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This paper is concerned with the existence of mild solutions for the fractional integrodifferential
equations with finite delay and almost sectorial operators in a separable Banach space X. We obtain
existence theorem for mild solutions to the above-mentioned equations, by means of measure of
noncompactness and the resolvent operators associated with almost sectorial operators. As an
application, the existence of mild solutions for some integrodifferential equation is obtained.

1. Introduction

Fractional differential and integrodifferential equations have received increasing attention
during recent years and have been studied extensively (see, e.g., [1-15] and references
therein) since they are playing an increasingly important role in engineering, physics,
electrolysis chemical, fractional biological neurons, condensate physics, statistical mechanics,
and so on.

Moreover, the Cauchy problem for various delay equations in Banach spaces has been
receiving more and more attention during the past decades (see, e.g., [3, 4, 9, 10, 14, 16-20]
and references therein).

We mention that much of the previous research on the fractional equations was done
provided that the operator in the linear part is the infinitesimal generator of a strongly
continuous operator semigroup, a compact semigroup, or an analytic semigroup, or is a
Hille-Yosida operator (see, e.g., [1-4, 8-10, 12-14]). However, as presented in [15, Examples
1.1 and 1.2], for which the resolvent operators do not satisfy the required estimate to
be a sectorial operator. Von Wahl in [21] first introduced examples of almost sectorial
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operators which are not sectorial. Recently, the study of evolution equations involving almost
sectorial operators has been investigated extensively. However, much less is known about
the fractional evolution equations with almost sectorial operators (see [15] and the references
therein).

In this paper, we are concerned with the following fractional integrodifferential
equations:

Diu(t) = Au(t) + f(t, w) + JZ g(t,s,us)ds, te(0,T], a1

u(t) =¢(t), tel[-r0],

where T > 0, 0 < g <1, and 0 < r < oo. The fractional derivative is understood here in
the Caputo sense. X is a separable Banach space. A is an almost sectorial operator to be
introduced later. Here f : [0,T] x C([-r,0],X) — X, ¢ : A x C([-r,0],X) — X(A =
{(t,s) € [0,T] x[0,T] : t > s}), ¢ € C([-1,0],X), where C([a,b],X) denotes the space
of all continuous functions from [a, b] to X.

For any continuous function v defined on [-r,T] and any ¢ € [0,T], we denote by u;
the element of C([-r,0], X) defined by u;(6) = u(t +6), 8 € [-r,0].

Our paper is organized as follows. In Section 2, we give out some preliminaries about
fractional order operator, measure of noncompactness, and almost sectorial operators. The
existence result will be established in Section 3. In Section 4, an example is given to show the
application of the abstract result.

2. Preliminaries

Throughout this paper, we denote by X a separable Banach space with norm || - ||. For a linear
operator A, we denote by D(A) the domain of A, by p(A) the resolvent set of A, and by
R(z;A) = (zI - A, z € p(A) the resolvent of A. Moreover, we denote by L(X) the Banach
space of all linear and bounded operators on X and by C([a, b], X) the space of all X-valued
continuous functions on [a, b] with the supremum norm as follows:

XNl jap) = 1xllc(ap),x) = supllix®) : t € [a,b]}, forany x € C([a,b],X).  (2.1)
Moreover, we abbreviate |||, (o 11, r+) With [[u|r» for any u € LP([0,T],R").
Let us recall the following known definitions. For more details, see [7, 11].

Definition 2.1 (see [11]). The fractional integral of order g with the lower limit zero for a
function f € ACJ0, o0) is defined as

I9f(t) = r(l_q) ﬂ (t—s)1f(s)ds, t>0,0<qg<1 (2.2)

provided that the right side is pointwise defined on [0, c0), where I'(-) is the gamma function.
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Definition 2.2 (see [11]). The Riemann-Liouville derivative of order g4 with the lower limit
zero for a function f € AC[0, o0) can be written as

Lqu(t)—;ij‘t(t—s)_”f(s)ds t>0,0<g<1 (2.3)
“T(-g)dt), ’ PSS '

Definition 2.3 (see [11]). The Caputo derivative of order g for a function f € AC[0, o) can be
written as

‘DIf(t) =LD(f(t) - f(0)), t>0,0<q<1. (2.4)

Remark 2.4. (1) If f(t) € C'[0, o), then

DIf(t) = r(11——q) f; (t—5)f(s)ds=T"9f(t), t>0,0<q<1; (2.5)

(2) the Caputo derivative of a constant is equal to zero.

We will need the following facts from the theory of measures of noncompactness and
condensing maps (see, e.g., [22, 23]).

Definition 2.5. Let E be a Banach space, 2F the family of all nonempty subsets of E, (4,>) a
partially ordered set and v : 2F — 4. If for every Q € 2F:

v(co(Q)) = v(Q), (2.6)

then we say that v is a measure of noncompactness (MNC) in E.
A MNC v is called:
(i) monotone if Qg, Q; € 2F, Qy c implies v(£29) < v(£21);
(ii) nonsingular if v({ap} U Q) = v(Q) for every ag € E, Q € 2F;

(iii) invariant with respect to union with compact sets if v({D} U Q) = »(Q) for every
relatively compact set D C E, Q € 2F.

If & is a cone in a normed space, we say that the MNC v is;
(iv) algebraically semiadditive if »(Qq + Q1) < v(Qo) + v(Q1) for each Q), Q € 2F;
(v) regular if v(Q2) = 0 is equivalent to the relative compactness of Q;
(vi) real if &4 is [0, +o0) with the natural order.

As an example of the MNC possessing all these properties, we may consider the
Hausdorff MNC:

x(Q) =inf{e > 0: Q has a finite e-net}. (2.7)

Now, let G : [0, h] — 2F be a multifunction. It is called:

(i) integrable, if it admits a Bochner integrable selection g : [0, h] — E, g(t) € G(t) for
a.e. t€[0,h];
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(ii) integrably bounded, if there exists a function ¢ € L!([0, k], E) such that

IG®] :=sup{lial : g € G()} < o(t) ae. te[0,h]. (2.8)
We present the following assertion about y-estimates for a multivalued integral [23,
Theorem 4.2.3].

Proposition 2.6. For an integrable, integrably bounded multifunction G : [0,h] — 2%, where X is
a separable Banach space, let

x(G(t) <q(t), forae.tel0h], (2.9)

where q € LL([0, h]). Then, x(f; G(s)ds) < [ a(s)ds for all t € [0, h].
Let E be a Banach space, v a monotone nonsingular MNC in E.

Definition 2.7. A continuous map § : Y C E — E is called condensing with respect to a MNC
v (or v-condensing) if for every bounded set  C Y which is not relatively compact, we have

v(§(€2)) 2v(Q). (2.10)

The following fixed point principle (see, e.g., [22, 23]) will be used later.

Theorem 2.8. Let 9 be a bounded convex closed subset of E and § : M — M a v-condensing map.
Then, Fix § = {x : x = §(x)} is nonempty.

Theorem 2.9. Let V C E be a bounded open neighborhood of zero and § : V. — E a v-condensing
map satisfying the boundary condition:

x £ AF(x), (2.11)

forall x € 8V and 0 < A < 1. Then, Fix § is a nonempty compact set.

To prove the main result, we will need the following generalization of Gronwall’s
lemma for singular kernels [24, Lemma 7.1.1].

Lemma 2.10. Let x,y : [0,T] — [0, +o0) be continuous functions. If y(-) is nondecreasing and
there are constants a > 0 and 0 < & < 1 such that

t
x(t) < y(t) + aJ (t—s)%x(s)ds, (2.12)
0
then there exists a constant k = « (&) such that

x(t) <y(t) +xa J't (t—s)y(s)ds, for each t € [0,T]. (2.13)
0
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Next, we recall the knowledge of almost sectorial operator, for more details, we refer
to [25, 26].
Let-1 <y <0and Sg with 0 < p < or be the open sector:

{zeC\ {0} : |argz| < pu}, (2.14)

and S, its closure, that is,
Su={zeC\{0}:|argz| <p}u{0}. (2.15)

Let us recall the following definition.

Definition 2.11. Let -1 <y < 0and 0 < w < 7 /2. By ©},(X), we denote the family of all linear
closed operators A : D(A) ¢ X — X which satisfy:
(1) 0(A) c Sw ={z€C\ {0} : |argz| Lw} U {0};

(2) for every w < p <, there exists a constant C,, such that

IR(z; A)llLxy < Culzl", forallze C\S,. (2.16)

A linear operator A will be called an almost sectorial operator on X if A € O),(X).
Remark 2.12. Let A € ©),(X), then the definition implies that 0 € p(A).

Remark 2.13 (see [15]). From [26], note in particular that if A € ©),(X), then A generates a
semigroup T(t) with a singular behavior at t = 0 in a sense, called semigroup of growth 1 +7y.
Moreover, the semigroup T'(¢) is analytic in an open sector of the complex plane C, but the
strong continuity fails at t = 0 for data which are not sufficiently smooth.

0
a/2-w’

We denote the semigroup associated with A by T(t). Fort € S

1
T(t) = e*(A) = rT e *R(z; A)dz (2.17)
Te

forms an analytic semigroup of growth order 1 + y, where w < 0 < p < o/2 - |argt|, the
integral contour I'g := {R*e} U {R*e7?} is oriented counter-clockwise ([15, 26]).
We have the following proposition on T'(¢) [26, Theorem 3.9].

Proposition 2.14. Let A € ©},(X) with -1 <y < 0and 0 < w < o /2. Then the following properties
remain true:

i) T(t) is analytic in S° ., and
Y a/2-w

dr "
T = (-A)'T(t), forallteS , (2.18)
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(ii) the functional equation T (s +t) = T(s)T (t) for all s,t € Sgr/sz holds;
(iii) there exists a constant Co = Co(y) > 0 such that

Tl < Cot 7™, for all t>0; (2.19)
(iv) if B> 1+7, then D(AP) C 1 = {x € X : lim;_ 0,0 (t)x = x}.

Clearly, we note that the condition (ii) of the Proposition 2.14 does not satisfy for t = 0
ors = 0.

The relation between the resolvent operators of A and the semigroup T(t) is
characterized by.

Proposition 2.15 (see [26, Theorem 3.13]). Let A € O),(X) with -1 <y < 0and 0 < w < /2.
Then for every A € C with Re A > 0, one has

Rmm:Kmeﬁ (2.20)

Based on the work in [15], we define operator families {-Sq(t)HteSO/z_ and
{Dg()} s, bY

T/2-w

x €X,

a/2-w’

54ﬂx:f ¥, (0)T(ct)xdo, teS°
0

w (2.21)
Py(t)x = f qo¥,(0)T (ot?)xdo, te SSFQW, x €X,
0
where ¥, (z) with 0 < g <1 is a function of Wright-type (cf. e.g., [15]) as follows:
¥, (z) = i (2" —Z (2)" ———T(nq) sin(nrq), zeC. (2.22)
i Snl(-gn+1-q) 7o Hm-1)!

We collect some basic properties on ¥,(z). For more details, we refer to ([7, 11, 15, 25]).

Proposition 2.16. For -1 < 7 < oo, A > 0, the following results hold:
(1) ¥u(t) >0,t>0;
©2) [ g/t ¥, (1 /1) e Mdt = eV
(B) [ ¥, dt =T (1 +7)/T(1 + q7).

Theorem 2.17 (see [15, Theorem 3.1]). For each fixed t € SSr Py S,(t) and Py (t) are linear and
bounded operators on X. Moreover, forallt >0, -1 <y <0,0<g<1,

CoI' (-
18,0 « LD sty xex,

I(1-q(1+y))

Col'(1 -
qto ( Y) t—q(lﬂf)”x”, xeX.

I'(1-qy)

(2.23)
[|D4(t)x|| <
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Theorem 2.18 (see [15, Theorem 3.2]). Fort > 0, S,(t) and D, (t) are continuous in the uniform

operator topology. Moreover, for every ¥ > 0, the continuity is uniform on [7, o0).

Remark 2.19 (see [15, Theorem 3.4]). Let f > 1 +y. Then for all x € D(AF),

Iim S,(t)x = x.
t_)10r;1;1>0 gHx=x

Next, we will present the definition of mild solution of problem (1.1).

(2.24)

According to Definitions 2.1-2.3, we can rewrite problem (1.1) in the equivalent

integral equation:

u(t) = ¢(0) + b It (t—s)7! [Au(s) + f(s,us) + a(u)(s)]ds, te(0,T],

I'(q) Jo
u(t) = ¢(t), te[-r0]

provided that the integral in (2.25) exists, where

t
a(w)(®) = [ gt5u)ds.
Set

() = Iw eMutdt,  f(\) = J‘oo e Mftu)dt,  g(\) = fw e Ma(u)(t)dt,

0 0 0

formally applying the Laplace transform to (2.25), we get
B(L) = 2$(0) + = AT + —[F() + 3
() = 19(0) + AT + 1 [F) + 2],
then

(A7 = A)a(1) = 1779(0) + [f) + gW)],
thus

(1) = M= A)7$(0) + (11— ) [F(N) + 2()]
_ fw e VST (s)(0)ds + Jm e VST (s) [ F + g(A)]ds
0 0

provided that the integral in (2.30) exists.
Then, using Proposition 2.16 (2), we have

AT f " T (s)p(0)ds = qf: (AT e T (#)(0)dt

0

1 * d q
--1), (Ee_(m >T(t‘7)q§(0)dt

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)
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Ao q
f . o‘i ( ) T(t)¢(0)dodt

[l e (o

= fow e M [ f : ‘P,,(T)T(tqr)d)(O)dT] dt,

f:oe-*qST(s)f(A)ds J 00 gra- 1T(Tq)<f0 ”f(t,ut)dt>d'r

7L e ([ ear)aoas
AL e:;t ([ )i
[T A (Y )

[ (B e Vo

= J‘ e t[qJ‘ J‘ (t- s)q_la‘I‘q(o)T((t -5)10) f(s,us) dods] dt.
0 0Jo
(2.31)

Similarly, we have

["errezonas = [ e [q [[[ e-9mow@r(a-sroyaueas ds] at.
0 0 0Jo
(2.32)

Thus, from (2.30)—(2.32), we obtain

u) = f U W, (T)T(t77)p(0)dT
+q JO fo (t-9)T"'0¥, ()T ((t - s)70) f(s,us) dods (2.33)

+q ff J.°° (t- S)q—lolpq(o)T((t - S)qG)a(u)(s)do ds] at.
0Jo
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We invert the last Laplace transform to obtain
u(t) = Lw W, ()T (t17)p(0)dr
+ qJ‘; f:o (t- )10, (0)T((t - 5)70) f (s, us)do ds
+q j; f: (t-5)1"'0¥,(0)T((t - 5)'0)a(u)(s)do ds (2.34)
— 8,(H¢(0) + fo (= 57Dyt - 5)f(5,u5)ds
+ f ; (t—8)T' Py(t - s)a(u)(s)ds.
Then from the above induction, when ¢(0) € D(A?) with § > 1+ y, we can give the

following definition of the mild solution of (1.1).

Definition 2.20. A continuous function u : [-r,T] — X satisfying the equation:

¢(t), te[-r0],
t
ut) = 4 SaOP0) + fo (t= )T Dy(t = 5) f (s, u5)ds (2.35)
t
+ f (t—8)1' Py(t - s)a(u)(s)ds, te[0,T]
0

is called a mild solution of (1.1).

Remark 2.21 (see [15], Remark 4.1). (1) In general, since the operator .S,(t) is singular at t = 0,
solutions to problem (1.1) are assumed to have the same kind of singularity at f = 0 as the
operator S,(t).

(2) When ¢(0) € D(AP) with B > 1+, it follows from Remark 2.19 that the mild
solution is continuous at ¢t = 0.

3. Main Result

Throughout this section, let A be an operator in the class ©,(X) and -1 <y <0, 0 < w <
ar /2. Moreover, we require the following assumptions:
(Hf) (1) f:[0,T] x C([-1,0],X) — X satisfies f(-,y) : [0,T] — X is measurable for all
y € C([-r,0],X) and f(¢t,-) : C([-1,0],X) — X is continuous for a.e. t € [0,T], and
there exists a positive function u(-) € LP([0,T],R*)(p > -1/(qy) > 1/q > 1) such
that

I EDI < wOlYl oy (3.1)

for almostallt € [0,T];
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(2) there exists a nondecreasing function € LP([0,T],R*) such that for any
bounded set D ¢ C([-r,0], X):

x(f(t,D)) < n(t)es[t_lpmx(D(G)), ae tel[0,T] (3.2)

(Hg) (1) g : AxC([-1,0],X) — X and g(t,s,) : C([-1,0],X) — X is continuous
for ae. (t,s) € A, and for each y € C([-r,0],X), the function g(,-vy)
A — X is measurable. Moreover, there exists a function m : A — R" with
t *
SUp,c(o1] Jo M(t, 8)ds := m* < oo such that

I8t s, Il <mE )yl o (3.3)

for almost all (¢, s) € A;

(2) for any bounded set D C C([-r,0],X), there exists a function ¢ : A — R* such
that

X(g(t/ S, D)) S é(t, S) sup x(D(G))r (34)
Oe[-r,0]

where sup, ) 1 [oé(t, s)ds := &* < oo.

Theorem 3.1. Let A € O,(X) with -1 <y < 0,0 < w < /2. Assume that (Hf) and (Hg) are
satisfied. Then for every ¢(0) € D(AP) with p > 1 + y, the mild solution set of problem (1.1) is a
nonempty compact subset of the space C([-r,T], X), provided that

—m*T 97
M(lp,qT—(1+qu)/P||#||Lp+ qu ><1, (3.5)

where M := (gCol'(1 - y))/T(1 - qy) and L, == ((p - 1)/ (-pqy - 1)) P V7.

Proof. We define the operator ¥ : C([-r,T], X) — C([-r,T], X) in the following way:

P(t), te[-r0],
t
(gu) (t) — .Sq(t)(i)(O) + IO (t — S)q_lpq(t — S)f(S, us)ds (36)
t
+J‘ (t—8)T' Py(t - s)a(u)(s)ds, te[0,T].
0

It is clear that the operator ¥ is well defined.
We define

- P(b), te[-r0],
t) = 3.7
0 {Sq(t)‘.b(o)/ te[0,T]. 7
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Let u(t) = v(t) + (i;(t). It is easy to see that v satisfies vy = 0 and

o(t) = JZ (t—s)T' P, (t - s)f(s, Vs + 43s)ds + f; (t—s)T' Py (t- s)a(v + $) (s)ds, te0,T]
(3.8)

if and only if u satisfies

t t
u(t) = S,()$(0) + L(t )Pt~ 8) f(s,us)ds + L(t )t s)a(u)(s)ds, t e [0,T]
(3.9)

and u(t) = ¢(t), t € [-r,0].
Let F : C([-r,T],X) — C([-r,T],X) be an operator defined by (¢v)(t) =0fort €
[-7,0] and

(o)) = f (£ =) Dy(t = 5)f (5,00 + s ) ds
0 (3.10)

+ f; (t-5)T Pyt - s)a(v + $)(s)ds, te[0,T].

Clearly the operator ¥ has a fixed point is equivalent to ¥ having one.

We define C := {v € C([-r,T],X) : vo = 0} ¢ C([-r,T], X). Next we will prove that ¥
has a fixed point on C.

Let {v"},cn be a sequence such that v — vin Casn — oo. Since f satisfies (Hf)(1)
and g satisfies (Hg) (1), for almost every t € [0, T] and (¢, s) € A, we get

f<t,vf+$t> —>f<t,vt+$t>, as n — oo,

g(t, s, vy + $s> — g<t, S, Vs + dA)S), as n — oo. G
Noting that
ol < 00 IO+ sup ol + sup [ + sup |40

(3.12)

= sup o)+ sup ||¢(t>|| * sup 134D (O) || = a.

Therefore,

||f<f, Ut + <lA>t> ” < ﬂ(t)”Ut + $t”[—r,0] <au(t), (3.13)
||a<v + $> (t)” < JZ”g(t, S, Vs + $s> |ds < JZ m(t,s)||vs + (,55 [—r,OJdS < m*a. (3.14)
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Since v" — v in C, it follows that there exists ¢ > 0 such that ||[v" — v||jor] < € for n
sufficiently large. Moreover, noting that ||v} — v¢||(-0) < [|0" = v||[o,7], we have

|£Cor+9e) = £ (toe e )| < wo]fof + ]|, +anto

(3.15)
< ut)||of - o] Lrop T 2ap(t) < (e +2a)pu(t).
Similarly,
||g<t, s, UL + $s> - g(t, S, Vs + $s> | < (e +2a)m(t,s),
¢ - ¢ - (3.16)
Hf g<t' S, UL + ¢S>ds - f g(t, S, Vs + (])S>ds <m*(e + 2a).
0 0
It follows from the Lebesgue’s Dominated Convergence Theorem that
t R t R
j g(t, s, v + ¢S>ds —f g<t, S, Vs + gbs>ds —0, asn— oo, (3.17)
0 0
and from (2.23), we have
t . R R
Hfo (t-5)T'p,(t-s) [f(s,vg + ¢S) - f<s, s + ¢5>]ds
t S . S N
+ f (t- s)q—lpq(t -s) U g(s,r,v;‘ + ¢T>d7' - J g(s, T, Uy + (])T)dT] ds
0 0 0
t
SM,[ t—s“”‘l[ s,v’s“+AS — (5,05 + ps
= (sok ) - F (s 4 4 |
+ f g(s,r,v;’ + $T>d*r —f g(s,T,vT + $T>d’r ds — 0,
0 0

as n — oo.

(3.18)

Therefore, we obtain that

lim |¢v” - ¢v||

n— oo

—— (3.19)

then we see that ¢ is continuous.
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Let us consider the MNC v in the space C with values in the cone R? of the following

way: for every bounded subset Q C C,

v(Q) = < Su%]x(Q(t)),q)(Q),modc(9)>,

te[-r,
where mod () is the module of equicontinuity of Q given by

mod(€2) = élﬂi‘éguﬁ?é o) —v(t)ll,

®(Q) = sup <e_“ sup X(Q(S))>,

te[0,T] s€[0,t]

where L > 0 is a constant chosen so that

t
Msup | (t-s) " y(s)ett9ds =L, <1,
te[0,7170

t
Mg sup | (t-s) e lt9ds =1, <1.
te[0,1] 0

Noting that for any ¢ € L!([0, T], X), we have

¢
lim sup | et ®g(s)ds =0,
L—+eoeioT)J 0

so, we can take the appropriate L to satisfy (3.22) and (3.23).

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

Next, we show that the operator ¥ is v-condensing on every bounded subset of C.

Let Q ¢ C be a nonempty, bounded set for which
v(F(Q) 2v(Q).
Noting that

sup x(F(@®) =0

te[-r,0]

and (3.25), we can see that supte[frro]x(Q(t)) =0.
Next, we estimate ®(Q). For any t € [0, T], we set

t
F1(Q)(t) = {L (=)' Py(t=5)f (5,05 + s )ds v e Q}

(3.25)

(3.26)

(3.27)
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We consider the multifunction s € [0,t] — H(s):

H(s) = {(t— )P, (¢ - s)f(s,vs + $S) ve Q}

(3.28)

Obviously, H is integrable, and from (2.23), (Hf) (1), and (3.13), it follows that H is integrably
bounded. Moreover, noting that (Hf)(2), we have the following estimate for a.e. s € [0, ]:

Y(H(s)) = X({(t —5)T P, (t - s)f(s,vs + 435) ve Q})
= x(t=9""Pgt-9)f (5,2 +4.))

< M(t—s)""g(s) sup y(QT))

T€[0,s]

= M(t-s) " 'n(s)e"*e™" sup x(Q(r))

T€[0,s]

< M(t-s) " y(s)el*Dd(Q).

Applying Proposition 2.6, we have
N t t
X(%(Q)(t)) = x<f H(s)ds> <M f (t— )M y(s)elsds - D(Q).
0 0

Therefore, from (3.22), we have

s€[0,t] te[0,T] /0

t
sup (“?Lt sup x(%(sz)(s))) < Msup | (t=s)"n(s)e " ds - D(Q)
te[0,T]

= Lid(Q).

Similarly, if we set
o~ t ~
Fa(Q)(t) = {I (t- s)q_lﬁq(t - s)a<v + (i)) (s)ds:ve Q},
0

then we can see that the multifunction s € [0,t] — H (s),

H(s) = {(t - s)q_lﬁq(t - s)a<v +$) (s):ve Q}

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
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is integrable, and from (2.23), (Hg)(1), and (3.14), it follows that His integrably bounded.
Moreover, noting that (Hg)(2), Proposition 2.6, and (3.23), we have the following estimate
fora.e.s € [0,¢t]:

X(ﬁ(s)) < ME (t—s) M lelsd(Q),

t
sup (e“ sup X<¢2(Q)(s)>> < Mg sup | (t-s) " e l9)ds . D(Q) (3.34)
te[0,T] se[0,4] tefo,r]J 0
= [LD(Q).

Now, from (3.31) and (3.34), L > 0 can be chosen so that

O(F(Q)) < (L1 + L)D(Q) = Lo(Q), (3.35)

where0 <L < 1.

From (3.25), we have ®(£2) = 0. Next, we will prove that mod.(£2) = 0.

Let 6 > 0, t1,t, € (0,T] such that 0 < t, —t; < 6 and v € Q, noting that (Hf)(1) and
(Hg)(1), we obtain

“f: (t1 - s)q_lﬁq(tl -s) [f(s, vs + $S> + a(v + d;)(s)]ds

- ﬂz (tr = 5)7 ' Dy(ta — 5) [ f <s, s + $S) + a<v + ¢T) (s)]ds

<

I: [(tz O G S)q_l]ﬁq(tz -5) [f <s, Vs + $S> + a<v + 4;) (s)]ds

(3.36)

+

: (t - s)q_ll)q(tz ) [f(s, Vs + $S> + a(v + $> (s)]ds

+

f: (t = )" [Pyt =) = Dot = 9)] [ (5,05 + §.) + a(v+ $) (5)]ds

=L+ 1+ I5.

Using (2.23), (3.13), and (3.14), we have
5]
I < aMJ |(t2 —8) T (t =) | (t2 - 5)"10) [u(s) + m*] ds. (3.37)
0
Clearly, I; tends to zero as t, — t;. Similarly, for I,, we have

t
L<aM | (ta—s) "' [u(s) + m*]ds — 0, ast, — t;. (3.38)
2}
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For I3, for € > 0 small enough, noting that (2.23), (3.13), and (3.14), we have

t]-E
I < txf (b= 8)TH||Dy(ts — 5) — Py(ts - $)|| x, [1(s) +m"]ds
0

t
+ “J‘ (tr = S)q_l ”pq(tZ -5) - pq(tl -5) ”L(X) [#(S) + m*]ds

t1 —£

- (339)
<a sup |[Dg(t2=s) = Do(tr=5)|| )" -[o (= )" [u(s) + m*]ds

s€[0,t1—€]

+aM

g ( (t —s)1™ . (t —s)1™

(t1 — S)q(Y+1) (tr — S)q(Y+1)

> [u(s) + m*]ds,

fl—E

it follows from Theorem 2.18 that I3 tends to zero as t, — t; and ¢ — 0.
For the case when 0 = t; < t, < T, we can see

;2 (t2 - s)q‘ll)q(tz ) [f <s, vs + $s> + a<v + $> (s)]ds

(3.40)

tr
<aM | (ta-8) " [u(s) + m*]ds — 0, ast, — 0.
0

Thus, the set {(Siv)(.) 1 v € Q} is equicontinuous, then modc(iﬁ) = 0. From (3.25),
we get that mod.(€2) = 0. Hence »(L2) = (0,0,0).

The regularity property of v implies the relative compactness of Q. Now, it follows
from Definition 2.7 that ¢ is v-condensing.

Consider the set

@:{vecwmmﬂgp} (3.41)

Next, we show that there exists some p > 0 such that S?Bp C B,. Suppose on the contrary that

for each p > 0 there exist v*(-) € B, and some t € [0, T] such that ||(¢vf’)(t)||[0,ﬂ > p.
Noting the Holder inequality, we have

t
[| (s mperds < 0Pl <TECTEL (42
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By (2.23), (Hf)(1), (Hg)(1), and (3.42), we have

[(F)ol

= Hﬂ (t- s)"_lﬁq(t— s) [f(s,vg + $s> + a<v” + $>(s)]dsH

; (3.43)
< M[”UP”[O,T] + M] fo (t—s) 7 [u(s) + m*]ds
— - —m* T
< M(p+ B1) - [l r 0 P, + ),
where M = [|@ll(-r0) + Sup,cjo 111155 () $ )]l
Then,
- — 0 —m* T
p<||FN0)|,,, <Mlp+M]- [lp,qT Ol + = | (3.44)
Dividing both sides of (3.44) by p, and taking p — oo, we have
—m*T-9Y
M (lp,qT‘“*"‘W"’IIuIIU + mT) 2 1. (3.45)

This contradicts (3.5). Hence for some positive number p, SEBP C B,. According to
Theorem 2.8, problem (1.1) has at least one mild solution.
Next, for ¢ € (0, 1], we consider the following one-parameter family of maps:

H:[0,1]xC—C
R (3.46)
(c,v) — H(c,v) = cF(v).

We will demonstrate that the fixed point set of the family #:

Fix# = {v € H(c,v) for some c € (0,1]} (3.47)
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is a priori bounded. In fact, let v € Fix ¥, for t € [0, T], we have

()]l < f;”(t =)Dyt =9)[f(s,0:+9.) +a(0+)(s)|||ds

<M ft (t= )" [u(s) + m"] - [ sup |Jo(T)| + M] ds
0

7€[0,s]
(3.48)
< M[sup lo(s)]l (t —5) " u(s)ds + m I (t—s)""" sup ||U(T)||ds] +a
se[0t 7€[0,5]
t
<ar+aysup |lv(s)|+as | (t-s) " ! sup ||v(7)l|ds,
s€[0,¢] 0 7€[0,s]
where
— (1 —-m*T-r
= M- (BT 0 P, + ),
qy
(3.49)

a = Mlp,qT_(l+qu)/p||P‘||Lw

az = Mm".

We denote that x(f) := sup,c(o,[lv(s) |- Let t € [0,t] such that x(t) = ||o(f)||. Then, by
(3.48), we can see

x(t) < ai + arx(t) + a3 f (t—s) 7 'x(s)ds. (3.50)
0

By Lemma 2.10, there exists a constant x such that

~qy
x(h) < 1?1 Kaas I (t— ) ds < ~ a kayazT w (3.51)
a2 (1-ay)? a2 gy(l1-ay)

Hence, sup, (o7 lo(t)|| < @.
Now, we consider a closed ball as follows:

Bg = {v € C: vl < R} cc. (3.52)

We take the radius R > 0 large enough to contain the set Fix# inside itself. Moreover,

from the proof above-mentioned, F:Bg — Cis v-condensing, and it remains to apply
Theorem 2.9. O
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4. Application

Example 4.1. Let

A = (-iA +0)"?, D(A) = W' (R*) (a Sobolev space) (4.1)

be as in [15, Example 6.3], in which, the authors demonstrate that Ae O©),(L3(R?)) for some
0 <w < /2and y = —1/6. We denote the semigroup associated with A by T(t) and ||T ()| <
Cot™>/¢(Cy is a constant).

Let X = L3(R?), we consider the following integrodifferential problem:

t 0
0w(t, x) = Aw(t,x) + ! I(t—s)(l/(Zk))’lf §1(9)~sin<|wt(6,x)|sk>d9ds
0 —-r

Z\IVZ

t 0
+ f (t—s)k f & (0)wy (8, x)dOds, (42
0 -1

w(0,x) =w(0,x), -r<O0<0,

where 6? is the Caputo fractional partial derivative of order0 < g<1,t€ (0,1],r>0,x € R?
and w;(6,x) = w(t+6,x). ¢ : [-r,0] - R@ =1,2), and f?r [€:i(0)]dO < o0(i=1,2),k>1isa
constant.

For x € R? and ¢ € C([-1,0], X), we set

u(t)(x) = w(t, x),
$(0)(x) =wo(6,x), 6€[-1,0],

- f; (t =)W/ fo 61(6) - sin(|(60) (x)|s* ) dOds, (43)

Zkt

f(tp)(x) =

0
g(ts,9)(x) = (t-9)* f $(0)¢p(0) () d.

Then the above equation (4.2) can be reformulated as the abstract (1.1).
For t € (0,1], we can see that

1 t 0
£t o)l < ET <L (t—5)/ED kg J: |§1(9)|d9> el = n® ol 44

clearly, u(t) = t*B(1/(2k), k + 1) ff)r 161(0)|d6 € LP([0,1],R*)(p > 6/q), where B(:,-) is a beta
function.
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For any ¢, p € C([-r,0], X),

t 0
1) - LD < - f(t—s)““z"”‘lskds- f 61 O1ll9(0) (x) - §(O) (x)]| 46.

Vi)
(4.5)
Therefore, for any bounded set D ¢ C([-r,0], X), we have
x(f(t,D)) < u(t) sup \(D(B)), ace. te[01]. 46)
-r<0<0
Moreover, for almost all (¢,s) € A:
(°
8t s, @) = || (=) f 2(0)p(0)(x)d6|| < m(t, s) |9l 0 (4.7)
where m(t,s) == (t - 5)* [, |¢2(8)|d6. Then, we obtain
1 (0
m" = sup m(t s)ds = f [¢2(0)]40 - sup (t - s) ds = —j |62(0)]d6,
te[0,1] te[0,1] /0 k+1)_,
(4.8)
0
gt s, 0)(x) - g(t,s,§) ()| < (- S)kf 152(0)]]|(0) (x) - §(0) (x)||46.
Hence, for any bounded set D ¢ C([-7,0], X), we have
x(g(t,s,D)) <é(t,s) sup x(D(6)), (4.9)
-r<6<0
where ¢(t,s) == (t — s)* f 1¢2(0)|d6, and sup fog(t s)ds=1/(k + 1)f |22(0)|dO.
te[0,1]
Suppose further that there exists constant M* € (0,1) such that
Col'(1 - -m* "
9Gr-y) <1M||y||u, ¥ —> <M <1, (4.10)
I(1-qy) ay

then for ¢(0) € D(Aﬂ) (p > 5/6), problem (4.2) has at least a mild solution by Theorem 3.1.
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