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The existence results of positive w-periodic solutions are obtained for the second-order differential
equation with delays —u' +a(t) = ft,u(t—m1),...,u(t—7,)), where a € C(R, (0, 0)) is a w-periodic
function, f : Rx[0,00)" — [0, o0) is a continuous function, which is w-periodicin t, and 71, 7, ..., Ty
are positive constants. Our discussion is based on the fixed point index theory in cones.

1. Introduction and Main Results

In this paper, we discuss the existence of positive w-periodic solutions of the second-order
differential equation with delays

—u'(t) +at)u(t) = f(Lut—71),...,ult— 1)), (1.1)

where a € C(R, (0, 00)) is a w-periodic function, f : R x [0,0) x R" — R is a continuous
function, which is w-periodic in t, and 71, 7, . . ., T, are positive constants.

In recent years, the existence of periodic solutions for second-order delay differential
equations has been researched by many authors, see [1-8] and references therein. In some
practice models, only positive periodic solutions are significant. In [4, 5, 7], the authors
obtained the existence of positive periodic solutions for some delay second-order differential
equations by using Krasnoselskii’s fixed-point theorem of cone mapping. For the second-
order differential equations without delay, the existence of positive periodic solutions has
been discussed by more authors, see [9-14].

Motivated by the papers mentioned above, we research the existence of positive
periodic solutions of (1.1) with multiple delays. We aim to obtain the essential conditions
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on the existence of positive periodic solutions of (1.1) via the theory of the fixed-point
index in cones. The conditions concern with the relation of the coefficient function a(t) and
nonlinearity f(t, x1,...,x,). Let

m=mina(t), M = maxa(t). (1.2)

Obviously, 0 < m < M. Our main results are as follows.

Theorem 1.1. Let a € C(R, (0,00)) be a w-periodic function, f € C(R x [0,00)",[0,0)), and
f(t,x1,...,x,)w-periodic in t. If f satisfies the following conditions:

(F1) there exist positive constants c1, ..., cy satisfying c1 + -+ + ¢, < mand 6 > 0 such that

flt,x1,...,x,) S C1X1 + -+ + CpXp, (1.3)

forte Rand x1,...,x, € [0,6];
(F2) there exist positive constants dy, ..., d, satisfying dy + - -+ + d,, > M and H > 0 such that

flt,x1,...,x,) 2 dix1 + -+ dpxy, (1.4)

forte Rand xi,...,x, > H,

then (1.1) has at least one positive w-periodic solution.

Theorem 1.2. Let a € C(R, (0, 00)) be a w-periodic function, f € C(R x [0,00)", [0, 00)), and f(t,
X1,...,Xp)w-periodic in t. If f satisfies the following conditions:

(F3) there exist positive constants dy, ..., d, satisfying di + -+ + d, > M and 6 > 0 such that

flt,x1,...,xp) 2 dix1 + -+ dpxy, (1.5)

forteRand x1,...,x, € [0,6];
(F4) there exist positive constants c1, ..., c, satisfying ¢1 + - -+ + ¢, < mand H > 0 such that

ft,x1,...,%0) SC1X1 + -+ + CpXp, (1.6)

forteRand xi,...,x, > H,

then (1.1) has at least one positive w-periodic solution.

In Theorem 1.1, the conditions (F1) and (F2) allow f (¢t xi,...,x,) to be superlinear
growth on x, ..., x,. For example,

flt,x1,...,x,) =y (H)x1? + - + au () x,> (1.7)

satisfies (F1) and (F2), where a;(t), ..., a,(t) are positive and continuous w-periodic func-
tions.



Abstract and Applied Analysis 3

In Theorem 1.2, the conditions (F3) and (F4) allow f(t,x1,...,x,) to be sublinear
growth on x1, ..., x,. For example,

Flt,x1,...,x,) = bi(D\/|x1] + -+ + bu(B)\/ | %] (1.8)

satisfies (F3) and (F4), where bi(t),...,b,(t) are positive and continuous w-periodic func-
tions.

Our results are different from those in the references mentioned above. The conditions
(F1) and (F2) in Theorem 1.1 and the conditions (F3) and (F4) in Theorem 1.2 are optimal
for the existence of positive periodic solutions of (1.1). This fact can been shown from the
differential equation with linear delays

—u"(t) + apu(t) = ayu(t — 1) + -+ + a,u(t — ) + h(t), (1.9)

where ay, a1, ... a, are positive constants and h € C(R) is a positive w-periodic function. If
ai,...an satisfy

ay+ax+---+a,=a. (110)

Equation (1.9) has no positive w-periodic solutions. In fact, if (1.9) has a positive w-periodic
solution, integrating the equation on [0, w] and using the periodicity of u(t), we can obtain
that fg’ h(t)dt = 0, which contradicts to the positivity of h(t). Hence, (1.9) has no positive
w-periodic solution. For a(t) = ag and f(t, x1,...,x,) = a1x1 + - -+ + a,x, + h(t), if Condition
(1.10) holds, the conditions (F1) and (F2) in Theorem 1.1 and the conditions (F3) and (F4) in
Theorem 1.2 have just not been satisfied. From this, we see that the conditions in Theorems
1.1-1.2 are optimal.

The proofs of Theorems 1.1-1.2 are based on the fixed point index theory in cones,
which will be given in Section 3. Some preliminaries to discuss (1.1) are presented in
Section 2.

2. Preliminaries

Let C,(R) denote the Banach space of all continuous w-periodic function u(t) with norm
llullc = maxo<i<w|u(t)]- Let Cf,(R) be the cone of all nonnegative functions in C,, (R). Generally,
C"(R) denotes the mth-order continuous differentiable w-periodic function space for m € N.

Let M be the positive constant defined by (1.2). For h € C,,(R), we consider the linear
second-order differential equation

—u"(t) + Mu(t) = h(t), teR. (2.1)

The w-periodic solutions of (2.1) are can been expressed by the solution of the linear second-
order boundary value problem

-u"(t) + Mu(t) =0, 0<t<w,
2.2
u(0) —u(w) =0, u(0)-u(w)=-1, 22)
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see [11]. Problem (2.2) has a unique solution, which is explicitly given by

_ cosh f(t - w/2) <t<w 2.3)

PO dpsnnGper .

where f§ = VM.

By a direct calculation, we easily prove the following lemma.

Lemma 2.1. Let M > 0. For every h € C,(R), the linear equation (2.1) has a unique w-periodic
solution u(t), which is given by

t

uty=| @ -s)h(s)ds == Th(t), teR. (2.4)

t-w

Moreover, T : C,,(R) — Cyu(R) is a completely continuous linear operatot.
Since @(t) > 0 for every t € [0,w], if h € C/,(R) and h(t) #0, by (2.4) the w-periodic

solution of (2.1) u = Th(t) is positive. Moreover, we can show that the w-periodic solution
has the following strong positivity:

Th(t) > o|Th|c, t€R, heCh(R), (2.5)

where o = CD/@ =1/ cosh(fw/2), in which

) 1 _ cosh(pw/2)
® = mind(t) = ————, ® = maxd(t) = ————. (2.6)
o 0<t<w 2psinh(pw/2) O<t<w 2psinh(pw/2)
In fact, for h € C},(R) and t € R, from (2.4) it follows that
t _ ot _(w
Th(t) = O(t-5s)h(s)ds <D h(s)ds = (Df h(s)ds, (2.7)
t-w t-w 0
and therefore,
|ITh]|c <® f h(s)ds. (2.8)
0
Using (2.4) and this inequality, we have that
t t w
Th(t) = ®O(t-s)h(s)ds > D h(s)ds = (Df h(s)ds
t-w - t-w -J0 (29)

_ <¢) / @).&) f h(s)ds > o|Thl|c.
- 0

Hence, (2.5) holds.
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Now we consider the periodic solution problem of the linear differential equation with
variable coefficient

-u'(t) +a()ut) = h(t), teR. (2.10)

Lemma 2.2. Let a € C,(R) be a positive w-periodic function. For every h € C,(R), the linear
equation (2.10) has a unique w-periodic solution u := Sh. Moreover, S : C,(R) — C,(R) is a
completely continuous linear operator and with strong positivity

Sh(t) > %nshllc, tER, he Ch(R). @2.11)

Proof. Let M and m be the positive constants defined by (1.2). Then 0 < m < a(t) < M,
teR.LetT : Cp(R) — Cu(R) be the w-periodic solution operator of (2.1) given by (2.4). We
rewrite (2.10) to the form of

—u"(t) + Mu(t) = (M — a(t))u(t) + h(t), teR. (2.12)

Then it is easy to see that the w-periodic solution problem of (2.10) is equivalent to the
operator equation in Banach space C,,(R)

(I-ToB)u=Th, (2.13)

where I is the identity operator in C,,(R) and B : C,,(R) — C,(R) is the product operator
defined by

Bu(t) = (M - a(t))u(t), u € Co(R), (2.14)

which is a positive linear bounded operator. We prove that the norm of T o B in £(C,(R),
Cw(R)) satisfies |T o B|| < 1.

For every u € C,,(R) and t € R, by the definition (2.4) of T and the positivity of @, we
have

I(T o Byu(t)| = |T (Bu)(t)| = ' O(t - 5)(M - a(s))u(s)ds

t-w

< t D(t - 5)|(M - a(s))u(s)|ds

t-w

t (2.15)
<M -m)llullc | Ot -s)ds

t-w

= (M-m)ulc [ ®)ds

= (1~ 57l
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Therefore, ||(T o B)ul|- < (1-m/M)||u||c. By the arbitrariness of u € C,,(R), we have ||[ToB]|| <
1-m/M<1.
Thus, I - T o B has a bounded inverse operator given by the series

(I-ToB)!= i(ToB)” (2.16)

n=0

with the norm estimate

([ Ry E——_

=, 217
=S1-|ToB| "~ m 217)

Consequently, (2.13), equivalently (2.10), has a unique w-periodic solution

u=(I-ToB) Y (Th) := Sh, (2.18)
where
S=(I-ToB)'oT= i(ToB)”T. (2.19)
n=0

By the complete continuity of T, S : C,(R) — Cu(R) is a completely continuous linear
operator.
For every h € C,,(R), by the expression (2.19) of S, we have

_ M
IShllc < || =T o B)™||-IThllc < —[ITh]c. (2.20)

If h € C/,(R), by the series expression of S and the positivity of T and B, we have

Sh= (Z(T o B)”T> h=>(ToB)"(Th)>Th. (2.21)
n=0 n=0
Hence, form (2.5) and (2.20), it follows that
mo
Sh(t) > Th(t) > o||Th| > ﬁnshllc, teR. (2.22)
Namely, (2.11) holds. O

Let f € C(R x [0,00)", [0, 0)). For every u € C;,(R), set

Fu)(t) = f(t,u(t—71),...,u(t-7,)), teR. (2.23)
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Then F : C},(R) — C,(R) is continuous. Define a mapping A : C/,(R) — C/,(R) by

A=SoF. (2.24)

By the definition of operator S, the w-periodic solution of (1.1) is equivalent to the fixed point
of A. Choose a subcone of C;,(R) by

K={ueC,®)|u®): %Hu”c,teR}. (2.25)

From the strong positivity of S in Lemma 2.2 and the definition of A, we easily obtain the
following lemma.

Lemma 2.3. A(C/,(R)) c K,and A: K — K is completely continuous.

Hence, the positive w-periodic solution of (1.1) is equivalent to the nontrivial fixed
point of A. We will find the nonzero fixed point of A by using the fixed point index theory in
cones.

We recall some concepts and conclusions on the fixed point index in [15, 16]. Let Ebe a
Banach space and K C E be a closed convex cone in E. Assume Q is a bounded open subset of
E with boundary 8Q, and KNQ #§. Let A : KNQ — K be a completely continuous mapping.
If Au#u for any u € K N 0L, then the fixed point index i(A, K N Q, K) has definition. One
important fact is that if i(A, K N Q, K) #0, then A has a fixed point in K N Q. The following
two lemmas are needed in our argument.

Lemma 2.4 (see [16]). Let Q be a bounded open subset of E with § € Qand A : KNQ — K
a completely continuous mapping. If XAu#u for every u € KNoQ and 0 < A <1, then i(A, KN
Q,K) =1

Lemma 2.5 (see [16]). Let Q be a bounded open subset of E and A : KN Q — K a completely
continuous mapping. If there exists an e € K \ {0} such that u — Au# pe for every u € K N 0Q and
u>0,theni(A, KNnQ,K)=0.

In next section, we will use Lemmas 2.4 and 2.5 to prove Theorems 1.1 and 1.2.

3. Proofs of Main Results

Proof of Theorem 1.1. Choose the working space E = C,(R). Let K ¢ C;,(R) be the closed
convex cone in C, (R) defined by (2.25) and A : K — K the operator defined by (2.24). Then
the positive w-periodic solution of (1.1) is equivalent to the nontrivial fixed point of A. Let
0 <7 <R < +oo and set

Q ={ueCo)|llullc <7},  Q={uecCuR)]|ulc <R} (3.1)

We show that the operator A has a fixed point in K N (€, \ ;) when r is small enough and
R large enough.

Let r € (0,6), where 6 is the positive constant in Condition (F1). We prove that A
satisfies the condition of Lemma 2.4 in K N 0Q;, namely, LAu # u for every u € K N 0£; and
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0 < X < 1. In fact, if there exist ug € K N 0£2; and 0 < A < 1 such that XgAuy = ug, then by the
definition of A and Lemma 2.2, ug € C2 (R) satisfies the delay differential equation

—uy(t) + a(t)uo(t) = Ao f (tug(t —71),..., uo(t—7,)), teR (3.2)
Since ug € K N 0Ly, by the definitions of K and €;, we have
0<up(t—mc) < lwolle=r<6, k=1,...,n, teR (3.3)
Hence from condition (F1), it follows that
flt,up(t—m1),...,uo(t —1s)) < crup(t — 1) + -+ cuuip(t —14), tER. (3.4)
By this and (3.2), we get that
—uy(t) + a(t)up(t) < ciug(t —m) + -+ + cpup(t —7,), teR. (3.5)

Integrating both sides of this inequality from 0 to w and using the periodicity of up, we have

j a(t)ug(t)dt < ¢ J up(t—m)dt+---+ cnj ug(t — T,)dt
0 0 ) 0 (3.6)
=(c1+-+ c,,)f uo(t)ds.
0
Hence, we obtain that
mf up(t)dt < f a(Hyugt)dt < (c1+---+cp) f up(t)ds. (3.7)
0 0 0

By the definition of cone K, jg} ug(t)dt > (mo/M)||ugllc - w > 0. From (3.7), it follows that
m < ¢1+- -+ ¢y, which contradicts to the assumption in Condition (F1). Hence A satisfies the
condition of Lemma 2.4 in K N 0Q. By Lemma 2.4, we have

i(A,KNQ,K)=1. (3.8)

On the other hand, choose R > max{(M/mo)H,5}, where H is the positive constant in
condition (F2), and let e(t) = 1. Clearly, e € K\ {0}. We show that A satisfies the condition of
Lemma 2.5 in K N 0y, namely, u — Au # pv for every u € K N0, and p > 0. In fact, if there
exist u; € KN 0Ly and pq > 0 such that uy — Auy = pye, since u; — p1e = Auy, by definition of
A and Lemma 2.2, u; € C2(R) satisfies the differential equation

—u(t) + a(t)(ur(t) — ) = fFt,us(t =71), ..., w1 (= 7)), tER. (3.9)
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Since u; € K N 0L, by the definition of K, we have

mo mo
ul(t—Tk)2M||u1||C=ﬁR>H, tGI, k=l,...,n. (310)

From this and Condition (F2), it follows that
ftu(t—m),...,u1(t—7,)) 2 diug(t — 1) + - + dpuy(t = 74), tel. (3.11)
By this inequality and (3.9), we have
—u(t) + a(t) (ur(t) — 1) > dyug (b =71) + -+ dyrs (t—7,), tEL (3.12)

Integrating this inequality on [0, w] and using the periodicity of u;, we obtain that

w

JW a(t)(ui(t) — pa)dt > dy Jw ui(t—m)dt+--- + dnf uy (t — 7,)dt
’ ’ ’ (3.13)

=(di+---+ dn)f uy (t)ds.
0
Consequently, we have that

M le uy (t)dt > r a(t)u(t)dt > le a(t) (ui(t) - )dt
‘ ‘ ’ (3.14)

>(dy+---+dy) ’[w uy (t)ds.
0

Since fg] ui(t)dt > (mo/M)l|jui||c - w > 0, form this inequality it follows that M > d; +--- +
d,, which contradicts to the assumption in Condition (F2). This means that A satisfies the
condition of Lemma 2.5 in K N 0Q;. By Lemma 2.5,

i(A,KNQ,,K)=0. (3.15)
Now by the additivity of fixed point index, (3.8), and (3.15) we have

i<A, KN (gz \ §1>, K) =i(A, KNQy, K) —i(A, KNQ, K) = -1. (3.16)

Hence A has a fixed point in KN (€2, \Q1), whichisa positive w-periodic solution of (1.1). O

Proof of Theorem 1.2. Let Q1,Q, C C,(R) be defined by (3.1). We prove that the operator A
defined by (2.24) has a fixed point in K N (Q, \ Qi) if 7 is small enough and R large enough.

Let r € (0,6), where 6 is the positive constant in Condition (F2), and choose e(t) = 1.
We prove that A satisfies the condition of Lemma 2.5 in KN0<Qy, namely, u— Au # ue for every
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u € KNoL; and p > 0. In fact, if there exist ug € KN 0Ly and p > 0 such that uy — Aug = poe,
since uy — poe = Auy, by definition of A and Lemma 2.2, ug € C2(R) satisfies the differential
equation

—ug(t) + a(t) (uo(t) — po) = f(t,ug(t—71),...,uo(t — 7)), teR. (3.17)

Since uy € KN0Qy, by the definitions of K and €4, u satisfies (3.3). From (3.3) and Condition
(F3), it follows that

ftug(t=m1),..., ug(t =) > diug(t —m1) +-- -+ dyuo(t = 74), tE€R. (3.18)

From this and (3.17), we see that

—ug(t) + a(t) (uo(t) — po) > diug(t — 1) +--- + duuio(t — 74), tER. (3.19)

Integrating this inequality on [0, w] and using the periodicity of u((t), we have

JW a(t) (uo(t) — po)dt > dy JW ug(t —7)dt +--- +d, JW uo(t — 7,)dt
0 0 0
. (3.20)
S A dn)f () ds.
0

From this we obtain that

M le uo(t)dt > fw a(t)ug(t)dt > le a(t) (uo(t) — po)dt
‘ ‘ ’ (3.21)

>(dy+---+dy) JW up(t)ds.
0

Since fg] uo(t)dt > (mo/M)|lug|lc - w > 0, from the inequality above, it follows that M >
di + -+ + d,, which contradicts to the assumption in (F3). Hence A satisfies the condition of
Lemma 2.5 in K N 0. By Lemma 2.5, we have

i(A, KNQy, K) =0. (3.22)

Then, choosing R > max{(M/mo)H, 6}, we show that A satisfies the condition of Lemma 2.4
in K N 0£, namely, AAu#u for every u € KN oL, and 0 < A < 1. In fact, if there exist
u; € KNo, and 0 < Ay < 1such that A Auy = uy, then by the definition of A and Lemma 2.2,
u1 € C2(R) satisfies the differential equation

—uj(t) +a)ui(t) = M f(tb,ua(t—m),...,ua(t-1,)), teR. (3.23)
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Since u; € K N0, by the definition of K, u; satisfies (3.10). From (3.10) and condition (F4),
it follows that

ftut—m1),...,u1(t—7,)) <crur(t—m) + -+ cous(t —1,), teR (3.24)

By this and (3.23), we have

—uj() +a)ur(t) Scru(t—m) +---+ e (t - 7,), tER. (3.25)

Integrating this inequality on [0, w] and using the periodicity of u; (t), we have

I a(t)u(t)dt < ¢ I w(t—m)dt+---+ C",[ uy (t — T,)dt
0 0 . 0 (3.26)
=(c1+- -+ c,,)f uy (t)ds.
0
From this we obtain that
mf up(t)dt < j a)ur(H)dt < (c1+---+cy) J‘ uy (t)ds. (3.27)
0 0 0

Since fg’ w1 (t)dt > (mo/M)||ugllc - w > 0, from the inequality (3.27), it follows that m < ¢+
-+ -+, which contradicts to the assumption in Condition (F4). Hence A satisfies the condition
of Lemma 2.4 in K N 0£2;. By Lemma 2.4, we have

i(A, KNQy, K) =1. (3.28)
Now, from (3.22) and (3.28), it follows that

i(A,K n <§22 \ﬁl), 1<> —i(A, KNy, K)—i(AKNQ,K) =1. (3.29)

Hence A has a fixed point in KN (€, \Q1), whichisa positive w-periodic solution of (1.1). O

4. Remarks

In Theorems 1.1 and 1.2, the conditions (F1) and (F4) can be replaced by the following
condition:

(F5) there exist positive constants cy, ..., c, satisfying ¢1 +--- + ¢, < mand H > 0 such
that

ft,x1,...,x,) SC1X1 + -+ + CpXp, (4.1)

fort e Rand x1,...,x, € [(mo/M)H, H];
and (F2) and (F3) can be replaced by the
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(F6) there exist positive constants dy, . .., d, satisfying dy +--- + d, > M and H > 0 such
that

flt,x1,...,x,) 2 dix1 + -+ dpxy, (4.2)

forte Rand xy,...,x, € [(mo/M)H, H].

In fact, if condition (F5) holds, setting

Q3 = {u € Co(R) | |lullc <H}, (4.3)

similar to the proof of (3.28), we can prove that

i(A,KNQs K) =1, (4.4)

and if condition (F6) holds, similar to the proof of (3.15), we can prove that

i(A, KNQ;3, K) =0. (4.5)

Therefore, by the proofs of Theorems 1.1 and 1.2, we have the following theorem.

Theorem 4.1. Let a € C(R, (0,00)) be a w-periodic function, f € C(R x [0,00)",[0,c0)) and

f(t,x1,...,x,)w-periodic in t. Then in each case of the following:
(1) (F1) and (F6) hold,
(2) (F2) and (F5) hold,
(3) (F3) and (F5) hold,
(4) (F4) and (F6) hold.

Equation (1.1) has at least one positive w-periodic solution.

Now we consider the existence of two positive periodic solutions of (1.1). If the
conditions (F2), (F3), and (F5) hold, by the proof of Theorem 1.1, condition (F2) implies that
(3.15) holds when R is large enough and R > H, and by the proof of Theorem 1.2, condition
(F3) implies that (3.22) holds when r is small enough and r < H. Since Q) c Qzand Q3 C Q,
by (3.15), (3.22), and (4.4), we have

i(A,Km <Q3 \§1>,K> =i(A,KNQs, K) —i(A, KNQ, K) =1,
(4.6)
i<A,Km (92 \ﬁg),K) =i(A, KNQy, K) —i(A, KNQs, K) = -1.

This means that A has fixed-points u; € KN (Q3\ ﬁl) and up € KN (Qy \ §3), and u; and u,
are two positive w-periodic solution of (1.1). Consequently, we have the following theorem.
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Theorem 4.2. Let a € C(R, (0,00)) be a w-periodic function and f € C(R x [0,0)", [0, 00)) and
f(t,x1,...,x,) be w-periodic in t. If (F2), (F3), and (F5) hold, then (1.1) has two positive w-periodic
solutions.

Similar to Theorem 4.2, we have the following theorem.

Theorem 4.3. Let a € C(R, (0,00)) be a w-periodic function, f € C(R x [0,00)", [0, c0)), and
f(t,x1,...,x)w-periodic in t. If (F1), (F4), and (F6) hold, then (1.1) has two positive w-periodic
solutions.
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