_N_rl}
Po p1 Po Po
>-N,
(3.34)
which give that
Fpx + Gpu e A(-N,-M), Vx,ue A(-N,-M). (3.35)

The rest of the proof is similar to the proof of (a) and is omitted. This completes the proof. [

Theorem 3.2. Let (Al), (A2), and (A3), hold. Assume that there exist pg,p1 € R* \ {0}, ro, 11 €
R*, and r € C"([ty, +o0), R) satisfying (3.2), (3.3), and

p1 > —p(t) > po > 1 eventually. (3.36)

Then, the following hold:

(a) for arbitrarily positive constants M and N with
N <M, <p(2) - p1>M > <p1 - :;—?);QON + por1 + pito, (3.37)

equation (1.1) has uncountably many bounded positive solutions x € A(N, M) with

N < litm inf x(t) < limsup x(t) < M; (3.38)
— +00

t—+oo
(b) for arbitrarily positive constants M and N with

M <N, <P(2> - P1>N > (Pl - %)POM + p1t1 + poto, (3.39)
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equation (1.1) has uncountably many bounded negative solutions x € A(—~N, —M) with

-N < l}m inf x(t) < limsup x(t) < -M. (3.40)
— +00

t—+o0

Proof. It follows from (3.2) and (3.36) that there exists a constant Ty with 7(Ty) > 1 + [to| + ||
satisfying

po<-pt) <p, M) =gt), -ro<r(t)<n, V=T (3.41)

(a) Assume that M and N are arbitrary positive constants satisfying (3.37). Let D €
(p1((M +19)/po+ N), po(N/p1 + M) —r1) and B be defined by (3.9). In light of (3.3), (3.9),
and (A2), there exists a sufficiently large number Tp > 77 (T)) satisfying

LJ‘ s”_lzqi(s)ds<min{M— D+n + E,B _ Mt —N}. (3.42)
po(n - 1)' 1(Tp) i1 Po pP1 p1 Po

Define two mappings Fp,Gp : A(N, M) — C([p,+o0),R) by (3.12) and

D . x(t7(t)) ~ r(t7H(t)) STy
(Fpx)(t) =4 P(T®)  p('@®) p(®)" (3.43)

(Fpx)(Tp), p<t<Tp

for each x € A(N, M). In view of (3.12), (3.36), and (3.41)—(3.43), we conclude that for any
x,u€ A(N,M)and t > Tp

(Fpx)(t) + (Gpu)(t)

___ Db  x@®) r@'®) (-1)"
p(ri(t))  p(r i) p(@®) p(i®)@m-1)!

. J (s-7®)" Xa:5) fiw(on(), u(0a(s)), .., (0, (5)))ds
- pa}

D N n B J‘+°° EL

< - - - s" i(s)ds
Po P1 Po Po(n—l)! (1) ,-:Zlq( )
2_ﬂ+_+mm{M_D+ﬁ ﬁ,B_M_N}
pPo P1 po Po pP1 p1 Po
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(Fpx)(#) + (Gpu)(t)

___ D .\ x(171(1)) ~ r(t7' (1)) .\ (-1)"
p(z'(®) p(r'®) pE'®) pEB)n-1)

x f <s _ 7! (t))n_lzqi(S)fi(u(Uﬂ(s)), u(oin(s)), ..., u(oi(s)))ds
i=1

D M B f+°° pL
P —_ s" i(s)ds
P1r Po Po Po (n=-1)! ) 0] ;q
>2_M+r°—min{M—D+r1 +EIB_M_N}
p1 Po Po p1 p1 Po
>N,

(3.44)

which imply (3.15). The rest of the proof is similar to that of Theorem 3.1 and is omitted.

(b) Assume that M and N are arbitrary positive constants satisfying (3.39). Let D €
(=po(N+(M/p1))M+ry, —Mpi—(p1/po)(N+r1)) and B, be defined by (3.32). Note that (3.3),
(3.32), and (A2) yield that there exists a sufficiently large number Tp > 771(T) satisfying

+00 m —
L' f s"’lzq,-(s)ds < min{—M - 2 _N rl,N + D-ro + M} (3.45)
po(fl — 1) 1(Tp) i—1 pP1 Po Po p1

Let the mappings Fp,Gp : A(-N,-M) — C([f,+),R) be defined by (3.12) and (3.43),
respectively.
Using (3.12), (3.36), (3.41), and (3.45), we infer that for any x,u € A(N, M) and t > Tp

(Fpx)(t) + (Gpu)(t)

___ D . x(t71(1)) ~ r(71 (b)) . (-1n)"
p(r1(®) p(r®) pt®) p(rt®)n-1)!

x J (s-771)" D) fi(u(0n (), u(0a(s) .., u(ow ()ds
i=1

TL(t)

D N n B, J'JrOO -1
<—+—+ =4+ — s i(s)ds
pP1 pPo pPo po(n—1)! 1(t) ;q( )
<—+—+—+min{—M—2—N+rl,N+M+M}
p1r Po  Po p1 po Po p1

< _Mr



22 Abstract and Applied Analysis

(Fpx)(t) + (Gpu)(t)

___ Db x(w) r(@®) (-1)"
p(ri(t))  p(r i) p(ri®) p(E i) m-1)!

X J <s — T‘l(t)>nilzqi(s) fi(u(oi(s)), u(oin(s)), ..., u(oi(s)))ds
i=1

(1)

+o0o m
22+M_E_—Bz "[ s"1 D gi(s)ds
po P po po(n=-D! )y &
>2+M—E—min{—M—2—N+r1,N+M+M}
Po P1  Po P1 po Po p1
> _N,

(3.46)

which give (3.15). The rest of the proof is similar to the proof of Theorem 3.1 and is omitted.
This completes the proof. O

Theorem 3.3. Let (A1) and (A3) hold. Assume that there exist po,p1 € R* \ {0}, ro,m1 € R*, and
r € C"([tp, +o0), R) satisfying (3.2), (3.3), and

—po < p(t) < p1 eventually, po+p1 <1l (3.47)

Then, the following hold:
(a) for arbitrarily positive constants M and N with

7’0+T1+N< (1—p0—p1)M, (348)

equation (1.1) has uncountably many bounded positive solutions x € A(N, M) with

N < I%m infx(t) <limsup x(t) < M; (3.49)
— +00

t—+oo
for arbitrarily positive constants M and N with

ro+rn+M<(1-po-p1)N, (3.50)
equation (1.1) has uncountably many bounded negative solutions x € A(—~N, —M) with

-N < I%m inf x(t) < limsup x(t) < -M. (3.51)

— +00 t—+oo
Proof. It follows from (3.2) and (3.47) that there exists a constant Ty > 1 + |t| + |B| satisfying

—-po<pt) <p1, ) =gt), -n<rit)<n, V=T (3.52)
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(a) Assume that M and N are arbitrary positive constants satisfying (3.48). Let D €

(poM + 19+ N, (1 —p1)M; —r1) and B be defined by (3.9). In light of (3.3), (3.9), and (A2),
we infer that there exists a sufficiently large number Tp > max{Ty, 7(To)} satisfying

B +co m
(=11 L s"13gi(s)ds <min{M -D-piM-r,D-pM-r,-N}.  (353)
: D i=1

Define two mappings Fp,Gp : A(N, M) — C([p,+o0),R) by

D +pt)x(r(t)) +r(t), t=Tp,
(Fpx)(t) = (3.54)
(Fpx)(Tp), p<t<Tp,

(Gpx) (1) xf (s - t)"_lzqi(s)fi(x(oﬂ(s)),x(O',-g(s)), <o, x(oi,(s))ds, t>Tp
i=1

(GDx) (TD)/ ﬂ <t<Tp,
(3.55)

for each x € A(N, M). In view of (3.47) and (3.52)—(3.55), we conclude that for any x,u €
A(N,M)and t>Tp

|(Fpx)(t) = (Fpu) (1) < |p(5) (x((1)) = u(r(t))] < (po + po)llx — ul,

(_1)n—1

(Fpx)(t) + (Gpu)(t) = D + p(t)x((t)) + r(t) + =11

<[ 6= S0 (0 (9),1(E2() o 1o ()
i=1

+0o

B n-1 S
<D+piM+r+ WI s gqi(s)ds

¢
<D+piM+r+min{M-D-pM-r,D-pM-r,-N} <M,

(=)™
(n-1)!

(Fpx)(t) + (Gpu)(t) = D + p(t)x(7(t)) +r(t) +

x I (s =" qi(s) fi(u(0in(s)), u(0i(s)), . .., u(oi, (s)))ds
i=1

t
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+oo

B
>D-pM -1~ gy |

s""lzqi(s)ds
i=1

>D-poM -rg—min{M -D -ptM -r,D -poM -1y - N}
>N,
(3.56)

which yield (3.15). The rest of the proof is similar to that of Theorem 3.1 and is omitted.

(b) Assume that M and N are arbitrary positive constants satisfying (3.50). Let D €
(ro—(1-p1)N—-M-N, po—r1) and B, be defined by (3.32). In light of (3.3), (3.32), and (A2),
we infer that there exists a sufficiently large number Tp > max{Ty, 7(Tp)} satisfying

B,

+oo m
o)1 I s”_lzqi(s)ds <min{-M -D -pyN -r,D+N(1-p1) —ro}. (3.57)

Tp i=1

Define two mappings Fp, Gp : A(-N,-M) — C([f, +0),R) by (3.54) and (3.55). In view of
(3.47), (3.52), (3.54), (3.55), and (3.57), we conclude that (3.56) holds and

(_1)71—1
(n-1)!

(Fpx)(t) + (Gpu)(t) = D + p(H)x(7(t)) + 7(t) +

X L (s - t)"_lzqi(s)fi(u(oﬂ(s)),u(oiz(s)), ..., u(oi,(s)))ds
i=1

+00 m

B n-1
RN TESVE J, S

t i=1

<D+p)N+r +min{-M-D-pyN -r,D+N(1-p1) -1}

<-M, VYx,u€ A(N,M), t>Tp,

(_1)71—1
(n-1)!

(Fpx)(t) + (Gpu)(t) = D + p(£)x(7(t)) + 7(t) +

x J‘ (s =)' 22qi(5) fi(u(0i1 (5)), u(022(8)), - ., (0 ()))dls
i=1

t

B +oo m
>D-piN -1y - TR L Sn_lz’h(s)ds
: im1

>D-pi1N-rg-min{-M-D-pyN -r,D+N(1-p1) -1}

>-N, Vx,ue A(N,M), t>Tp.
(3.58)
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Thus, (3.15) follows from (3.58). The rest of the proof is similar to that of Theorem 3.1 and is
omitted. This completes the proof. O

Second, we provide necessary and sufficient conditions for the oscillation of bounded
solutions of (1.1).

Theorem 3.4. Let (A1), (A2), and (A3) hold. Assume that there exist pg,p1 € R* \ {0} and r €
C"([to, +o0), R) satisfying (2.24) and

lim r(t) =0, r™(t) = g(t) eventually. (3.59)

t— +oo

Then, each bounded solution of (1.1) either oscillates or tends to 0 as t — +oo if and only if

J‘JrOO s"‘liqi(s)ds = +c0. (3.60)

to i=1

Proof.

Sufficiency. Suppose, without loss of generality, that (1.1) possesses a bounded eventually
positive solution x with limsup, _,, _x(t) > 0, which together with (A1), (A3), (2.17), (2.24),
and (3.60), yields that there exist constants M >0 and T > 1 + [to| + |f]| satisfying

O<x(t) <M, Vt>T; (3.61)

y™(t) = —iqi(t)fi(x(oﬂ(t)),x(oiz(t)),...,x(oiki(t))) <0, Vt>T. (3.62)
i=1

Obviously (2.17), (2.24), (3.59), and the boundedness of x imply that y is bounded. It follows
from (2.17), (3.62), Lemmas 2.1 and 2.2 that there exists a constant L satisfying

lim y(t) =L#0, lim yD(#) =0, 1<i<n-1. (3.63)
— +00

t—+co

Thus, (A1), (3.61), (3.63), and Lemma 2.3 imply that there exist constants N and T1 > Tp > T
satisfying

inf{o;j(t) 1t >T,1<j<ki,1<i<m}>T,,
(3.64)
[7pt]0< N <x(t), |y(t)-L|<1, Vt>Ti.

Put

Bs = min{ fi(u1,uz, ..., ux,) :uj € [N,M], 1<j <k 1<i<m}. (3.65)
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Clearly, (A3) guarantees that B; > 0. Integrating (3.62) from ¢ to +oo, by (3.63) and (3.64), we
have

Y00 = (0 [ D) (0 (), 20 00)) . x(0w, (w))ur, VES T,
=1

(3.66)

repeating this procedure, we obtain that

y" () = (—1)3I wd”ZI ) i%(ul)fi(x(@'l(ul))/x(f’iZ(“l))/~'-fx(oikf(“l)))d”h vtz T,
t

uy =1

VO =" [ dus [ e
t

Un-1

X Zqi(ul)fi(x(oil(ul))/x(aiz(ul))/‘ o, X0k (u1)))duy, V=T,

uz =1

L-y(t) = lim y(u)-y()

+oo +o0o
= (—1)"J‘ dunJ‘ du,_q -

t Up
x Zqi (u1) fi(x(0i1(u1)), x(0i(u1)), ..., x(Oik, (u1)))duy
u =1
(-1)"

= o) f (s - t)”flng‘(s)fi(x(ffﬂ(S)),X(Giz(S)), .., x(oi,(s)))ds, Vt>T,

t
(3.67)

which together with (3.64) and (A3) means that

to vl ‘ (7(1__1)1)! J‘t (5= t)n_léqi(s)fi(x(o-“(s))'x(0i2(5)),-..,x(Oik,-(S)))ds
B +oo . m
2 _31)! L (s—t) 1§qi(s)ds, VE>Ti,
(3.68)
which gives that
J-+oo S"_liqi(s)ds < +00o, (369)
T i—1

which contradicts (3.60).
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Necessity. Suppose that (3.60) does not hold. Observe that lim;_, .., 7 () = 0 implies that there
exist two positive constants 7y and r; satisfying

—19 < r(t) < rp eventually. (3.70)

It follows from Theorem 3.1 or Theorem 3.2 that, for any positive constants M and N
satisfying (3.4) or (3.37), (1.1) possesses uncountably many bounded positive solutions
x € A(N,M) with M > limsup,_,,_x(t) > liminf; .,.x(t) > N. This is a contradiction.
This completes the proof. m

As in the proof of Theorem 3.4, by means of Lemmas 2.1, 2.4, and 2.5, we have

Theorem 3.5. Let (Al) and (A3) hold. Assume that there exist pgp € R* \ {0} and r €
C"([to, +00), R) satisfying (2.29) and (3.59). Then, each bounded solution of (1.1) either oscillates or
tends to 0 ast — +oo if and only if (3.60) holds.

4. Remarks and Examples

Now, we compare the results in Section 3 with some known results in the literature. In
order to illustrate the advantage and applications of our results, five nontrivial examples
are constructed.

Remark 4.1. Theorems 3.1-3.3 extend and improve the Theorem in [9], Theorem 8.4.2 in [10],
Theorem 1 in [21], Theorems 1-3 in [24], Theorem 2.2 in [26], and Theorems 1-4 in [27, 28].

Remark 4.2. The sufficient part of Theorem 3.5 is a generalization of Theorem 3.1 in [4, 5].
Theorem 3.5 corrects and perfects Theorem 2.1 in [26].

The examples below show that our results extend indeed the corresponding results
in [4, 5, 9, 10, 21, 24, 26-28]. Notice that none of the known results can be applied to these
examples.

Example 4.3. Consider the nth-order forced nonlinear neutral differential equation:

<1 + m) [x°(3t +sint) + x3(t - 1/1)]
(1 + t143) [1 + |x8(3t2) ~ oy <t - \/tﬁ) H

[x(t) - i:iinx(\ﬁ)] " +

(4.1)
be(3t = Int)act (P — ) x°(t - 2) + 5t (K1 +1/D) 1 |
(1 + 38 1)[1 + [x3(4t — cos?t) — 4t (t - 1)]] =5 sm(t + T>' t>2,

wherety =2, m=2,andneN.Putk; =4, k=6, =0, o=r1=1/2, po=3, p1 =4,

3 +4t" 1++/3+2t t
PO=Top 0= e 0= e

1 . nir 1 . .
g(t) = 3 sm<t + 7), r(t) = 5 sint, T(t) = Vi, o11(t) = 3t +sint,
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1
o) =t-1, oi(t) =3,  oult)=t-vt-1,  oxn(t)=3t-Int,

1 t
on(t) =2 —t, on(t) =t-2, oo(t) = t<1 + ¥> , O25(t) = 4t — cos’t,

u® +0°

ox(t)=t-1, filu,o,w,z) = T3 wb = 2221

uvtw® + 5z

1|3—44, V(t, u,o,w,zYy, S) € [t(), +OO) X R6.
+|y? —4s

fo(u,v,w,z,y,s) =

(4.2)

Clearly (A1), (A2), (A3), and (3.1)—(3.3) hold.

Let M and N be arbitrarily positive constants satisfying M > (3/2)N + 7/12. It is
easy to verify that (3.4) holds. It follows from Theorem 3.1 that (4.1) has uncountably many
bounded positive solutions x € A(N, M) with N <liminf; , ,,x(t) <limsup,_,, x(t) < M.

Let M and N be arbitrarily positive constants satisfying N > 3M/2+7/12. It is easy to
verify that (3.6) holds. It follows from Theorem 3.1 that (4.1) has uncountably many bounded
negative solutions x € A(~N,-M) with -N <liminf; ., ,,x(t) <limsup,_ , x(t) <-M.

Example 4.4. Consider the nth-order forced nonlinear neutral differential equation:

(m 2 4 23Y 27 (32w (F — 1) 23
s 320 7 )| Cr s ey
o (2+sin(2) + 1745 [1 +x2(t = 1) (£ In )]

X (3+1%) [x5(t2 +1) + 723 (4 - 2) +x° <t + \/E)xs(t - 4)] _ D'

(T (S(e vi) a0 -3) | T am0m

- 4

(4.3)

wherety =3, m=2,andn e N.Putk; =3, kp =4, p=-1, ro=1/2, 1 =0, po =4, p1 =10,

(#) = _8+108 (t) = £+ 3t (#) = 3+t
P 24457 & 2 +sin®(2) + #1457 7 VE+ T+ 3
_ (=1)"n! n! 1 B
g(t)— ] +(1_t)”+1’ r(t)—m, T(t)— \/t2+1—1,
on(t) =3,  op(t)=t-1, opt) =tlnt, ou(t)=F+1, (4.4)
7003
0'22(t) =t4—2, O'23(t) =i’+\/i, ()'24(t) =t-4, fl(u,U,w) = %/

u’ +70° + w28

, VY(tu,v,w,z) € [ty +o0) x R
1+ (wd —4z4 -3)°

fo(u,v,w,z) =

Clearly (A1), (A2), (A3), (3.2), (3.3), and (3.36) hold.
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Let M and N be arbitrarily positive constants satisfying M > (32/5)N + 5/6. It is
easy to verify that (3.37) holds. It follows from Theorem 3.2 that (4.3) has uncountably many
bounded positive solutions x € A(N, M) with N <liminf; , ,x(t) <limsup,_ , x(t) < M.

Let M and N be arbitrarily positive constants satisfying N > (32/5)M + 1/3. It is
easy to verify that (3.39) holds. It follows from Theorem 3.2 that (4.3) has uncountably many
bounded negative solutions x € A(-N,-M) with =N <liminf; _, ,x(t) <limsup, . x(t) <
-M.

Example 4.5. Consider the nth-order forced nonlinear neutral differential equation:

(n)

23in<152 - \/f) x((t ) 5)2> (3\/m + t5>x3(t - 4)

5+ sin(t2 - \/E> < 2241+ t”+6> [2 + cos5x<\/m - 3)]
<1 - VE+1In’t + t4>x9(2t +sin(? +1))

- (- Az
+ (1_2t3+3t4+t"+5)1n[2+x2<t2m>] = ( 1)"cos<t+ > ), t>1,

x(t) —

(4.5)

wherety=1, m=2,andneN.Putk; =k, =2, p=-4, nn=r1=1, po=1/2, p1=1/3,

© - 2sin(12 - 1) (= VT () = Lo VE TIn2t + t*
P _5+sin<t2—\/f), D= Jai1eme PV T T 2p s s
g(t) = (—1)”cos(t + %) r(t) = (-1)"cost,  T(t)=(t-4)*  on(t)=t-5,
ont)=VE+1-3,  on(t)=2t+ sin<t2 + 1), on(t) = VI +2t,

3 9

u u
=—— Y R2.
fZ(u/ U) 11’1(2 n '02)’ (t/ u, U) € [tO/ +OO) X

fl(u,v) =

2 + cosbv’
(4.6)

Clearly (A1), (A3), (3.2), (3.3), and (3.47) hold.

Let M and N be arbitrarily positive constants satisfying M > 6N + 12. It is easy
to verify that (3.48) holds. It follows from Theorem 3.3 that (4.5) has uncountably many
bounded positive solutions x € A(N, M) with N < liminf,_, ,ox(t) <limsup,_,, x(t) < M.

Let M and N be arbitrarily positive constants satisfying N > 6M + 12. It is easy
to verify that (3.50) holds. It follows from Theorem 3.3 that (4.5) has uncountably many
bounded negative solutions x € A(-N,-M) with =N <liminf; ., ;,x(t) < limsup,_,, x(t) <
-M.

Example 4.6. Consider the nth-order forced nonlinear neutral differential equation:

(-1)" <5 + 91n2t> o

x(t) - ———— x(x/f - 1) + <t8 +965 + 3) [2x3<t1n2t> +5x7 ( - 16)]
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(- s0)< (-5 s (5]
[(t + 1)2 - \/E]XS <tarctan(t3 + 1)/(1 + m)) 11’1(1 +x5(t+ 1)/(1 +x2(t - 2)))
+

[2t"+3 +/Esin(35 - 1)] [1+x2(82 = ) x4 (12 + 1)]

_ (D)"mi(int - 37 (1/i)

pn+l t>4,
(4.7)
wherety =4, m=3,andneN. Putk; =2, k, =3, k3 =5, f=-12, po=5, p1 =9,
(-1)" (5 +9In’t)
_ _ 8, 05 _p2 (3
Pl =———a—" =943, gl =t (2+sm<t 5t)),
F+1)2 =1 (-D)"n!(Int- X", 1/i Int
g3 = ( ). ;o 8= ( el 1 )’ r) ==
2143 + 1/t sin(3t° - 1) t t
in ¢
T(t) = \/> - 1, O'll(t) = tlnzt, 0'12(t) =t- 16, 021 (t) =t- %,
1+t+82+8 tarctan(#® +1) (4.8)
t) =t—cost t)= ——FF5— )= ——7——
o (t) cost, 023 (t) T 2 o31(t) T+ Vit

oxn(t)=t+1, oxn(t) =t-2, ou(t) = - t, oxs(t) =17 +t,
2
fi(u,v) = 2u° + 507, fo(u,v,w) = 1’ <v4 + 4w6> ,

1w’ In(1+ 0%/ (1 +w?))
1+ y%z*

fs(wv,w,y,z) = , VY(t,u,v,w,y,z) € [ty +o0) x R°.

Clearly (A1), (A2), (A3), (2.24), (3.59), and (3.60) hold. It follows from Theorem 3.4 that each
bounded solution of (4.7) either oscillates or tends to 0 as t — +co.

Example 4.7. Consider the nth-order forced nonlinear neutral differential equation:

_1) _ ) P22 —VEi+1)x(VE-2-1
- G ] 2 )
1+x2< t—2—1)

N VE-T[x3(t-1/t) +5x7(t - 1/8)] In(2 + x(t - 1/8)) 2" Sin(ﬁt + mf/4)
£2n+1 4 2pnin (1 + £2) + 1 - eV '

t>6,

(4.9)
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wherety =6, m=2,andneN.Putk; =k, =1, f=1, po=1/3,

_ (-1)"cos*(3t - 1)

t) = D= +28 —Vt+1
p(o) 4+cos(3t-1) 7 (0) i Vi,
7.1 on sin(x/it + nyr/4> sin<ﬁt>
t) = , t) = . ()= ——2,
() 21l 23 (1 + £2) + 1 8 eVt ) eVt

rl) =t-sint, o) =vis2-1  oaB)=t-t  filw =t

- 7 1 - 2 - t/ 1 - 1 + uzl
fa(u) = u® + 507 1n(2 + u6>, V(t,u) € [ty, +o0) x R.

(4.10)

Clearly (A1), (A3), (2.29), (3.59), and (3.60) hold. It follows from Theorem 3.5 that each
bounded solution of (4.9) either oscillates or tends to 0 as t — +co.

Next, we prove that the necessary part of Theorem 2.1 in [26] does not hold by means
of (4.9). It is easy to verify that the conditions of Theorem 2.1 in [26] are fulfilled. Suppose
that the necessary part of Theorem 2.1 in [26] is true. Because each bounded solution of (4.9)
either oscillates or tends to 0 as t — +oo, it follows that the necessary part of Theorem 2.1 in
[26] gives that

+0oo
j s"1qi(s)ds = +oo, i€ {1,2}, (4.11)
to
which yields that
+oo +o0 n-1 21 +o
+o00 = s""lqg(s)ds = f ° \/ii ds < f T ds < 400, (4.12)
to o s21 4+ 2sMn”(1+ s2) + 1 , s

which is a contradiction.
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