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We study the existence of solutions for deviated-advanced nonlocal and integral condition
problems for the differential inclusion x!(t) € F(t, x(t)).

1. Introduction

Problems with nonlocal conditions have been extensively studied by several authors in
the last two decades. The reader is referred to [1-12] and references therein. Consider the
deviated-advanced nonlocal problem

% € F(t,x(t)), ae.te(0,1), (1.1)
Dax(p(m) = ad bix(¢(n;)),  axb;>0, (1.2)
k=1 =1

where 7, 77; € (0,1), a > 0 is a parameter, and ¢ and ¢ are, respectively, deviated and
advanced given functions.

Our aim here is to study the existence of at least one absolutely continuous solution
x € ACJ[0,1] for the problem (1.1)-(1.2) when the set-valued function F : R — P(R) is
L!'-Carathéodory.
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As an application, we deduce the existence of a solution for the nonlocal problem of
the differential inclusion (1.1) with the deviated-advanced integral condition

1 1
f x(P(s))ds = af x(p(s))ds. (1.3)
0 0

It must be noticed that the following nonlocal and integral conditions are special cases
of our nonlocal and integral conditions

x(¢(7)) = ax(¢(n)), 7,m€(01),

Darx(p(m)) = ax(yp(n)), 7, n€0,1),
k=1

iakx((p(Tk)) =0, T €(01),

k=1

1
fo x(¢p(s))ds = ax(¢(n)), n€(O1), (1.4)
1
afo x(p(s))ds =x(¢(r)), T€(0,1),
1
jo x(P(s))ds =0,
1
4[0 x(p(s))ds = 0.

As an example of the deviated function ¢ : (0,1) — (0,1), we have ¢(t) = pt,p € (0,1). Asan
example of the advanced function ¢ : (0,1) — (0,1), we have ¢ (t) = t*, f € (0,1).

2. Preliminaries
The following preliminaries are needed.

Definition 2.1. A set-valued function F : [0,1] x R — P(R) is called L!-Carathéodory if

(a) t — F(t,x) is measurable for each x € R,
(b) x — F(t, x) is upper semicontinuous for almost all ¢ € [0, 1],
() there exists m € L'([0,1], D), D C R such that

|F(t,x)| = sup{|v| : v € F(t,x)} <m(t), foralmostallte [0,1]. (2.1)

Definition 2.2. A single-valued function f : [0,1] x R — R is called L!-Carathéodory if

(i) t — f(t,x) is measurable for each x € R,
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(ii) x — f(t,x) is continuous for almost all t € [0, 1],

(iii) there exists m € L'([0,1],D), D C R such that |f| < m.

Definition 2.3. The set

S}(.,x(t)) ={f € ([0,1],R) : f(t,x) € F(t,x(t)) fora.e. t € [0,1]} (2.2)

is called the set of selections of the set-valued function F.

1

Theorem 2.4. For any L'-Carathéodory set-valued function F, the set S Flx()

is nonempty [1, 13].

Theorem 2.5 (Carathéodory, [14]). Let f : [0,1] x R — R be L'-Carathéodory. Then the problem

PO _ s, forae t>0, x(0) = x, @3)

has at least one solution x € AC[0,T].

3. Existence of Solution
Consider the following assumptions.
(i) F:[0,1] x R — P(R") is L'-Carathéodory.
(ii)
aZbﬁéZak. (3.1)
k=1

j=1

(iii) ¢ : (0,1) — (0,1),¢(t) < tis a deviated continuous function.
(iv) ¢ : (0,1) — (0,1), ¢s(t) > t is an advanced continuous function.
Now we have the following lemma.

Lemma 3.1. Let assumptions (i)-(ii) be satisfied. The solution of the nonlocal problem (1.1)-(1.2) can
be expressed by the integral equation

m ¢(7i) n (1)) t
x(t)=A kZak j f(s,x(s))ds - azlb,- «[0 f(s,x(s))ds ) + fof(s,x(s))ds, (3.2)
=1 j=

0

where f(t,x) € F(t,x), forall x e R, and A = (a Z}’zl bj — i ai) L
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Proof. From the assumption that the set-valued function F : [0,1] x R — P(R") is L!-

Carathéodory, then (Theorem 2.4) there exists a single-valued selection f : [0,1] x R — R*
such that

%x(t) = f(t,x) € F(t,x), VYx€R. (3.3)

This selection f(t, x) is L'-Carathéodory.
Integrating (3.3), we get

x(t) = x(0) + ft f(s,x(s))ds. (3.4)
0
Lett = ¢(7x). Then
m m m ()
Zakx(qb(rk)) = Zakx(O) + Zakj f(s,x(s))ds. (3.5)
k=1 k=1 =1 Jo
Lett = ¢s(77;). Then
n n n ¢(1;)
a) bix(¢(1;)) = a ) bx(0) + aijJ f(s,x(s))ds. (3.6)
j=1 j=1 j=1 0
From (3.5) and (3.6), we obtain
m ¢ (7k) n w(nj)
x(0)=A Zakj f(s,x(s))ds - aijf f(s,x(s))ds |, (3.7)
k=1 0 =1 0

where A = (« 37, bj - S ax) ™, a Xy b # Sk a.
Substituting (3.7) into (3.4), we obtain

0

m ¢ (7x) n ¥ (117) t
x(t) = A kZakj f(s,x(s))ds - azlb,- fo f(s,x(s))ds | + fo f(s,x(s))ds.  (3.8)
=1 j=

This proves that the solution of the nonlocal problem (1.1)-(1.2) can be expressed by the
integral equation (3.2). O

For the existence of the solution, we have the following theorem.

Theorem 3.2. Assume that (i)—(iv) are satisfied. Then the integral equation (3.2) has at least one
continuous solution x € C[0,1].
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Proof. Define a subset Q, € C[0,1] by

Q= {xeC[O,l] dx(t)| <, r:AM<1+iak+zxib]-> } (3.9)

Clearly, the set Q, is nonempty, closed, and convex.
Let H be an operator defined by

m $(7i) n () t
(Hx)(t) = A <Zakf f(s,x(s))ds - chbjf f(s,x(s))ds> + J‘ f(s,x(s))ds.
k=1 0 j=1 0 0
(3.10)

Let x € Q. Let {x,(t)} be a sequence in Q, converging to x(t), x,(t) — x(t), forall t € I.
Then

m ¢ (7k) n w(n;)
lim (Hx,)(t) = A <Zak lim f f(s,xn(s))ds — ) b; lim f f(s, xn(s))ds>
n—oo k=1 n—oo O j:1 n—oo O (311)

t
+ lim f f(s,x4(s))ds,
n— oo 0

By assumptions (i)-(ii) and the Lebesgue dominated convergence theorem, we deduce that

Jim (Hx,)(f) = (Hx)(f). (3.12)

Then H is continuous.
Now, letting x € Q,, (then ¢(t) < t and ¢ (t) > t), we obtain

(Hx)(t) < A <iak ka f(s,x(s))ds - “ibf Jqu f(s,x(s))ds>
k=1 0 j=1 0
o[ s xtonas,
0
m Tk n i
|(Hx)(t)| < A <Zak f | f(s,x(5))|ds + a D b f |f(s,x(s))|ds>
k=1 0 j=1 0
t
+ I0|f(s,x(s))|ds

<A <iak ka m(s)ds + aib]- Jqu m(s)ds> + ft m(s)ds
k=1 0 =1 0 0
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< A<iakM + aibjM> + M

k=1 =1

<AM <1 + iak + aibl-> <r.

k=1 =1
(3.13)
Then {Hx(t)} is uniformly bounded in Q,.
Also for ty,t; € (0,1),t; < t, such that |t; — 1] < §, we have
ty 51
(Hx)(t2) - (Hx)(t1) = | f(s,x(s))ds— | f(s,x(s))ds,

0 0

(Hx) (1) - (H) (1) < j:lﬂs,x(s))Ids o1t

5}
< m(s)ds,
5]

|(Hx)(t2) = (Hx)(h)[ < e.

Hence the class of functions { Hx(t) } is equicontinuous. By Arzela-Ascoli’s theorem, { Hx(t)}
is relatively compact. Since all conditions of Schauder’s theorem hold, then H has a fixed
point in Q,.

Therefore the integral equation (3.2) has at least one continuous solution x € C(0,1).
Now,

(7

m
0 - i S |

t
+ }133 fof(s,x(s))ds (3.15)

0

) n @ ()
f(s,x(s))ds - aijJ f(s,x(s))ds
=1

m $(7k) n w(nj)
A <Zakf f(s,x(s))ds - aijf f(s,x(s))ds> = x(0).
k=1 0

0 =1

Also

m ¢ (k) n & (n;)
x(1) = }g}}x(t) =A kZ;ak Jo f(s,x(s))ds - aZlb]- L f(s,x(s))ds
- = (3.16)
1
+f f(s,x(s))ds.
0

Then the integral equation (3.2) has at least one continuous solution x € C[0, 1]. O



Abstract and Applied Analysis 7

The following theorem proves the existence of at least one solution for the nonlocal
problem(1.1)-(1.2).

Theorem 3.3. Let (i)—(iv) be satisfied. Then the nonlocal problem (1.1)-(1.2) has at least one solution
x € ACJ[0,1].

Proof. From Theorem 3.2 and the integral equation (3.2), we deduce that there exists at least
one solution, x € AC[0, 1], of the integral equation (3.2).

To complete the proof, we prove that the integral equation (3.2) satisfies nonlocal
problem (1.1)-(1.2).

Differentiating (3.2), we get

% = f(t,x(H) € F(t,x(t)), ae.te(0,1). (3.17)

Letting t = ¢(7%) in (3.2), we obtain

m m m (k) m n (nj)
> arx(P(re)) = D ax <AZak + 1> j f(s,x(s))ds —aA> ax > b; Jq} ! f(s,x(s))ds.
k=1 k=1 k=1 0 0

k=1 j=1
(3.18)
Also, letting t = ¢s(77;) in (3.2), we obtain
n n m $(7k)
aZb]-x(qr(q]-)) = aAijZakf f(s,x(s))ds
=1 =1 k=1 0
(3.19)
n n @ (1;)
+ aij 1- chij J‘ f(s,x(s))ds.
=1 =1 0
And from (3.19) from (3.18), we obtain
Zakx(qS(Tk)) = aijx(qf(q]-)). (3.20)
k=1 =1

This complete the proof of the equivalence between the nonlocal problem (1.1)-(1.2) and the
integral equation (3.2).

This implies that there exists at least one absolutely continuous solution x € AC[0, 1]
of the nonlocal problem (1.1)-(1.2). O
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4. Nonlocal Integral Condition

Let x € [0,1] be a solution of the nonlocal problem (1.1)-(1.2). Let ax = t; — tx_1, Tk €
(tk-1,tk) € (0,1). Also, let b; = t; —tj-1, nj € (tj-1,t;) C (0,1). Then the nonlocal condition
(1.2) will be

ki(tk - ) x(p(7i)) = “Zn:(tj —tj)x(g (1)) (4.1)
= =1

From the continuity of the solution x of the nonlocal condition (1.2) we obtain
Jim St~ te)x(¢(7r)) = lim ad (4~ tia)x (g (1)) (4.2)
k=1 j=1
That is, the nonlocal condition (1.2) is transformed to the integral condition

1 1
L x(p(s))ds = (x’[ x(g(s))ds, (4.3)

0
and the solution of the integral equation (3.2) will be

1 rg(s)

1 ((s)
x(t):A*UO i f(9,x(9))d9ds—zxf0 f(e,x(e))d9d5>

t (4.4)
+f f(s,x(s))ds, A*=(a-1)""
0

Now, we have the following theorem.

Theorem 4.1. Let assumptions (i)—(iv) of Theorem 3.2 be satisfied. Then the nonlocal problem with
the integral condition

dzg) = f(t,x(t)) € F(t,x(t)), forae. te(0,1),
1 1 (4.5)
fo x(P(s))ds = af x(g(s))ds

0

has at least one solution x € ACI0,1] represented by (4.4).

References

[1] A.Boucherif, “First-order differential inclusions with nonlocal initial conditions,” Applied Mathematics
Letters, vol. 15, no. 4, pp. 409414, 2002.

[2] A. Boucherif, “Nonlocal Cauchy problems for first-order multivalued differential equations,”
Electronic Journal of Differential Equations, vol. 2002, no. 47, pp. 1-9, 2002.



Abstract and Applied Analysis 9

[3] A. Boucherif and R. Precup, “On the nonlocal initial value problem for first order differential
equations,” Fixed Point Theory, vol. 4, no. 2, pp. 205-212, 2003.

[4] A.Boucherif, “Semilinear evolution inclusions with nonlocal conditions,” Applied Mathematics Letters,
vol. 22, no. 8, pp. 1145-1149, 2009.

[5] M. Benchohra, E. P. Gatsori, and S. K. Ntouyas, “Existence results for semi-linear integrodifferential
inclusions with nonlocal conditions,” The Rocky Mountain Journal of Mathematics, vol. 34, no. 3, pp.
833-848, 2004.

[6] M. Benchohra, S. Hamani, and S. Ntouyas, “Boundary value problems for differential equations with
fractional order and nonlocal conditions,” Nonlinear Analysis, Theory, Methods & Applications, vol. 71,
no. 7-8, pp. 2391-2396, 2009.

[7] A.M. A. El-Sayed and S. A. Abd El-Salam, “On the stability of a fractional-order differential equation
with nonlocal initial condition,” Electronic Journal of Qualitative Theory of Differential Equations, vol.
2009, no. 29, pp. 1-8, 2009.

[8] A. M. A El-Sayed and E. O Bin-Taher, “A nonlocal problem of an arbitrary (fractional) orders
differential equation,” Alexandria Journal of Mathematics, vol. 1, no. 2, pp. 1-7, 2010.

[9] A. M. A. El-Sayed and Kh. W. Elkadeky, “Caratheodory theorem for a nonlocal problem of the
differential equation x’ = f (¢, x'),” Alexandria Journal of Mathematics, vol. 1, no. 2, pp. 8-14, 2010.

[10] E.Gatsori, S. K. Ntouyas, and Y. G. Sficas, “On a nonlocal Cauchy problem for differential inclusions,”
Abstract and Applied Analysis, vol. 2004, no. 5, pp. 425-434, 2004.

[11] G. M. A. Guerekata, “Cauchy problem for some fractional abstract differential equation with non local
conditions,” Nonlinear Analysis, Theory, Methods & Applications, vol. 70, no. 5, pp. 1873-1876, 2009.

[12] R. Ma, “Existence and uniqueness of solutions to first-order three-point boundary value problems,”
Applied Mathematics Letters, vol. 15, no. 2, pp. 211-216, 2002.

[13] A. Lasota and Z. Opial, “An application of the Kakutani-Ky-Fan theorem in the theory of ordinary
differential equations,” Bulletin de I’Académie Polonaise des Sciences. Série des Sciences Mathématiques,
Astronomiques et Physiques, vol. 13, pp. 781-786, 1965.

[14] R. F. Curtain and A. ]. Pritchard, Functional Analysis in Modern Applied Mathematics, Academic Press,
London, UK, 1977.



