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Fusion frames are generalizations of frames in Hilbert spaces which were introduced by Casazza et
al. (2008). In the present paper, we study the relations between fusion frames and subfusion frame
operators. Specially, we introduce new construction of subfusion frames and derive new results.

1. Introduction

Frames were first introduced in 1924 by Duffin and Schaeffer [1]. Daubechies et al. in [2]
found a fundamental new application. Nice properties of frames make them very useful in
filter banks, sigma-delta quantization, signal and image processing. The theory of frames
has been generalized rapidly, and various generalizations of frames have been proposed
recently. Later general frame theory of subspaces was introduced by Casazza and Kutyniok
[3] and Fornasier [4] as a natural generalization of the frame theory in Hilbert spaces. Since
frames, particular frames of subspaces, are applied to signal processing, image processing,
data compression, and sampling theory, we consider frames of subspaces on Hilbert spaces
and extend some of the known results about bases and frames to frames of subspaces.
Recently, the frames of subspaces have been renamed as fusion frames. This notion has been
intensely studied earlier and several new applications have been discovered. The reader is
referred to the works by Casazza and Kutyniok [3] and G&vruta [5]. There exists a variety of
applications which cannot be modeled naturally by one ordinary frame, for example, wireless
sensor network [6], sensor geophones in geophysics measurement and studies [7], and the
physiological structure of visual and hearing system [8].

Let v = {(Vi, &) };cr be a fusion frame for H, W; be a closed subspace of V; and f; < a;
foralli e I.If w = {(W;, Bi)},., is a fusion frame for H, then w is called a subfusion frame of
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v. If v and w are Bessel fusion sequences for H, then w is called a Bessel subfusion sequence
of v.

In [9], the authors introduced Bessel subfusion sequences and subfusion frames
and they investigated the relationship between their operation. Also, the definition of the
orthogonal complement of subfusion frames and the definition of the completion of Bessel
fusion sequences were provided, and several results related with these notions were shown.

A notion related to subfusion frames has been brought in [10], which is called frame of
subspaces refinement (shortly: FSR). A subfusion frame w = {(W;, i) },.; of v = {(Vi, ai) }ict
is a FSRif a; = p; for all i € I. Therefore, an FSR is a special subfusion frame and the authors
have studied the excess of FSR in [10].

In the present paper, we study the relations between fusion frames and subfusion
frame operators. We also obtain some results about subfusion frame operators that these
results are not true for fusion frame operators.

This paper is organized as follows. Section 2 briefly review the concept of frames,
subfusion frames, and their properties. Section 3 includes some results of operator obtained
of Bessel subfusion sequences. In [11], the authors tried to show that the frame operator
for a pair of fusion frames is bounded below and invertible, but we show this is not true.
We further prove that the frame operator for a pair of subfusion frames is bounded below
and invertible. Also, we will study operators for a pair of Bessel subfusion sequences. In
Section 4, we study some constructions of subfusion frames. Finally, Section 5 contains a
discussion on dual subfusion frames. In [5], it has been shown that the dual fusion frame
is a fusion frame. In this section, through an example, we show if w = {(W;, fi)};c; be a
subfusion frame of v = {(V;, a;) },c;, then {(S'W;, i) },c; is not necessarily a subfusion frame
of {(5;'V;, a:)},c;, and we show that under some conditions, {(S_!W;, f;)};c; is a subfusion
frame of {(S;'Vi, &)} ;-

Through this paper, H is a separable Hilbert space, I is a countable index set, and
{Vi}icr is a sequence of closed subspaces of H.

2. Review of Frames, Fusion Frames, and Subfusion Frames

In this section, we recall some definitions and basic properties of frames, fusion frames and
subfusion frames. For more information, we refer the reader to [3, 9, 12, 13].

Definition 2.1. A sequence {fi},c; of elements in H is a frame for H if there exist positive
constants A and B (lower and upper frame bounds, resp.) such that

2, VfeH. (2.1)

AllfIIP < lel<f,fi>||2 <B||f

Definition 2.2. Let {V;};c; be a family of closed subspaces of a Hilbert space H and let {a;};;
be a family of weights, that is, a; > 0 for all i € I. Then v = {(V;, a;) };; is a fusion frame,
if there exist positive constants C and D (lower and upper fusion frame bounds, resp.) such
that

ClAI* < Zailmv(HI° < DIFIS, VfeH, (2.2)

iel
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where iy, is the orthogonal projection onto the subspace V;. A fusion frame v is called A-tight
fusion frame if C = D = \, Parseval fusion frame if C = D = 1, and a-uniform fusion frame
if &« = a; for all i € I. If the second part of the above inequality is satisfied, then v is called a
Bessel fusion sequence for H with bound D.

Similar to ordinary frames, the fusion frame operator S, is defined by

Su(f) = D aimvif, VfeH. (2.3)

i€l
S, is a linear, positive, self-adjoint, and invertible operator and we have

CI<S,<DI. (2.4)
A family of bounded operators {T;},.;; on H is called a resolution of identity on H if
f =2 Tif forall f € H.

Proposition 2.3. Let {(V;, a;) };c; be a fusion frame for H, W; be a closed subspace of V; and p; < a;
foralli € 1. Then {(W;, B;) }ie; is a Bessel fusion sequence for H.

Proof. Since W; is a closed subspace of Vi, 7w, ary, f = v omw, f = 7w, f and |lorw, fII* < ||y, 1
for all f € H and for all i € I. Hence,

S Bllrw fI* < Sl fII” (2.5)
i€l i€l
implies that { (W, ;) }c; is a Bessel fusion sequence. O

There are examples such that {(V;, a;) },c; is a fusion frame, W; is a closed subspace of
Viand f; < a; for all i € I, while {(W;, a;) },¢; is not a fusion frame.

Example 2.4. Let {(Vj, a;) }icy be a fusion frame for H and V; # H. Define

Vv, ifi=1,
w={ " BT (2.6)
0  otherwise.

Since span,_{W;} = Vi1 # H, {(W}, &) },¢; is not a fusion frame for H [3, Lemma 3.4].

Definition 2.5. Let v = {(V}, a;) },; be a fusion frame for H, W; be a closed subspace of V; and
i <ajforalli eI If w= {(W,pi)}i is a fusion frame for H, then w is called a subfusion
frame of v. If v and w are Bessel fusion sequences for H, then w is called a Bessel subfusion
sequence of v [9].

3. Operators between a Pair of Bessel Subfusion Sequences

In this section, we will study operators for a pair of Bessel subfusion sequences. Alternate
dual frames and Bessel fusion sequences are important in the literature of frame theory
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because of their important role in applications. The notions of operators for a pair of Bessel
fusion sequences and alternative dual of a fusion frame in H are defined by Gdvruta in [5].

Let v = {(Vi, i) }icr and w = {(W;, Bi) }ic; be two Bessel fusion sequences for H. Then
the frame operator for them is defined by

Swvfzzaiﬂiyrwi”"if' VfeH. (3.1)

iel

Moreover, if v = {(V;, a;) } s is a fusion frame for H, with fusion frame operatore S,,, then w
is called an alternate dual of v, if we have

f =Y aipirw S, v f, Vf € H. (3.2)

iel

Sw» is bounded and S, = S},,. Recently, Khosravi and Musazadeh in [11, Proposition 2.9]
tried to show that S,,, is bounded below and invertible. “Let v = {(V;, ;) },¢; be a fusion frame
with fusion frame bounds C and D and fusion frame operator S,, for H. Let w = {(W;, ) }ic
be an alternate dual fusion frame for v with required positivity. Then we have

CI<S,, <DI, (3.3)
and also S, is invertible.”

In the following example, we show that S, is neither invertible nor bounded below.

Example 3.1. Set

Vi=((10,0),  V2=(110)), V3=((0,10)),  Vi=((0,01)), (3.4)

and a; = a3 = as = 1, ap = V2. Define oy, : R®> — V; by

avi(a,b,c) = (a,0,0),  v,(a,b,c) = <“ ; b “T”’,o),

(3.5)
ay,(a,b,c) =(0,b,0), av,(a,b,c) =(0,0,c).

For any f = (a,b,c) in R3.

Computation show that oy, i = {1,2,3,4} are projection (sry, is projection if yr‘Z,l = v,
[14]). We have

S,(f) =(a,0,0)+(a+b, a+b,0)+(0,b,0)+(0,0,c) = (2a+b,2b+a, ). (3.6)
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Then

Now, let

Wi = ((0,1,0)), W, = R3,

and B1 = 3 =3, fo = 3v2, Ps = 1. Define oy, : R® — W, by

aw,(a,b,c) =(0,b,0),
aw,(a,b,c) = (a,0,0),

|
SIS
|
CRING |

Ws = <(1/0r0)>/ Wy = <(01011)>r

zw,(a,b,c) =(a,b,c),

aw,(a,b,c) =(0,0,c).

(3.7)

(3.8)

(3.9)

Obviously, w = {(Wj, Bi) }cr is an alternate dual of v = {(V;, a;) };c;, where I = {1,2,3,4}. Then,

we have
2a
3
4 a
aipirw, S, v (f) = 37w, [ 3 | + 67w,
i=1
0
0 a+b
=|-al+ |a+b
0 0
Also

4
=1

Swv = Z aifimw, v, (f) = aaforw, v, () + aaParw, v, (f) = 67w,

1

a+b 0 3(a+Db)
=3[u+b] + [O] = [3(a+b)].
0 c c

] =(a,b,c) = f.

(3.10)

0
0
c

(3.11)
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Then Sey = [
number C su

g] . Therefore, S, is not invertible. If f = (1,-1,0), then there is not a positive

33
33
00
ch that

C(f, f) <(Swvf. f)- (3.12)

Next, we show that under some conditions, S,,, is invertible and bounded below.

Proposition 3.2. Let v = {(V;, a;) } ;1 be a fusion frame with fusion frame bounds C and D and fusion
frame operator S, for H. Let w = {(V;, Pi) }icr be an alternate dual fusion frame for v with required
positivity. Then we have

CI<S,, <DI, (3.13)

and S,,, is invertible.

Proof. Let f be an arbitrary element of H. Then we have

A7 =47 5) <Z“iﬂiﬂw5;1ﬂvi (f)ff> = S api(S, mvf v f )

i€l iel

1 1
< Ezaiﬁi<7fwf/7fvif> = E<Zaiﬁiﬂvifff> (3.14)
i€l i€l
= Z(Swnf )
= =(Sunf. f).
Similarly, we have (Suwvg, f) < D||f |*. Hence, Sy is injective and S, H is closed in H
Range(S.y) = Range(Suwy) = (N(S;,))" = (N(Suwn))* = H. (3.15)
Then S,,,, is invertible. O

Now, we are ready to describe the operator for a pair of subfusion frames. In this case,
positivity, invertibility, and boundedness properties of these operators have been checked.

Proposition 3.3. Let w = {(W;, i) },c; be a Bessel subfusion frame of v = {(V;, ;) } ;- Then S,y is
self-adjoint and positive.

Proof. Forany f € H

Svof = D aipimvaw,f = D aifimw,f = D aifirw, 7y, f = Sunf, (3.16)

iel il il
then S,,, = S.». Also,

(Swnf, f) = Daipilaw f, f) = > aiillmw.f|I. (3.17)

i€l i€l

Then S, is positive. ]
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Lemma 3.4. Let w = {(W;, Bi) }ic; be Bessel subfusion sequence of v = {(V;, ai) }icr- If Sew is bounded
below, then w is a subfusion frame of v.

Proof. Suppose that there exist a number A > 0 such that for all f € H

MIAI < [[Seavfl, (3.18)

Then we have

IS ISenfll = sup

<Zaiﬁi~7fw,-7fwf/g> H

g€H,[|gll=1 icl
1/2 1/2
< s (SElnosl) (Sl 619)
geH,||g||=1 \iel iel

1/2
< \FD<Zﬂ?I|~7fwif||2> ,

i€l

where D is upper bound of v. Hence,

)LZ
SIAP < S llaw FI” < St v FII” (3.20)
iel i€l

O

Corollary 3.5. Let w = { (W, Bi) }ic; be a Bessel subfusion sequence of v = {(V;, a;) };c; and Se, be
invertible. Then cw is a subfusion frame of v.

Proof. Since S,y is invertible, S, is a below bounded. Then w is a subfusion frame of v. [

Lemma 3.6. Let w = {(W;, Bi) }ic; be Bessel subfusion frame of v = {(Vi, a;) }ic;. Then

Sw < Suw < S (3.21)

Proof.

<(Swv - Swf)ff> = <Z‘xiﬂi‘7rwif - Zﬂzz‘ﬂ-wzf’f> = Zﬂi(“i _ﬂi)<-ﬂ-W,~f;f>
iel iel iel (322)

7

= > Bi(ai = Bi) |7vw. f

iel
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then S, < S,,,. We have

((Sy=Swvf), f) = <Z“fﬂfv,-f - Z“iﬁifwifff> = > ai({aimv.f, ) = (Birw.f, f))

i€l iel i€l (3.23)
= Sai(allr I - Bl 1),
i€l
since filly,f1I* < allory I, Sun < Sy Hence, S < Suw < . -

Now we show that if w be a subfusion frame of v, then S, is invertible.
Corollary 3.7. Let w = {(W;, a;) }ic be a subfusion frame of v = {(V;, a;) }icp. Then Sy, is invertible.

Proof. Forall f € H

Sunf = D eimwary f = 3 aimw f = Suf, (3.24)
iel iel
then S, = S,,. Since S,, is invertible, hence, S,,, is invertible. O

Lemma 3.8. If w = {(W;, Bi) }icr be a subfusion frame of v = {(V;, a;)} such that C is lower bound
of w and D is upper bound of v, then

CI<S5.,,<DI, (3.25)
and S,,, is invertible.
Proof. By Lemma 3.6, we have

CI < S,, < DI (3.26)

Hence, S,y is injective, S, H is closed in H. We have
Range(S,,) = Range(S.y) = (N(S5,))" = (N(Suv))* = H. (3.27)

Hence, S, is onto and therefor, invertible on H. On the other hand, since CI < S, < DI, we
have 1/D < [|S., [l < 1/C. O

Remark 3.9. By this lemma we have the following reconstruction formulas:

f =D apimw, S f = D aiPiSonmw. f, (3.28)

iel i€l

for all f € H. Therefore, two families of bounded operators {a;Bimw,S.}c; and
{aifiS.Lorw, } i are resolutions of the identity.
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Theorem 3.10. Let v = {(V;, a;) }ic; be a fusion frame with upper bound D and w = {(W;, ;) },;
be a Bessel subfusion sequence of v. Suppose that there exists a number X > D such that A||f|| <
1(Sy = Swv) f|l, forall f € H. Then S, is invertible and also w is a subfusion frame of v.

Proof. Let f be an arbitrary element of H. Then we have

IScnfll = 1(Seww =Sy + S)f Il 2 | (Sew = S)FI| = IS £

(3.29)
> (A-D)|If|-

So S, is bounded below, hence S, is invertible and there exists a number B > 0 such that
Bl fll £ ISwvfll, forall f € H. Then

1/2
||5wvf||S\FD<Zﬁ$||yrw,-f||2> . (3.30)
iel
Hence,

B? 2 2 2 2 2 2

5 117 < 22w fII” < De v fII” < DI (3.31)
iel iel

]

4. Construction of Subfusion Frames

In this section, we study some new constructions of subfusion frames. Dealing with Bessel
subfusion frames is important, since there are easy ways to turn such a family into subfusion
frames. One way is to just add the subspace Wy = V; = H to the families. We follow some
ways that obtain new subfusion frames.

Lemma 4.1. Let {(Wj, a;) }ic; be a fusion frame for H with bound C and D, and Let {V;};; be a
family of closed subspace H such that W; C V; for all i € I. If there exists A > 0 such that

S|l f - mw fII* < Al FII, (4.1)

i€l
forall f € H, then {(W;, a;)};c; is a subfusion frame of {(Vi, &) }icr-
Proof. By using the triangle inequality, for all f € H, we have

[{eimvifYieill 2 < i (v f = 7w f) b Nl + [H@imw f }icr |

(4.2)
< VA DI = vD (1 35 )l

7
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therefore,
v\’
I < Sl I < St <01+ ) 11 43
i€l i€l
O

Theorem 4.2. Let w = {(Wj, a;) };c; be a fusion frame for H, and Let {V;},.; be a family of closed
subspace in H such that W; C V; forie 1. IfU : H — H defined by

U(f) = Dai(wvf - 7w f) VYfeH, (4.4)

i€l

is a bounded operator, then w is a subfusion frame of {(Vi, a;) }ier-

Proof. Let C and D be the frame bounds for w. Then ||S,|| < D. A simple computation show
that U is self-adjoint. Soif T : H — H is defined by T = S, + U, then T is a bounded, linear
and self-adjoint operator. Therefore,

ITIl = sup [[(Tf, f)]| = sup > a?||orv, f|°,

HE HE ws)
S|l fIF < ITHIFIP < ASall + DA < @+ Ui £1,
iel
forall f € H. Hence,
ClIFII? < St |lrw fII* < S|y £ < (D + U || £ (4.6)
iel iel
O

Proposition 4.3. Let w = {(W;, Bi) };cr be a Bessel subfusion sequence of v = {(Vi, &) }icr and Sy
be below bounded. Then

(i) {(SwvWi, Bi)} ¢, is a subfusion frame of {(Swy Vi, i) }icr-
(ii) {(SonWi, Bi) },; is a subfusion frame of {(S,},Vi, &)}

iel*

Proof. The proof is straight forward. O

Lemma 4.4. Let {W;};c; and {V;},c; be a closed subspaces of H and ] C 1. Suppose that

W, - {Vf te] @7)

0y iel-J.

Ifw = {(Wj,a;)} ¢ is a fusion frame for H with bound C, D and ¢ = 3,y ; a7, then w is a subfusion
frame of v = {(Vi, &) } ;7 with bound C, D + c.
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Proof. For all f € H, we have

S@llavfl* = 3 alavfl*+ Yl fll* = 3 allavfl* + Y |w fII*
ic]

iel iel-J ic] iel-]
(4.8)
<ol ( S )i < @+ ol
iel-J
then w is a subfusion frame of v. O

5. Dual Subfusion Frames

Let v = {(V;, a;) };c; be a fusion frame, then the family {(S;'V;, a;) },¢; is called the dual fusion
frame. In [5], it has been shown that the dual fusion frame is a fusion frame. In this section,
through an example, we show thatif w = {(W;, Bi) },c; be a subfusion frame of v = {(V;, a;) } i1,
then {(S_'Wi, Bi) },c; is not necessarily a subfusion frame of {(S;'V;, a:) } ;-

Example 5.1. Suppose V; = (e1), Vo = V3 = R®. We define oy, : R® — V; by ay,(a,b,¢c) =
(a,0,0), wry, =av,(a,b,c) = (a,b,c). {(V1,a1), (Va, x2), (V3,a3)} is a fusion frame. We have

ad+ai+a; 0 0
S, = 0 a+ai 0 . (5.1)
0 0 al+ad

Also we assume that Wy = (e1), W» = ((1,1,0)), W3 = R.

We define sy, : R — W, by zw,(a,b,c) = (a,0,0), mw,(a,b,c) = ((a +b)/2,(a +
b)/2,0), mw,(a,b,c) = (a,b,c). The set { (W1, p1), (W2, B2), (W3, 3)} is a fusion frame and

- .
ﬂ%+7j+ﬂ§ 252 0
P> B »
Se=| 2 2P0 (52)
o o g

Setat =a3 =1, a =3, p7 = f = 1and g5 = 2. Itis clear that { (S W, fi) } ;¢ is not a subfusion
frame of {(S;'V;, a;)},c; where I = {1,2,3}.

Now by another example we show that {(S;'V;,a;)},; is not subfusion frame of
{(S Wi, Bi) Yicr-
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Example 5.2. Suppose Vi = (e1), Vo = V3 = R®. We define v, : R® — V; by v, (a,b,c) =
(a,0,0), ov,(a,b,c) = av,(a,b,c) = (a,b,c). {(Vi,ai)};c; where I = {1,2,3} is a fusion frame,
We assume that Wy = (e1), Wj = (e2), W3 = R®. We define oy, : R® — W, by

aw,(a,b,c) =(a,0,0), aw,(a,b,c) =(0,b,0), aw,(a,b,c) = (a,b,c). (5.3)
The set { (W1, p1), (W2, B2), (W3, B3)} is a fusion frame and

pi+p 0 0
Se=| 0 g+p 0]. (5.4)
0 0 B

Seta? = a = 1,a; = 3,67 = 3 = 1and 5 = 3. A simple computation shows that
{(S;'V;, &) } i1 is not a subfusion frame of {(S'W;, Bi) }ics-

Proposition 5.3. Let w = {(W;, Bi)}; be a subfusion frame of v = {(Vj, &) }icr. If Vi L V; and
Wi LW, forall i# j, then {(Sg'Wi, B;) }iey is a subfusion frame of {(S;'Vi, ai) }icr-

Proof. Set f € Vijand f = a;(g) g€ Vj, f = aj(g) = S aioy,(g) € S,V then V; C S,V for all
jELIffeSV;, f=3,almy(g) =aj(g) § €V, thenS,V; C V. Hence, S;'V; = V;. O
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