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We investigate the relative perturbation bound of the group inverse and also consider the
perturbation bound of the generalized Schur complement in a Banach algebra.

1. Introduction

Let o denote a Banach algebra with unit 1. The symbols /7!, 40, 49, Ao, 4™, Hanil,
and +##° stand for the sets of all invertible, Drazin invertible, generalized Drazin invertible,
group invertible, nilpotent, quasinilpotent, and idempotent elements of a Banach algebra <4,
respectively.

Some definitions will be given in the following.
Letting a € #P, there is an unique element x € o such that

aTx=a", xax = x, ax = xa. (1.1)

Then x is called the Drazin inverse of a, denoted by aP. The smallest nonnegative integer
k which satisfies (1.1) is called the index of a, denoted by Ind(a) = k. If Ind(a) < 1, then
aP = al(or as%).
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Let a € &4, if the conditions (1.1) are replaced by

axa = a, xax = x, ax = xa. (1.2)

Then x is called the group inverse of a, denoted by x = al. If the conditions (1.1) are replaced

by
xax =x, ax =xa, a(l-ax) is quasinilpotent. (1.3)

Then x is called the generalized Drazin inverse of a, denoted by x = a“.

Some notations of the Schur complement are given in the following.
For a 2 x 2 block complex matrix M is defined as

M= [‘é g], (1.4)

where A € C"™, D € CP*?, B € C"™?,and C € CP*™_If A is nonsingular, then the classical
Schur complement of A in M is given as follows (see [1]):

S=D-CA'B. (1.5)

In [2], Benitez and Thome considered the expression

A+ ABSCA™ —A"BS
N=1" —sca s | (16)

and N is called the generalized Schur form of the matrix M given in (1.4) being S = D-CA™B
for some fixed generalized inverses A~ € A{1l}, S~ € S{1}, where S is called generalized
Schur complement of A in M. In [2, Theorem 2], Benitez and Thome investigated the
expression of the group inverse of M in (1.4) by the generalized Schur complement, where
(1.5) is replaced by

S=D-CA'B. (1.7)

Similar results also were given by Sheng and Chen in [3, Theorem 3.2]. The Drazin inverse of
a 2 x 2 block complex square matrix in (1.4) with a singular generalized Schur complement
was considered in [4-6], where

S=A-CAPD. (1.8)

For the expression of a 2 x 2 block operator matrix was investigated by Deng and Wei in [7].
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Some notations for the block matrix form of a given element a € <# are introduced
n [8]. Let a € o4 and s € #° (see [8, Chapter VII]) which denotes the set of all idempotent
elements in «/. Then we write

a=sas+sa(l-s)+(1-s)as+(1-s)a(l-5s) (1.9)
and use the notations
ap = sas, a;p =sa(l-s), an = (1-:s)as, ap =(1-s)a(l-s). (1.10)

For a representation of arbitrary element a € & is given as the following matrix form:

a =

sas (1-5) ] [all alz]. (1.11)

(1-s)as (1- s)a(l —-s) an axn],

In this paper, we will consider some results on the relative perturbation bounds of
group inverse and also give the perturbation bounds of the generalized Schur complement
of an element a € & under some certain conditions in a Banach algebra.

2. Perturbation Bound of ||(a + b)" — 27| in Banach Algebra

In recent years, perturbation theory for the Drazin inverse of a given matrix A € C™"
and its applications have been considered in [9-20]. In [12], Yimin and Guorong gave a
perturbation result for the Drazin inverse under condition (70) (see [12] for details). In [8, Ch
5], Djordjevi¢ and Rakocevi¢ extended the perturbation bound of Yimin and Guorong [12] to
Banach algebra. In [13], Wei had discussed the upper perturbation bound of ||Bf — A¥|| /|| A¥||
with B = A+E and had answered the question of Campbell and Meyer [21] when Ind(A) = 1.
In [14], Wei and Wu presented the perturbation upper bounds of ||BP — AP||/||AP|| under
the weaker condition core — rank B = core — rank A and completely answered the question
of Campbell and Meyer in [21]. In [16], Wei derived a relative perturbation upper bound of
|Bf—AP||/||AP|| by Jordan canonical of A. In [5], Li gave sharper upper bounds for ||Bf — AP||
under weaker conditions: rank(B) = rank(A¥) and ||AP||||E|| < 1/(1 + ||AP|||A])). In [17],
Wei et al. derived constructive perturbation bound of the Drazin inverse of a square matrix
by using a technique proposed by Stewart and based on perturbation theory for invariant
subspaces. In [18], Xu et al. gave some upper bounds for ||[B? — AP||/||AP|| only under the
condition that B is a stable perturbation of A. In [22], Gonzélez and Koliha investigated the
perturbation of the Drazin inverse of a closed linear operator and derived explicit bounds for
the perturbations under certain restrictions on the perturbing operators. In [23], Gonzalez
and Vélez-Cerrada analyzed the perturbation of the Drazin inverse and also gave explicit
upper bounds of ||Bf — AP|| and ||BB# - AAP|| and obtained a result on the continuity of the
group inverse for operators on Banach space.

In this section, we will investigate the relative perturbation bound of the group inverse
in Banach algebra.

At first, we will give some concepts and lemmas as follows.



4 Abstract and Applied Analysis

For a € 4%, let p = aa? and p € #4* (see [24]):

a0 o [a o [ (VI
“‘[0 az]p' “‘[0 of TPy 2.1)

where a; € po4p is invertible and a, € (1 — p)<4(1 - p) is quasinilpotent.

For any a € <4, we write o(a), p(a), and r(a) for the spectrum, the resolvent set, and
the spectral radius of a, respectively. For A € p(a) and let R(A,a) = (A - a)"'. If 0 is an isolated
point of o(a), then the spectral idempotent corresponding to the set {0} is defined by

1
T=_—1 R(A a)dA
@ = o L W, a)dl, (22)

where y is a small circle surrounding 0 and separating 0 from o(a)/{0}.
Some lemmas will be useful for the following proof in this paper.

Lemma 2.1 (see [24, Theorem 2.3]). Let x,y € <4, and let p € H#°. Assume that

ST

(i) Ifa € (peAp)* and b € (1 - p)A(1 - p))?, then x,y € 4% and

d da
d_ a u d_ b 0
X = [ 0 bd] p/ ]/ - [u ad] 1_Pl (24)

where u = 3* (a)"?cb"b™ + 32 a”a"c(b?)"? - acbr,

(ii) If x € A% and a € (pAp)?, then b € [(1 - p)A(1 - p)|* and x? is given by (2.4).

Lemma 2.2 (see [24, Corollary 3.4]). If a,b € 4 are generalized Drazin invertible, b is quasi-
nilpotent, and ab = 0, then a + b is generalized Drazin invertible and

a_ o wl d n+1
(a+D) _nz=ob (a) . (2.5)

The following lemma is a generalization of [25, Theorem 1].

Lemma 2.3. Let a,b € 4% such that ab = ba. Then a + b € A% if and only if 1 + a®b € A°. In this
case

(a+b)" = a(1+ adb>dbbd + ib”(—b)"(ad>n+l + i <bd>n+1(—a)"a’”. (2.6)

n=0 n=0
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Now we will state a lemma for the representation of the group inverse of an element
a € 4% with 2 x 2 block form in Banach algebra (see [26, Theorem 7.7.7] and [23, Theorem
2.2.] which were established for a finite dimensional case and partitioned operators matrix,

resp.).

Lemma 2.4. Let z € o, and it has the block matrix form as z = [ 2}, 2} ], where p € A° is an

idempotent element, zy is invertible in pAp, and z; = zx lezlz. Let6=p+ z;lzlzzﬂzf. Then z is
group invertible if and only if 6 is an invertible element in pAp. In this case

= (6216)" (5215)_1ZI1212
Zzlzfl((szlfs)_1 2212{1(5215)_1251212 )
(2.7)
| P 67! ~671z z1,
T rzazt6 1-p-znz 1672 200 P'
Let b € o4 be a perturbation element of a. According to (2.1), we obtain
by blz] [al +b b1
b = y + b = 7 .
[b21 by » “ by ax+b , (2:8)

where p = aa“.

Theorem 2.5. Let a € 4% and b € o4 be a perturbation element of a, a and a + b which are defined
as (2.1) and (2.8), respectively. If ||a®baa’|| < 1, then ay + by is invertible in subalgebra pAp.
Furthermore let ay + by = by (a; + by) 'bypand 6 = p+[pla+ b)p]db(l—p)b[p(a + b)p]d € pAp.
Then a + b is group invertible if and only if 6 € pAp is invertible and & is invertible if and only if
[p(a +b)p]* + pb(1 - p)bp € pAp is invertible. In this case,

Jaror—at] _ m (ol + ol + P— 1A
1 ST 2l + {[021]]) + Ly ———————— 11P12]]]|921
[|a?]] 1—||a;"b: | (1-la;"br])) (29)
+ <TT +T +—”ailb1” T>T
112 + 13 =) 1 )11,
1 |la;"bd|
where
ai=pap, bi=pbp, bn=pb(l1-p), bun=(1-p)bp,
la;" [[1b12ban | (2.10)

Ti = |lai + b

-1
+b1)% + bpob “ T, = :
'((m 1) 12 21) 2 1—||a;1b1||

Proof. Let p = aa®. Then a, a%, b and a+b have the matrix form as (2.1) and (2.8), respectively,
where a; is invertible in pe#p and a, is quasinilpotent in (1 — p)#(1 - p).
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It follows from the hypothesis |[a?baa’|| < 1 that ||a{1b1|| < 1. Thus, it implies that
p + aj'by € pAp is invertible. It is easy to see that (a; + b1)™ = (p + a;'b1) 'a;!. Let 6 =
p+[p(a+b)p]'b(1-p)b[p(a+b)p]? € p#p; thatis, we have 6 = p+ (a; +b1) 'biaby (a; +b1) ™"
Therefore, we have

= (a1 +by) (a1 + br)p(ar + by) + biabx] (a1 + by) ™!
= (a1 +b1) " [(@ + 1) + buabar | (a1 + b1) (2.11)

= [p(a+b)p]"[[p(a+ b)p]* + pb(1 - p)bp| [p(a + b)p] .

From the previous equations, we get that & is invertible if and only if [p(a+b)p]*+pb(1-p)bp
is invertible. Since a; + by = by1(ag + bl)_lblz and by Lemma 2.4, we obtain that a + b is group
invertible if and only if 6 € pAp is invertible.
In the following, we consider the upper bound of ||(a + b)# —a?||/||la
Applying Lemma 2.4, we obtain

.

1
#_ 1 n(a1 +b1) b
(a+b) [b21(a1 +b0) ' bn(ar +b) (e + by) b | (2.12)

where 11 = (6(a; + b1)6)7!
Note that

n-ay' = (6(ar+b1),6)" —ay' =67 (@ +b) 67 —ay

- 6*111{16*1 " 5ili<ailb1>nail6il _ ail
n=1
=6 <afl - 6“516> 6+ 542 (a{1b1>na{16‘1
n=1
=671 <a{1 -(p+0)a*(p+ 6))6’1 + 6‘1§< 1b1>

n=1

(2.13)

n=1

=5"! [a{l - <pa{1p +0a;'p +pa;'0+ 911119)]5_1 + 6’1i <a11b1> at6™
(

=67 (0a;'p + pa;'0 + 0a;'0) 57" + 5*12 a'by) " a;!

n=1
=57 (0a;'p + 64;'0) 57 +57 s (a'b,) a6
=1

=-6"0a,'6" —a;'06' +6 i(allbl) Y

n=1
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”5_1” = H [P + (a1 +b1) bioba (a1 + bl)_l]_lu

(2.14)
) -1
) +b12b21] || =T,
where 0 = (a1 + b1) ' b1obo (ay + by) 7.
It shows from ||a%baa?| <1 (i.e., ||a11b1|| < 1) that
el = ”(al +b1) ' biobo (a1 + bl)_lu
2.1
”a11||||b12b21|| -1, @15)
1= |la;'br]|
From (2.13), (2.14), (2.15), and by ||a;1b1|| < 1, we obtain that
|- 4| = H—619a1161 057 467 (') a6 !
n=1
< ||6-19a;15-1|| + ”a;lea-l” -12( 1191) -1 (2.16)
[ 4
< <T1T2 + T2 + WTl T1||Cll “
It follows from (2.12) that
-aj! b)'b
AN e m—a 71(111:" 1) b . (2.17)
(a ) a I:bzl(al + bl) 171 bzl (111 + bl) 11’[(&1 + bl) 1blZ p
Therefore, according to (2.14), (2.15), and (2.16), we obtain
—a;! (a1 +b1)"'p
@+ - = [ o RSN
byi(ar +b1)" 1 by(ar +b1) n(ar +b1) b )
< e o s 0]
+ ||bz1(a1 +b1) ' (ar + bl)_lbu“ (2.18)
4
llaa'[IT? of et
< —————(|Ibe2|l + |Ib21ll) + TF | ———— ) |Ibw2]l|Ib
< - el + el + TE( =i = ) el
llai" | 4
+( T +T,+ ——T1 )T .
< Tt g )
Since ||a;1 | = ||a®|| and by (2.18), it is easy to see that the conclusion holds.

Thus, we complete the proof. O
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Let A,E € B(X) be both bounded linear operators with B = A + E on Banach space,
where X denotes Banach space. If || APE||+||B*—A” || < 1is satisfied, (it implies that || APE| < 1
and ||[APEAAP|| < 1), then we have the remark.

Remark 2.6 (see [23, Theorem 4.2]). Let A, B € B(X) be Drazin invertible and group invert-
ible, respectively. If | APE|| + |BT - A™|| < 1, then

B~ AP|| _ [|APE]| + 2] - A7|

. 2.19
[AP] = 1-|[APE[ - [[B7 - A7| @19)

1

Leta = a; ® ap and a? = [al]; = a’f; if we put 6a = b + a,, then 1 + daa is invertible in

4 when ||a®baa®|| < 1. From the Proposition 2.2 (5) of [20], we have ay + by = by (a1 + bl)_lblz
when (a; + 6a)e# N (1 — aa?)e4 = {0} for [al]p[al];l = p = aa®. Therefore, for ||u’1*||||b + ap|| <
(1 + 11 = aa?|))™, we arrive at [20, Theorem 4.2]. In fact, the following remark implies that
Theorem 2.5 improves the upper bound of ||(a + b)* — a*| of [20, Theorem 4.2].

Remark 2.7 (see [20, Theorem 4.2]). Let a € G(&#) and let a = a + 6a € o with Kye, <
(1 + ||a™]||). Assume that a<# N (1 — aa*)e# = {0}. Then @ € G(+#) and

(1 +2la”|))[|a*[| K#(a)ea

& - < ; : (220)
(1= +[lam|)lla*[|Ls(a)ea]
where Ky = ||al[la*|| and €, = [|6all[la]l ™.
Theorem 2.8. Let a,b € o be generalized Drazin invertible and satisfy the conditions
||adbaad” <1, a"ba = 0. (2.21)
Then (a + b)! exists if and only if a™ (a + b) is group invertible. In this case,
(a+Db)' - a ad = n1
|| - || < ” || > [”b” + ||ba7r||Z| an+1 ‘(bd> ]
[[a7]] (1-||adb|) ~
o] ||ba”|| ] e
# | AL bal + | | e
[(1—||adb||)2 o] | )
TE vl
+[la”]l] a® "1} (& o
o Sy ) - Sl
Proof. Since a? exists, a? is defined as (2.1). Let b have the block matrix form as
_[b1 b3



Abstract and Applied Analysis

Applying the condition a”ba = 0, we have bya, = 0 and

a"baa’a = 00 =0.
b4a1 0 p

It follows from (2.24) that a; € po#p is invertible, by = 0, and

by b
b= bz].
P

Combining (2.1) and (2.25), we obtain

a) + bl b3

a+b:[ 0 a2+b2p

(2.24)

(2.25)

(2.26)

The condition ||a%baa?|| < 1 implies ||a{1b1|| < 1in the subalgebra p<#p. Therefore, we
conclude that a; + b; € p#p is invertible and Ind(a; + b1) = 0. According to (2.26) and by
Lemma 2.1, one observes that (a + b)d exists if and only if (ay + bZ)d also. Thus, (a + b)ﬁ exists

if and only if a” (a + b) is group invertible.

If a” (a + b) is group invertible and by Lemma 2.1, we obtain

#_
(a+b)" = [ 0 (az + by)!

where x = (a1 + b1) 2bs(az + ba)™ = (a1 + by) 'bs(as + by)H.

(m+b)"  «x ]
14

7

Since bya, = 0 and a; is quasinilpotent, by Lemma 2.2, we obtain

n+1

(@+by = Sar(vd)"" = am S an (v9)".

n=0 n=0

From |la%baa‘|| < 1, one easily has

(a1 + bl)_1 ®0= i(a{lblya{l ®0= i(a%)nad
n=0

n=0

= a;l (1 + blaf)_l ®0=a?

B
Il

Ms

0

(ba?)".

(2.27)

(2.28)

(2.29)
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It follows from (2.27) and (2.29) that

x = (a1 +b1) b3 (az + by)" — (a1 + by) 'bs(az + by)!

_ <i <adb>nad>2 [b bam S (bd)"ﬂ] (230)

n=0 n=0

+ <g<adb>nad>2baﬁb - g<adb>nadba"’] goan (bd>n+1.

Combining (2.27), (2.28), and (2.29), we obtain
ia{l <b1 af)n x
(a+b)f= |0 - .
0 nZ:Oa;’ <b‘2’l> P
[e] 2 [ee] n
= <nZ:O< dpg > ) [b—ba”nzzoaml (bd) +1] 1)
* - 4 . O n/d\

[<nz_0 >bab Z()( b)"aba ]nzoa(b)

+ i(a%)nad + a”ian <bd>n+1

n=0 n=0

From (2.31), we derive

2
b od_ < (dp\" d a3\
(a+b)f —a <Z<ab>a>[b ba Z(:)a <b> ]

n=0

¥ [<i (adb)"ad>2ba’fb -3 (adb)"adba’f] iw(zad)"” (2.32)
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|

Moreover, by (2.32) we get

”m+bﬁ_aqu(-ﬂfﬂ—>zhmrwwww§ja
~\1-[la%] =

n+1

‘ (bd>n+1

2
[la“] > H a’llllba” | d
+ ba”b| + la"|| (b ” (2.33)
[(1—||adb|| e |21 )
< S 1
“lai S| (64) "+ S
20 )
Finally, from (2.33) we easily finish the proof. O
Corollary 2.9. Let a € g and let b € 4% If a, b satisfy the conditions
||a”baa“|| <1, a"ba=0, (2.34)
then (a + b)! exists if and only if a™b is group invertible. In this case,
(a+Db)l - gt a
w < ||b||”(‘17rb)””%
a (1 la"®]) (2.35)
[bab!]|  [la"b!]| ~[la"b]

+ + + .
el Tl i e B

The conditions of Theorem 2.8 ||a%baa®|| < 1, a”ba = 0 are weaker than the conditions
(30) (see [12, Theorem 3.2] for finite dimensional cases and [8, Theorem 5.3.2 and Corollary
5.3.3] for Banach algebra). According to a”ba = 0, we obtain that (2.26) holds. However, in
view of (10), we have

a+b= (2.36)

al +b1 0
0 ar ’
p

Thus, by the conditions (70), we know that a and a + b have the same Drazin invertible
property (see [12, Theorem 3.1]). Thus, if a is group invertible, then (a+b) is group invertible.
It is easy to see that ||abaa’|| < 1, a”ba = 0 are weaker than the conditions (30). From [8,
Theorem 5.3.2 and Corollary 5.3.3], we easily state the following remark.

Remark 2.10. Leta € A and letb € #49.1f a, b satisfy the condition (70)

”aﬁbaa#” <1, b = aa'baal, (2.37)
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then a + b is group invertible and

g
e oy~ e are 238)
] 1 [atb]|
Theorem 2.11. Let a,b € 4 be generalized Drazin invertible and satisfy the conditions
max{ ”adbaad”, lla™al| ”a’rbd”} <1, a”ba = 0. (2.39)
Then (a + b)! exists if and only if a™ (a + b) is group invertible. In this case,
(a+b)l—ad d pd
oot oal] ) [ubn oo LelEl ]
|l (1-||ab]|) 1 lall||&]]
d T bd
. [ bl gy o] ] lalllv]l (2.40)
(1~ [la%e]]) 1= {la®][ 1~ llal[jo7]

1
d + dp|l”
T-fallfle?]] - 1~ [latb]]

Proof. The notations are taken as Theorem 2.8, and the rest of proof of theorem is similar to
Theorem 2.8. Now, we only consider the perturbation of a, + b,. From (2.28) and the first
condition of (2.39), we have ||a,||[|b¢] < 1 and

(@ + b)Y = ‘ g]a;‘(bg)nH < %. (2.41)
Thus, from (2.41) we completed the proof. O
Theorem 2.12. Let a, b € o be generalized Drazin invertible and satisfy the conditions
”adbaad” <1,  a"ba=aba”. (2.42)
Then (a + b)! exists if and only if a™ (a + b) is group invertible. In this case,
oo e e Sy . e
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Proof. Letting p = aa?, and it is similar to Theorem 2.8, we obtain that a, a?, and p have the

matrix forms as (2.1). Here b is taken as (2.23) in the proof of Theorem 2.8. The condition
a”ba = aba”™ implies that

RS (L b1 0
B 01- 14 b 0 [12 b4(11 bzdz g
P P
T a 0 b1 b3] [0 0 ] [O [11b3]
ba” = = .
ava [O az]p[b4 b2 p 0 1—p p 0 [12b2 p

Thus, according to (2.44), we obtain bya; = 0, a1b; = 0 and axb, = bya,. Because a; is invertible
in subalgebra p<#p, we have b; = by = 0. Thus, b, a + b have the matrix forms as follows:

_[bn O _
b= 0 bz]p' a+b=

(2.44)

a1+b1 0 ]

0 a + b p (2.45)

It follows from the condition ||a®baa?|| < 1 that ||a{1b1|| < 1. Thus, it shows from
||a;1b1 || <1 that a; + b is invertible in subalgebra p#p. Therefore, easily we observe that a+b
is Drazin invertible if and only if a; + b, € (1 -p)#(1 —p) is Drazin invertible. That is, (a + b)f
exists if and only if a” (a + b) is group invertible.

In the following, we will consider the perturbation of a,.

Let a, + by be group invertible. The condition a”ba = aba” implies that a,b, = bya;
holds. Since aj is quasinilpotent in subalgebra (1 — p)<#(1 — p) and by Lemma 2.3, we get

(@ +b2) = 3 (68) " ' = a3 () " (246
n=0 n=0

By virtue of [|a;'b:|| < 1, we get that

[aa’(a+ b)]fl = (a +b) = g(a;%l)"agl - g(adb>nad. (2.47)

It follows from (2.46) and (2.47) that

_ _ 0 d db
[aad(a + b)] - [aa"la]p1 = n:1<adb> < —”1‘1_||”|!;b””
(2.48)
oo+ 01] =] < v S )
Next, according to (2.48), we obtain
|(a+ by~ a? < ||a d||“|| ‘;jl” +lla <bd> a"]. (2.49)

Finally, using (2.49) the proof is finished. O
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Corollary 2.13. Let a € A and let b € H#%. If a, b satisfy the conditions

”aﬁbaaﬁ” <1, a"ba = aba”. (2.50)

Then (a + b)! exists if and only if a™b is group invertible. In this case,

[xvr=atll ) ey

< (2.51)
[[at] 1-|lafo] o]
Let A E € C™" with B= A+ E, and let
A 0 E, E
_p-1|4h _p-1|E1 E2
A=P [ 0 Az] P, E=P [E21 E, ] P. (2.52)
If B = A” (see [10, Theorem 2.1] ), then
B, 0 A1 +E 0
_p-1]|b1 _p-1|A1+Er
B=P [0 BZ]P, A+E=P 0 A2+E2]P’ (2.53)

where B; is invertible and B, = A; is quasinilpotent (it follows that E; = 0). It follows
from (2.53) that A” = B” implies that A”BA = ABA7”, (i.e.,, ATEA = AEA™). If A is group
invertible, then B is group invertible and

Bl o
#— p-1[~1
Bf=p [o O]P, (2.54)

where Bl = A1 + El.
By virtue of A” = B” and ||AP(B - A)|| < 1 (see [10]), we give the following remark.

Remark 2.14 (see [10, Theorem 3.1]). Let A, B € C**¢ with A” = B”. Then

AD
1+ ||f|\|D(B”— A= 5] (2.55)
If |[AP(B - A)|| < 1, then
AD
”BD“ = 1- ”JD(B”_ A) ’
(2.56)

B -AP|| _ [|AP(B-A)]
< )
AP T 1-[lAP(B - A
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Theorem 2.15. Let a,b € 4 be generalized Drazin invertible and satisfy the conditions

max{ ||a”ab?|, ||a®baa||} <1, a"ba = aba”. (2.57)
{[laab]| |la*bac]]}

Then (a + b)! exists if and only if a™ (a + b) is group invertible. In this case,

[@xvr=a'] fawy pamie]

< , (2.58)
||l L-{la®b| ~ [la?|| (1 - [|b4a]|)

Proof. Similarly to Theorem 2.12, we have that the formulas (2.45) hold. The details will be
omitted. In the following we only give the simple proof.
By the condition

max{”a”abd”, ”adbaad”} <1, (2.59)

it shows that ||a;1b1|| < 1and [labf|| < 1. Thus, the first result shows that a; + by € pop is
invertible. In view of Lemma 2.1, one concludes that a + b is Drazin invertible if and only if
ay + by is Drazin invertible. That is, (a + b)" exists if and only if a” (a + b) is group invertible.
In the following, we consider the perturbation of a;.
After application of the hypothesis a”ba = aba”, we find that a;b, = bya,. It follows
from Theorem 2.12 and Lemma 2.3 that

(@2 +b)t = 3 (08)" (e = am S0 (o) (2.60)
n=0 n=0

It follows from the condition ||a2bg || <1and

o<a2bg) U {0} = G(bga2> U {0}. (2.61)
It implies that [|bfas|| < 1 and
T d
i la ””b “
(@ + b)Y < e (2.62)

Therefore, combining (2.49) with (2.62), we have

< Na®llla®ll | flalifjo?]]

. 2.63
ST latb] 1= [ba] (263

”(a L byl - ad”

Thus, by (2.63), we complete the proof. O
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3. Perturbation Bound of the Generalized Schur Complement

The perturbation bounds of the Schur complement are investigated in [29-31]. In [29] Stewart
gave perturbation bounds for the Schur complement of a positive definite matrix in a positive
semidefinite matrix. In [30] Wei and Wang generalized the results in [29] and enrich the
perturbation theory for the Schur complement. In [31] the authors derived some new norm
upper bounds for Schur complements of a positive semidefinite operator matrix. In this
section, we consider the perturbation bounds of the generalized Schur complement in Banach
algebra.

Some notations of the generalized Schur complement over Banach algebra will be stat-
ed in the following.

Let a € 4, and let it be written in the form as follows:

a=ay +ap+ax+axn. (3.1)
It has the following matrix form:
M= [a“ alz] , (3.2)
an an|,

where s € #* is idempotent element in </ and a;; is taken as (1.10).
The formulas (1.5) and (1.6) are written in Banach algebra, respectively:

-1
S1 = axp — axnda; 12,

S (3.3)
a;y + 10128, a14,; —a.,0125;

—S1 any all S1

M=

Similarly, the generalized Schur complement in (1.7) and (1.8) is defined in the following
over Banach algebra, respectively:

#
S1 = dp — a a1 a2,

(3.4)
§1 = axn — anat an,
where s; denotes the generalized Schur complement of ay; in .
Theorem 3.1. Let M be given as (3.2) let and
— _ s+ Aan an+ Aalz] _ [511 512] (3.5)
ax +Aay ap+Aan| |an axn], )

be perturbed version of M, and the following conditions are satisfied:

[Aan|| L ellanll, ||Aaw| < ellaw|, [[Aaxn| <ellaxll, [|Aax| < ellax]l, (3.6)
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where € > 0. If a11, Aayy and ay, satisfy the conditions of Theorem 2.8, then

51 = 11l < ellazll + llaxlllarzll(0(2¢ + &%) + [|af; 112 + e | larslim: )

3.7)

+ellaxlllanlllanl(nf + |af |z + (e + €) lafs [anlifne),

where
d
s 1 e
nm=—-: Z o[ (Aan) (3.8)
1- ||af1Aa11” | [ ]
6 = ellanllni (1 + ||afy |12) + ellauill||af; |lmnz (1 + emllanl)

(3.9)

+ ||afy [l + | ad | lavlim,

and 5y and sy are Schur complement of ayy in M and Schur complement of @y in M, respectively.

Proof. Since ai1, Aay1 and ay; satisfy Theorem 2.8, according to (2.31), we obtain

2
a11 :< O<a11Aa11) a‘ﬁ) [Aan Aananzanﬂ[(Aall)d]nn]

2
< <[ d "4 |l n Flkas
anAan a11 Aanaj;Aay; - Z(“nAall) aj;Aayaf; Zan[(Aall) ]
n=0 n=0 n=0

N (4 "A L a N ap™!
+ Z(aHAa11> aj, +anzan[(Aa11) ]
n=0

n=0

(3.10)
Therefore, it is easy to see that

= an + Aaxp - (ax + Aaﬂ)ﬁﬁl(alz +Aar)

w
=
|

= ap + Aazz - 11215?1 app — Aazﬁﬁlau - azﬁﬁlAalz - AaﬂEglAalz

—4 — —
=851+ Aazz - Aa21a11a12 - a21a11Aa12 - AazlaHAalz

T < n d n+l < d ™4
- a21a112a11 [(Aall) ] ap + ‘121Z<a11 Aa11> af,an
n=0 n=1

. 2
+ dn1 (Z <af1Aa11> an> Aaq [ 1111(1111 + Aan)Zan [(Aan) ]”*1]

n=0

- d n o4 - = n dn+1
-amZ(anAan) anAallanZan[(Aau) ] an,
n=0 n=0
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T RY
||a11|| < éllan| ” ” [1 +||an | Z ]
- all an” n=|

il n+l

an

[(Aan)d]

lil N || a, lantlla]
+ |:€2<1||aflAa11“> ||af1||||a11|| “an aH” Z” 11“ [(Aall)] ||
YO Lt
+||a11||Z||au|| [(Aan)? ] W.
(3.11)

From (3.11) and by the conditions (3.6), we obtain

51 = s1ll < | Aaxl| + 0(2e + €) | ax llaxz]

n+1

[(Aan) ]

2
||an|| lanll
o

d 2 .
+ €llalll|an [l[lall <%> [1 + 1+ )llaull Y ||y | [(Aanf’]M“]
n=0

- “ allAan

+ llaz1lllas2l <||a11||2||“11||

|| a[|lanlllan || o

relanllazl St [caan]™|
||a11 al n=0
(3.12)
where
Y
ef|a [anllanll [ efjad||lanlllap]
el [ e o (U I
a5l ] (s Al
11 11 11 L ”a’flAan”'
Thus, we finish the proof. O

Similar to Theorem 3.1. It follows from the proof of Theorem 2.11 that the results are
given as follow.
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Theorem 3.2. Let M and M be taken as Theorem 3.1, and let the relations in (3.6) be satisfied, where
€ > 0. If a11, Aayy and ayy satisfy the conditions of Theorem 2.11, then

51 = sl < ellazll + llax a6 (2¢ + €?) + ||afy 12 + €| afy | anlin )
(3.14)

+ellaxlllanlllani (rf + |af mnz + (e + ) lafy [anlifn),

where 11,0, 51 and sy are taken as Theorem 3.1.

Theorem 3.3. Let M and ﬁ be taken as Theorem 3.1, and let the relations in (3.6) be satisfied, where
€ > 0. If a11, Aayy and ay; satisfy the conditions of Theorem 2.12, then

2
151 = 51l < ellaz| + [(1 +2e+¢2)6)+f|ad | ||a11||] lax|llazll, (3.15)

}, (3.16)

Proof. Similar to the proof of Theorem 3.1 the details are omitted. A simple proof is given as
follows.
By (2.45), (2.46), and (2.47), we obtain

where

d
] S
51={ +llafill X
n=0

1- ”a‘l’llAan ”

| [(Aan)d] M“Tl

and sy and sy are taken as Theorem 3.1.

Etl‘l = Z(aflAanyafl +af > [(Aall)d]n+l(—a11)"- (3.17)
n=0 n=0

In view of (3.17), we easily have
—H
§1 = axp + Aaxp — (ax + Aay)ay, (an + Aar)
(o] oo}
d no4 d n+1
=51+ Aay - a212<a11Aa11> afyai + anaf; >, [(Aan) ] (—an)"an
n=0 n=0

d d i Vi il
- a21a11Aa11a11a12 - Aa21a11 app — a21a11Aa12 - Aay allAalz,

(3.18)
||Eﬂ1 H < 2)<af1Aa11>”atfl + aﬁi)[(Aal1)d]n+l Can)”
n= pa
i oo
< % + "aﬁ”nzzo “(Aall)d]nﬂdfl .
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It shows from (3.18) that

. ||| a2 laral e e
I51 = sl < ellazall + *————— +llaxnlllaf | S| [(Aan)’] " aly |las
1- ||a11Aa11|| n=0
+ (2¢+ &) llanll|[@h ||larl + ]| af, [lanilan ] lax]
il
a 0
11 n+1
< ellax +  ef|afy [ laull + —F——— + laf [ || [(Aau)’] " al| pllazlla]
1- naHAan” n=0

[(aan)]"™

d
0 a
: ]
+ (2e+ &) llanlllarnll] laf |3 e
n=0 1- ||a11Aa11||

= ellaz| + llax llawl [ (1 +2¢ + )61 + ]| af [ lan]],

(3.19)
where
6 = {ﬂ E |[(Az,m)d]’”lcﬂ;1 } (320)
et aan] 1
Therefore, we complete the proof. 0

Similar to Theorems 3.1 and 3.3. The proof of the following theorem follows from
Theorem 2.15.

Theorem 3.4. Let M and M be taken as Theorem 3.1, and let the relations in (3.6) be satisfied, where
€ > 0. If a11, Aayy and ayy satisfy the conditions of Theorem 2.15, then

II51 = s|| < ellax] + <1 +2e + €2> llazilll|ai2]|61, (3.21)
where
5 - { ”‘lfln . ||aﬁ||||(A““)dn }, (3.22)
S FE M [

and s, and sq are taken as Theorem 3.1.
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