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By applying the least action principle and minimax methods in critical point theory, we prove the

existence of periodic solutions for a class of difference systems with p-Laplacian and obtain some
existence theorems.

1. Introduction

Consider the following p-Laplacian difference system:
A<|Au(t D) Au(t - 1)) = VE(tu(t), tez, (1.1)

where A is the forward difference operator defined by Au(t) = u(t + 1) — u(t), A%u(t) =
A(Au(t)),p € (1,+) suchthat1/p+1/g=1,t€ Z,u € RN, F : ZxRN — R, and F(t, x) is
continuously differentiable in x for every t € Z and T-periodic in t for all x € RY.

When p = 2, (1.1) reduces to the following second-order discrete Hamiltonian system:

Au(t-1) = VF(t,u(t)), teZz. (1.2)

Difference equations provide a natural description of many discrete models in real
world. Since discrete models exist in various fields of science and technology such as
statistics, computer science, electrical circuit analysis, biology, neural network, and optimal
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control, it is of practical importance to investigate the solutions of difference equations. For
more details about difference equations, we refer the readers to the books [1-3].

In some recent papers [4-18], the authors studied the existence of periodic solutions
and subharmonic solutions of difference equations by applying critical point theory. These
papers show that the critical point theory is an effective method to the study of periodic
solutions for difference equations. Motivated by the above papers, we consider the existence
of periodic solutions for problem (1.1) by using the least action principle and minimax
methods in critical point theory.

2. Preliminaries
Now, we first present our main results.

Theorem 2.1. Suppose that F satisfies the following conditions:

(F1) there exists an integer T > 1 such that F(t + T, x) = F(t,x) for all (t,x) € Z x RN,
(F2) there exist f, g € I'([1,T],R*) and a € [0, p — 1) such that

IVE@ )| < f()]xI+ g, V(t,x) € Z[1,T] x RY, 2.1)
where Z[a,b] :=7ZnN[a,b] for every a,b € Zwitha <b,
(F3)

ga(T _1\42p-1)/p T
27T ql% > fUt), VteZ[1,T]. (2.2)
t=1

T
lim inf|x|_‘7“ZF(t, x) >
|x| = +o0 -1

Then problem (1.1) has at least one periodic solution with period T.

Theorem 2.2. Suppose that F satisfies (F1) and the following conditions:

S r 2.3
;f(t) < 2-1(T - 1)7’(1“7)/‘7' 23)

(F2)" there exist f, ¢ € I'([1,T],R*) such that
IVE(tx)| < f(OxP +g(1), V(t,x) € Z[1,T] xRN, (2.4)

where Z[a,b] :=ZnN[a,b] for every a,b € Z with a < b;
(F4)

opPTa/P (T - 1)17(217—1)/?

T
lim inf|x|"’ZP(t, x) >
t=1

|x| = +o0

T
fit), vteZ[1,T].
[TP - 2r- (T - 1)?(1+q)/q ZtT=1 f(t)]q/pé (2.5)

Then problem (1.1) has at least one periodic solution with period T.
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Theorem 2.3. Suppose that F satisfies (F1), (F2), and the following condition:
(F5)

T
lim suplx|™* Y F(t, x)
x| = +o0 t=1
29a(T —1)1@P-D/p  pqa(T _1 (@-1(2p-1)/p gqa(T — 1)2p-1+@2p-/p] T 26
< [2T-1) ) : L2T-n S ) (2.6)
pT qT@1/q pTP+D/q —

Vt € Z[1,T].

Then problem (1.1) has at least one periodic solution with period T.

Theorem 2.4. Suppose that F satisfies (F1), (2.3), (F2)’, and the following condition:
(Fo)

T
lim sup|x|_’”ZF(t,x)

|x| = +o0 t=1
op (pT)q/p (T _ 1)q(2p71)/p <Tp +or-1 (T _ 1)?’(1#])/’1 Zz;l f(t))
[pTF’ (T -1p/asl g (t)]q
2P (pT)/PT(T — 1)2-1+Cr-/ 27

1+1/
[PT’” — (T - 1)p(1+q)/q Zthl f(t)] o

<_

+

(q-1°/p (@-1*(2p-1)/p T
27 (pT T-1

(¢T) (-1 > i), VteZ[1,T].
q[pr —2r (T - 1)?(1+q)/q Zthl ft)

+ 2
]('1—1) 2 ey

Then problem (1.1) has at least one periodic solution with period T.

Remark 2.5. The lower bounds and the upper bounds of our theorems are more accurate than
the existing results in the literature. Moreover, there are functions satisfying our results but
not satisfying the existing results in the literature.

Let the Sobolev space Er be defined by

ET:{u : ZHRN|u(t+T):u(t),teZ}. (2.8)

N NForueET,letﬁz(1/T)ZtT:1u(t),u:_+ﬁ,andET:{ueETlﬁ:O},thenET:
RY @ E7. Let

T 1/p
flull = <|ﬁ|’” + ZIAﬁ(t)V’) , u€kr. (2.9)
t=1

As usual, let
llull, =supflu(t)| : t€ Z[1,T]}, VYuel® (Z[l,T],RN>. (2.10)



For any u € Er, let
1 T 1d T
@) = =D |Aut)P + D F(t,u(t)) = = D|Aut)P + D F(t,u(t)).
Pi= =1 Pi= =1

To prove our results, we need the following lemma.

Lemma 2.6 (see [18]). Let u € Er. IfoT:1 u(t) =0, then

(T - 1)(“‘1)/‘1

llull,, < T llal],
T 2p-1
(T-1)%71 _
ully, = D Ju@®)P < = (218
t=1

3. Proofs

For the sake of convenience, we denote

T 1/q T T
M = <Zf‘7(t)> ;o My=DYf(1),  Ms=Yg().
t=1 t=1 t=1

Proof of Theorem 2.1. From (F3), we can choose a; > (T - 1)(27"_1)/’”/T(P‘1)/F’ such that
dnqa

. s a,2 q
lim inf|x|™ ZF(t,x) > ——M].
[x] = +00 —1 q

It follows from (F2), (2.12), and (2.13) that

T
D [F(tu(t) - F(t,u)]

t=1

T 1
> J (VF(t,u+ si(t)),u(t))ds
t=1 70

T 1 T A1
<> f f @)+ sti(b)|"[i(t)|ds + D f g(B)[u(t)|ds
=170 =170

T T
< 25N () ([7l" + [ia(t) ") @) + 3 g ()i t)]
=1 t=1

T Va s 1 1/p T T
< Z“Iﬁl“(qu(t)) <Z|ﬁ<t>|”> + 25l S () + il D8 (1)
t=1 t=1 t=1

t=1

= 2%[ul "M ||, + 2" Mol + M|l

Abstract and Applied Analysis

(2.11)

(2.12)

(2.13)

(3.1)

(3.2)
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1 - a?an ~n1 ~
< Ll + S e M 4 2 M + My
pap P q 1 oo o
1
T — 1)%1 22 Mo (T — 1)1+ (1+a)/q 5 aloax _ Ma(T = 1)1+9)/4 _
<+ 220D i+ D g MOV gy
P TP~ 1 Tl+a T
(3.3)

Hence, we have

T T
P(u) = %me)v’ + STE(tu(b)
=1 t=1

T T T
= %ZIMG)I” + D [F(tu(t) — F(t,w)] + X F(t, )
t=1 t=1 t=1

1 T 5 22 M (T =1 (I+q)(1+a)/q - T
LS gy - 2O -1 e + S E, )
P TiHa =1

(T 1)2p1 aqza
e P~ M
pa; TP~ q

_ < L@ e 2OMy e
p pafTP‘l T1+u

v

(3.4)
M;(T - 1)(1+EI)/‘7 5
—

alnqa M;(T - 1)(1+q)/q N
- |lull.

T
+ @ (S Ftu) - — M7
||<|| gll() M T

The above inequality and (3.2) imply that ¢(u#) — +oo as ||u|| — oo. Hence, by the least
action principle, problem (1.1) has at least one periodic solution with period T. O

Proof of Theorem 2.2. From (2.3) and (F4), we can choose a constant as € R such that

Tl/p(T 1)(2}” 1)/p

as >
[Tp — 2" 1M (T - 1)?(1+q)/q]
(3.5)
qu
11m1nf|x| PZF(t x) > —— . =M.
t=1

It follows from (F2)’ and Lemma 2.6 that

T T 1
SR u) - Fe)| = |3 [ (TR @+ sich), ao)ds
t=1 = 0

T 1 T
<> IO F@)fa+sa() " ia(t)lds + Y g
=1 t=1
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f 27 ) ([l + 5 i) 1)|u<t>|ds+zg<t>|u<t>|

e N N S e ~
Y f(t)<|ul” ey )|u<t>|+zg<t>|u(t>|
1 p =1

T 1/q T 1/p op -1
< 2P‘1|ﬁ|”’1<Zf"(t)> <Z|ﬁ(t>|”> + Mol + Mol
=1 =1

2r-1
1 — =1~ ~ ~
= 277 M [ul” |lall,, + Tlelull’é’o + Ma||il],

2 MI
M;2P 2r-1
—pll Iy + + BT @+ Myl + Mslal,
as q p
2p-1 p-1 _1\p(+)/q T MIop
g ja + S
pd, Tr-1 pTP
T-1 (1+q)/q
WD),
(3.6)
which implies that
1z T T
p(u) = = > |Au®)’ + D [F(tu(t)) - F(t,@)] + D F(t,0)
Pia t=1 t=1
1 (T-1)%71 2pIMy(T-1)P9/a\
> (- - = I (67)
P pa,Tr- p
ML(T-1"/a /T _almior
I+ g (R - BT ).
=1 9
The above inequality and (3.5) imply that ¢(u#) — +oo as ||u|| — oo. Hence, by the least
action principle, problem (1.1) has at least one periodic solution with period T. O

Proof of Theorem 2.3. First we prove that ¢ satisfies the (PS) condition. Assume that {u,} is a
(PS) sequence of ¢; that is, ¢'(u,) — 0asn — oo and {¢(u,)} is bounded. By (F5), we can
choose ay > (T = 1)@~V yT(r-1)/P guch that

2
T 2qa 59 una(q_l) 244 g (T — 1 2p-1
lim sup|x|* > F(t, x) < - 2, 2% 27 — ) M. (3.8)
|| = +o0 t=1 P q pT?

In a similar way to the proof of Theorem 2.1, we have

T 2p—1 (1+g)(1+a) /
- T-1)*71 _ 20 M, (T — 1)/
S (VE(t un(t)), fn(t))| < LoD - ),1 i+ ZAT D) [
P T+11

= parl (3.9)

q (1+q)/

a,29* _ M;(T -1/

+ 2 |un|q“M;’+—3( T) 7]
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Hence, we have

il > (' (4n), i)

T T
= D |Auy (P + D(VF(t un(t)), itn(t))
t=1 t=1

> (12 TV g p - M- DT o
j P 1 n T n
pa,T?
2% M, (T _ 1)(1""7)(1*'“)/‘7 ~ aqzqa _
B Tl+a ””n”lm - 2_|“n|an?'
From (2.13), we have
” O N i 3.11
ll2tnll, = §|un(t)| < WH%H- (3.11)
From (3.10) and (3.11), we obtain
q q - _
G2M s (12 TV @-DE
"o pab TP " Tw-D/p "
26 M, (T - 1)(1+q)(1+a)/q ~ ex Ms(T - 1)(1+4)/11 5
- — 7l - 22— |
(3.12)
-1
> P +
p
1 .
= —[#a]” + C1,
q

where C1 = minsefo.vee) {(1/p = (T = D)#™! /pahTP)s? — (2°My(T — 1) 190/ Theslen
(T -1)® VP /TeD/P + My(T -1)*9/9/T]s). Notice that a, > (T — 1)@ V/P/TwP-D/p
implies —oo < C; < 0. Hence, it follows from (3.12) that

[l |lP < 2% ad MY [, " - gC4, (3.13)

il < 29%/P@/P MIP (32,97 + C,, (3.14)

where C; > 0. By the proof of Theorem 2.1, we have
T
[F(t n(8)) — (& )1 | < 2 Myt il + 25 Malliin [ + Mlliall,
t=1
zaM2 (T _ 1)(1+q)(1+a)/q
T1+a

_1)2r-1
_ (-

< i (3.15)
2

i |” +

2
aéq_l) 2qa M?,(T _ 1)(1+q)/q

— qa A 19 ~
+ T|un|q M1 + T ”unH
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It follows from the boundedness of ¢(u,), (3.13)—(3.15) that
G < ‘P(”n)

T T T
= %ZIAun(t)l" + D [F(t,un(t)) = F(t, )] + D F(t, 1)
t=1 t=1

t=1

1 (T 1)2p 1 B 20 M, (T - 1)(1+q>(1+a)/q B
S ey = el 111271 0 = [
p pal a1 Tl+a

(g-1)* (1+9)/ T
a,” 20 M;(T - 1)0+07a _
+ 2T [, M + My(T-1) 7 = ) il + > F(, )

(g-1)*

T-1 2p-1 a 249« T
< <— + ¥> (2‘7“agM‘f|ﬁn|‘7“ - qC1> + 2T|a,,|‘1”‘M;’ + SF(t, )

t=1
zaMZ(T 1)(1+q)(1+“)/‘1
Tl+a

M;(T - 1)+9/4
) T

zqaaq a(q—l)zzqa a29%(T -1 2p-1 _ T-1 2p-1
< 2 + 2 4 2 ( - ) M?|un|qa _ ( oG 1) qC1
P q pT P’ pal TP

22aM (T 1)(1""7 (1+a)/q
+ Tl+a

M (T - 1)1/ _
+ZF(t, ) + ¥(2qa/r’a;/"M‘f/”|un|q“/P +c2)

2
T zquaq a(q_l) 2qa 24a(T — 1 2p-1
= [1|"" [|ﬁn|"“ZP<t,an> - < ; 242 L2 DT ) g

t=1 q pTr!

l+a
<2q“/pag/pr/p|ﬁn|qu/p + Cz)

<2qu/pag/PMlq/P|an|qa/P + Cz) (3.16)

<2qa(1+a)/p 11(1+“)/PM‘7(1+“ /Plﬂnlqlx(lﬂl)/p 4 C;+a>

2a+qa(l+a) /p ,A(1+0) /p 5 rq(1+a)/p _ \(+q)(1+a)/q
2 al M M(T - 1) 77, |+aP)a-D)
T1+a

2qa/pa‘27/PM‘11/PM3(T _ 1)(1“1)/‘1 o
+ T |u | + Cy,

where Cj is a positive constant and Cy is a constant. The above inequality and (3.8) imply that
{1, } is bounded. Hence {u,} is bounded by (2.13) and (3.13). Since Er is finite dimensional,
we conclude that ¢ satisfies (PS) condition.

In order to use the saddle point theorem ([19], Theorem 4.6), we only need to verify
the following conditions:

(1) ¢(u) — —o as |u| — oo in RY,

(I2) p(u) — +oo as |u| — oo in Er,
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In fact, from (F5), we have

T
ZP(t, u) — —oo  as |u| — oo in RY, (3.17)
t=1

which together with (2.11) implies that

T
@(u) = > F(t,u) — -o0 as [u| — oo in RN, (3.18)
t=1

Hence, (I1) holds.
Next, for all u € Er, by (F2) and (2.12), we have

T

DL u(t)) —F(t,O)]‘ _

t=1

T 1
ZJ (VF(t, su(t)),u(t))ds
t=1 70

T T
< STFOu®+ > g(Ou(h)]
=1 t=1

(3.19)
< Mo|lull > + Ms|ull,
My (T - 1)(1+q)(1+a)/q o ex M3(T - 1)(1+q)/q 5
< Sl S,
which implies that
1z T T
p(u) = =D |Au()lP + D [F(t,u(t)) - F(t,0)] + D F(t,0)
Pi3 =1 t=1
1 M (T_l)(l+q)(1+a)/q 5
> Sl - i 7]+ (320)

M;(T - 1)(1“1)/7 _ T
- il + 3F(t,0),
t=1

for all u € Er. By Lemma 2.6, ||u|| — oo in Er if and only if ||i1]| — oo, so from (3.20), we
obtain ¢(u) — +ooas ||u|| — ooin Er; thatis, (I2) is verified. Hence, the proof of Theorem 2.3
is complete. O

Proof of Theorem 2.4. First we prove that ¢ satisfies the (PS) condition. Assume that {u,} is a
(PS) sequence of ¢; thatis, ¢'(u,) — 0asn — oo and {¢(u,)} is bounded. By (2.3) and (F6),



10 Abstract and Applied Analysis

we can choose a4 € R such that

pl/pTl/p(T _ 1)(210*1)/!7

as > 1/p'
[pr — 2" 1M (T - 1)!’(1“1)/11]

T
lim suplx| ™ Y F(t, x)

|x] = +00 t=1

27a] (TP + 2 Mo (T = 1)P9/7) 4+ 26 Tay(T - 1) o’
+

<= T+q)/
pTP —2°-L M, (T - 1)10( +q)/q q

In a similar way to the proof of Theorem 2.2, we obtain

T

- (T-1)%*"1 27 My (T - 1)PD/a
VF(t,u,(t)),u,(t)] < P
E( (t, un(t)), n(t)) _< pal T + TP N2zl
a9 (1+q)/
a,M2P _ M;(T -1)"H7a
p B M@= T G

T
Hence, we have

”ﬁn”p 2 <(Pl(un)rﬁn>

T T
= LSl Au )P + SV wn(8)), (1)
Pia =1

o (1o @0 M - L, a MG
) pa,Tr! pr? '

M;(T - 1)(1+q)/q

il

which together with (3.11) implies that

q q 2p-1 — 1+
ajM]2» T-1)%"1 2r IMy(T -1)P9/a\
4°"71 |ﬁn|p2 <1_( ) _ 2( ) ||u

payTr! pr?

M;(T - 1)(1“1)/‘1
B T

2P I M (T — 1)PHHD/aN
<1— o Il + s,

(T - 1)(2P—1)/P

i

[l -

2

1
q

|un|p

nll”

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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where Cs = mingejo o0 {(1/p — (T =1 /pa TP~ — 207 My(T - 1)P19/7/p2TP)sP
[M3(T - 1)W9/9 /T 4+ (T —1)®D/P /TV4]s). It follows from (3.21) that —eo < Cs < 0, so,
we obtain

a9
lin]l” < pratiz " - PIacs (3.26)
mib = pTP — 201 M, (T - 1)P(1+‘1)/q pTP - 21 M, (T — 1)p(l+q)/q’
29T al/? MIP
”ﬁn” S 1/}’7 |ﬁn| + C6, (327)
[p:rp — 2P 1M, (T - 1)P1+9/4
where Cg is a positive constant. By the proof of Theorem 2.2, we have
p y p
T
> (Bt un(t)) — F(t, )
t=1
_ e~ or-1 - ~
< 2 Myl il + —— Mol + M|l
Poop
(3.28)
2p-1 -1 p(+9)/q (@1 5 19op
(T -1) 27U Mo (T - 1) A L.
S Gz P o il +
pa, 17
M;(T - 1)(“‘1)/‘1 N
+ f”un”-

It follows from the boundedness of ¢(u,), (3.26), (3.27), and the above inequality that
C; < ‘P(”n)

T T T
= 1Z|Au(t)|'“ + D [F(t,u(t)) - F(t,u)] + D F(t,u)
) t=1 t=1

1 (T-1)%" 20 My(T - 1)yP19/9 | L
e A YOS
p paz Tr-1 p =1
@-1)% 5 4
M~(T = 1)+/a or
fMID T g B 2T

T

lrp-1 pT?

4

1)t op-l T — 1)P+9)/q
S|, @ M-
P pa

s
. pTPal M2 - pT74Cs
pTP — 271 My (T — 1)P(+0/a " pTP — 27" 1M (T — 1)P+0)/4
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2
T _ a(q—l) MCI2p _

- S+

t=

/ /
, Ma(T )t 2p'/PTay " M7
T

1/P |ﬁn| + C6
[pr _ 2p—1M2(T _ 1)?(1+Q)/q]

2] (TP + 2 My (T = 1)P*/9) 1 2P Tay(T - 1) ppgla )’
+

= [l (1+q)/
pTP = 27\ My(T — 1)P+9/9 q

q
Ml

7z B Zpl/pTaq/PMq/PMS (T - 1)(1+q)/q
+[1dn| PZF(t/un) + k : ) 1/p
t=1 T[pTP — 201 M, (T - 1)?( +q)/q]

[, P b+ Cg,

(3.29)

where Cy is a positive constant and Cg is a constant. The above inequality and (3.22) imply
that {u,} is bounded. Hence, {u,} is bounded by (2.13) and (3.26).

Similar to the proof of Theorem 2.3, we only need to verify (I1) and (I2). It is easy to
verify (I1) by (F6). Now, we verify that (I12) holds. For u € Er, by (F2)” and (2.12), we have

T T 41
(Bt u(b) - F(t,0>>' =13 L(vm, su(t), u(t))ds
t=1 t=1

T 1 T
<y f FOuPds + S g(®)u)]
t=1 70 t=1

(3.30)
M
< 2ullb, + Mslul,,
14
M, (T - 1)P(1+q)/q ||ﬁ||p . M;(T - 1)(1+q)/q il
< TP T .
Thus, we have
1T T T
o(u) = }—92|Au(t)|?’ + D (F(t,u(t)) - F(t,0)) + > F(t,0)
t=1 =1 t=1
(3.31)
1 My(T- 1)P(1+q)/q N M;(T - 1)(1+q)/q N T
> (- = il - Xl + 3 F (0,
p p p =1

for all u € Er. By Lemma 2.6, ||u|]| — oo in Er if and only ||zZ]] — oo. So from the above

inequality, we have ¢(u) — +oo as ||u|| — oo, that is (I2) is verified. Hence, the proof of
Theorem 2.4 is complete. O
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4. Example
In this section, we give four examples to illustrate our results.

Example 4.1. Letp =5/2 and
F(t,x) = sin<%>|x|5/3 + <sin % + 1>|x|4/3 + (h(t), x), 4.1)
where h € I1(Z[1,T],RN) and h(t + T) = h(t). It is easy to see that F(t, x) satisfies (F1) and

sin |13 + |h(t)|

5
F(t < =
Y (,x)l_3 3

<5<Sin27rt
-3 T

where € > 0, and a(¢) is a positive constant and is dependent on €. The above shows that (F2)
holds with &« = 2/3 and

sin 27t +1
T

2ot 4
2

(4.2)

+ g> Ix*® + a(e) + |h(t)|, V(t,x) € Z[1,T] xRN,

+ e), g(t) = a(e) +|h(t)|. (4.3)

sin 2ot
T

5
)y ==
s =3(
Moreover, we have

T
lim inf|x|_2“ZF(t, x)=T,
|x| — +o0 -1

(4.4)

zth(T _ 1)‘1(2}7—1)/1’7 T ; ~ 3 x 210/9(T _ 1)8/3 5 5/3

t=1

We can choose ¢ suitable such that

3 x 210/9(’1" _ 1)8/3 5 \%/3 29%(T — 1)q(2p—1)/p T
> <—g> =

T
. . —2a — q
};‘rrlarg|x| EF(t,x) T 5 3 aT t;f (t), 4.5)

t=1

which shows that (F3) holds. Then from Theorem 2.1, problem (1.1) has at least one periodic
solution with period T.

Example 4.2. Letp =2, then g = 2. Let

F(t,x) = %(% + sin ?) P + [xP2 + (h(t), ), (4.6)
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where h € IY(Z[1,T],RN) and h(t + T) = h(t). It is easy to see that F(t, x) satisfies (F1) and

1|1 . 2ot 3, 1
< = - e
[VFE(t,x)| < 3‘2 + sin T |x| + 2|x| + |h(t)]

(12
<
-3

where € > 0, and b(e) is a positive constant and is dependent on €. The above shows that (F2)’
holds with

(4.7)

1+sn 7t
T

+ 5) x| + b(e) + |h(H)], Y(tx)eZ[1,T] xRV,

1//1 2ot
t)=—=( |z +sin —
f() 3<‘2+sm T

+ g>, g(t) = b(e) + |h(b)]. (4.8)

Observe that

T
|x|-PZF(t,x)—|x|‘2Z[ ( " m—>lxl + 132 4 (h(t), x)]
t=1 t=

(4.9)

T 172 ¢ 2
o+ T2+ <t_zlh(t),|x| x ).
On the other hand, if we let T = 2, then we have

Zf(t) 3(3+¢): éﬂt):gé(

2PT4/P(T - 1)1%P-D/p

1 + sin 27t
2 T

T9\2 ’

2 + 8¢ + 8¢2
quf() T 15-6¢

(4.10)

[Tp —2r (T = 1yP+/a 3T f(t)]

We can choose ¢ sufficiently small such that

TP

L 2/1
2/0= 5<5 +£> DRI

2
hmmflxl ”ZF(t x) ‘% %

~ 2qu/p(T _ 1)‘7(2P*1)/P
- [ - e q/pi (t),
Tv - 21T = 1P/ ST F()]

(4.11)

which shows that (2.3) and (F4) hold. Then from Theorem 2.2, problem (1.1) has at least one
periodic solution with period T.

Example 4.3. Letp =2, then g = 2. Let

F(t, x)—sm<2T >| 774 4 <sin$-1)|x|3/2+(h(t),x), (4.12)
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where h € IY(Z[1,T],RN) and h(t + T) = h(t). It is easy to see that F(t, x) satisfies (F1) and

7| . 2ot 3| . 2t
IVE(t, )] < 7|sin %'|x|3/4 T E'sin % - 1‘|x|1/2 +|h(b)|
(4.13)
7 (., 27t 3/4 N
< 1 smT +e )|x]”"* +c(e) + |h(t)|, V(tx)eZ[1,T]xR"Y,

where € > 0 and c(¢) is a positive constant and is dependent on €. The above shows that (F2)
holds with &« = 3/4 and

. 2o
sin ——
T

! + e), g(t) = c(e) + |h(t)|. (4.14)

s =5(

Observe that

T T
|x|_quZF(t, x) |x|—3/22 [Sln(?) |x|7/4 + (Sln ? — 1> |x|3/2 + (h(t), x)
t=1 t=1

(4.15)
T
= -T+ <Zh(t), |x|-3/2x>.
t=1
On the other hand, we have
29a(T — 1)4@P-D/p  oga(T _q (-1 @p-1)/p 29a(T — 1)2p~1+@2p-1/p] T
L L
p gqTa-1/q pTP+)/a o
133 _1\3/2 C\921 T 2
= V2T -1) + V2(T-1) + V2T - 1) @ sin% +€ (4.16)
T T1/2 T3/2 P 16 T
49+/26%(T - 1)*/2 [T1/2(T ¥4 T+ (T - 1)3]
- 16T1/2 '
We can choose ¢ suitable such that
T
limsup|x|_q“ZP(t, x)
|x| = +o0 t=1
=-T
(4.17)

49+/262(T - 1)*/2 [T1/2(T Y24 T+ (T - 1)3]
- 16T1/2

2
29%(T — 1)51(2P—1)/P 24%(T — 1)(q—1) Cp-D/p g (T - 1)2P—1+(2P—1)/P T
= — T + 2 + i)/ E fq(t),
p qra-v/q pTP+/a P

<
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which shows that (F5) holds. Then from Theorem 2.3, problem (1.1) has at least one periodic
solution with period T.

Example 4.4. Letp =2, then g = 2. Let

F(t,x) = 3 ( sin = - ->|x|2 +|x¥? + (h(b), x), (4.18)

1( 2xt 1
T 8

where h € IY(Z[1,T],RN) and h(t + T) = h(t). It is easy to see that F(t, x) satisfies (F1) and

2t 1

2| . 3
|VF(t x)| < N §‘|x| + §|x|1/2 +|h(b)|

<2<Sin27rt_1
-3 T 8

(4.19)

+ 5) |x| +d(e) + |h(t)|, V(tx)eZ[1,T] xRN,

where € > 0, d(e) is a positive constant and is dependent on €. The above shows that (F2)’
holds with

f(t) = %(‘Sin @ - % + g>, g(t) = d(e) + [h(b)]. (4.20)

Observe that

T T
_ _ 1/ . 2@t 1
I STE(E ) = (x2S [5 <sm 2t §)|x|2 FxP e <h<t>,x)]
=1 t=1

_ T -1/2 < -2
=57 + Tl +<§h(t),|x| x ).

(4.21)

On the other hand, if we let T = 2, then we have

4 4/1 2 4-/|1 . 2t
Z_f‘f(t)=§<§+g), ;fz(t)=§z<‘§+smT

t=1
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20 (pT)"7(T - 1)1 /7 (TP 4 24T = 1P/ 5T £ (1))

[pTP - (T -1p/a sl ¢ (t)]q

op (pT)l/pT(T _ 1)2p71+(2p71)/p

1+1/
[pre — 21T -y s ]
~1)2/ C17\2(9,,_
2 (pT) ™V /P (T — 1)@V @0 /p ZT: I (4.23)
@1?%/p

alprr -2 (T -1 S £ )]

:[ 1924128 (1/8+¢) 16
3x(8—(8/3)(1/8+¢))* (8-(8/3)(1/8+¢))%?

| 8 ]x§<1+g)2
(8- (8/3)(1/8+¢)?| 9\8 ’

We can choose ¢ sufficiently small such that

I 4 /1 TP
2I0=3 <g + g> 2= (4.24)

T
1
lim sup|x|_pZF(t, x) = T

|x| = +o0 t=1

192 + 128 x (1/8 + €) 16
< +
[3>< (8-(8/3)(1/8+¢))* (8—(8/3)(1/8+¢))*?

+ 8 ]x§<—+s>2
(8-(8/3)(1/8+¢)?]| 9\8

P (pT)q/p(T _ 1)‘7(2P—1)/P (Tp +op-1 (T - 1)P(1+q)/‘1 Z{:l f(t))

[pv -2 @ - s f (t)]q

op (pT)l/’”T(T _ 1)2P—1+(2P—1)/P

=1/
[pr — 2P (T - 1)10(1+q)/q ZtT:1 f(t)] it

2P (pT) (q-1)*/p (T -1) (q-1)@p-1)/p .
+ (q—l)z/p qu (t)/
ez |

(4.25)

which shows that (F6) holds. Then from Theorem 2.4, problem (1.1) has at least one periodic
solution with period T.
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