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We consider the operator L generated in L?(R,) by the differential expression I(y) = —y" + q(x)y,
x € R, := [0,00) and the boundary condition y'(0)/y(0) = ap + &1L + ax\?, where g is a complex-
valued function and a; € C, i = 0,1,2 with a, #0. In this paper we obtain the properties of the
principal functions corresponding to the spectral singularities of L.

1. Introduction

Let T be a nonselfadjoint, closed operator in a Hilbert space H. We will denote the continuous
spectrum and the set of all eigenvalues of T by o.(T) and 0,4(T), respectively. Let us assume
that o.(T) # 0.

Definition 1.1. If X = 1 is a pole of the resolvent of T and A € o.(T), but Ay € 04(T), then Ay
is called a spectral singularity of T.

Let us consider the nonselfadjoint operator Ly generated in L?>(R,) by the differential
expression

lo(y) =-y"+q9(x)y, x€R,, (1.1)

and the boundary condition y(0) = 0, where g is a complex-valued function. The spectrum
and spectral expansion of Ly were investigated by Naimark [1]. He proved that the spectrum
of Ly is composed of continuous spectrum, eigenvalues, and spectral singularities. He showed
that spectral singularities are on the continuous spectrum and are the poles of the resolvent
kernel, which are not eigenvalues.
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Lyance investigated the effect of the spectral singularities in the spectral expansion in
terms of the principal functions of Lo [2, 3]. He also showed that the spectral singularities
play an important role in the spectral analysis of L.

The spectral analysis of the non-self-adjoint operator L; generated in L?(R,) by (1.1)
and the boundary condition

fo K (x)y(x)dx + ay'(0) - py(0) =0, (1.2)

in which K € L*(R, ) is a complex valued function and a, § € C, was investigated in detail by
Krall [4-8] In [4] he obtained the adjoint L] of the operator L. Note that L] deserves special
interest, since it is not a purely differential operator. The eigenfunction expansions of L; and
L} were investigated in [5].

In [9] the results of Naimark were extended to the three-dimensional Schrodinger
operators.

The Laurent expansion of the resolvents of the abstract non-self-adjoint operators in
the neighborhood of the spectral singularities was studied in [10].

Using the boundary uniqueness theorems of analytic functions, the structure of
the eigenvalues and the spectral singularities of a quadratic pencil of Schrodinger, Klein-
Gordon, discrete Dirac, and discrete Schrodinger operators was investigated in [11-20]. By
regularization of a divergent integral, the effect of the spectral singularities in the spectral
expansion of a quadratic pencil of Schrodinger operators was obtained in [13]. In [19, 20] the
spectral expansion of the discrete Dirac and Schrodinger operators with spectral singularities
was derived using the generalized spectral function (in the sense of Marchenko [21]) and the
analytical properties of the Weyl function.

Let L denote the operator generated in L?(R, ) by the differential expression

I(y) =-y"+q(x)y, xeR, (1.3)
and the boundary condition
'(0
M =y +CX1)L+“2.)L2, (14:)
y(0)

where g is a complex-valued function and a; € C, i =0, 1, 2 with a, #0. In this work we obtain
the properties of the principal functions corresponding to the spectral singularities of L.

2. The Jost Solution and Jost Function

We consider the equation
—y"+q(x)y =2y, xeR, (2.1)

related to the operator L.
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Now we will assume that the complex valued function g is almost everywhere

continuous in R, and satisfies the following:

f x|g(x)|dx < 0.
0

Let ¢(x, A) and e(x, 1) denote the solutions of (2.1) satisfying the conditions
e(0,0) =1,  ¢'(0,\) =ap+ajd+a?

lim e(x,/\)e*i)‘x =1, \eC,,

X — 00

(2.2)

(2.3)

respectively. The solution e(x, 1) is called the Jost solution of (2.1). Note that, under the
condition (2.2), the solution ¢(x,1) is an entire function of A and the Jost solution is an
analytic function of A in C; := {A : A € C,Im X > 0} and continuous in C, = {A : A €

CImA\ >0}.
In addition, Jost solution has a representation ([22])

e(x,\) = ex +I K(x, t)ei)‘tdt, 1eC,,

where the kernel K (x, t) satisfies

1 (*® 1 (x+t)/2 pt+s—x
K(x,t)== (s)ds+ = (s)K(s,u)duds
2 1 2 1

(x+t)/2 tHx-s

o t+s—x
+ E f f q(s)K(s,u)duds
2 )iy Js

and K(x, t) is continuously differentiable with respect to its arguments. We also have

K (x,t)] Scw(x—”),
2
1 X+t x+t
|Kx(x, )], [Ke(x, £)] < Z‘q<7>| +Cw<T>’

where w(x) = j:) |q(s)|ds and ¢ > 0 is a constant.
Let e*(x, A) denote the solutions of (2.1) subject to the conditions

lim e*&*(x, 1) =1, lim e*¥e(x, 1) = +il, A €C..
X — 00 X — 00

Then

Wie(x,A),e*(x, )] =F2i, LeC,,
Wle(x, V), e(x,-A)] =-2i\, A €R=(-00,0),

where W[ fi, f2] is the Wronskian of f; and f5, ([23]).

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)
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We will denote the Wronskian of the solutions ¢(x, 1) with e(x, 1) and e(x,-\) by
E*(\) and E~ (), respectively, where

E*(1) = €'(0,0) - (a0 + ad + aw)e(o,x), 1eT,,
B (2.10)
E~(1) := €(0,-A) — (ao +anh+ az)&)e(o, -1), ieC.,

and C_ = {A : A € C,Im A < 0}. Therefore E* and E~ are analyticin C; and C_ = {0 : A €
C,Im A < 0}, respectively, and continuous up to real axis.
The functions E* and E~ are called Jost functions of L.

3. Eigenvalues and Spectral Singularities of L

Let

G*(x, 1), LeC,,
G(x,tA) = (3.1)
G (x, 1), LeC

be the Green function of L (obtained by the standard techniques), where

p(t, Le(x, 1)
—W, 0 < t <x
G =N et )
p(x, ,
_E+—(.)L), x<t<oo )
ot Ve-H) '
_ E-(4) 7 -
CED= et )
(P X, 7
_E’—(A), x<t<oo.

We will denote the set of eigenvalues and spectral singularities of L by c4(L) and os(L),
respectively. From (3.1)—(3.2)

oa(L)={A:1eC, E*(\) =0} U{A: L eC E (1) =0},

(3.3)
Os(L) ={A:LeR,E*(\) =0} Uu{r: L e R, E-(A) =0},
where R* =R\ {0}.
From (3.3) we obtain that to investigate the structure of the eigenvalues and the
spectral singularities of L, we need to discuss the structure of the zeros of the functions E*
and E-in C, and C_, respectively.

Definition 3.1. The multiplicity of zero of the function E*(or E7) in C,(or C.) is called the
multiplicity of the corresponding eigenvalue and spectral singularity of L.
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We see from (2.9) that the functions

+ A + A
¢ (x,\) = ()L)e(x,k) - Ezl—.()t)é*(x,)t), LecC,,
o) = EWo ) - EM o)), aec, G4)
¢ (x,)) = W‘) e(x, ~A) - E;i(j)e(x, N, leRr

are the solutions of the boundary value problem

-y +qx)y=Vy, x€eR,
(0) (3.5)

=ap+ al.)t + C(z/\z,

y(0)
where
Ef(\) =& (0,) - <a0 +anh+ az)@)éi(o, A). (3.6)
Now let us assume that
q€ AC(R,), limg(x) =0, sup[ eVx|q (x)|] £>0. (3.7)

xeR,

Theorem 3.2 (see [24]). Under the condition (3.7) the operator L has a finite number of eigenvalues
and spectral singularities, and each of them is of a finite multiplicity.

4. Principal Functions of L

In this section we assume that (3.7) holds. Let Ay,...,A; and Ajy1,..., Ak denote the zeros of
E*in C; and E™ in C_ (which are the eigenvalues of L) with multiplicities m;, ..., m; and
mjy1, ..., Mg, respectively. It is obvious that from definition of the Wronskian

dar an .
(vl eewol} | - {mEw), <o D
forn = 01,...m-1,p=12,...,j, and
an dr
{dJ\”W[(‘U (1), el =D)] })F)Lp {d)L"E (A)})FA,, =0 42

forn=0,1,... m,-1,p=j+1,.. k.
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Theorem 4.1. The fallowing formulae:

{ ain ¢ (x, 1) })L_ = mi:()Am (Ap) { ilme(x,k) })L=)Lp, (4.3)

=Ap

n=0,1,... my-1,p=12,...,7j, where

an m +
Am (‘)LP) = <m> { oAn- (J\)})L:)L s (44)

P

A=A,

n=0,1,...,my,-1,p=j+1,...,k, where

Bu(ly) = ( >{§n";E w} (46)

P

holds.

Proof. We will proceed by mathematical induction, we prove first (4.3). Let n = 0. From (4.1)
we get

ot (2 4y) = an(ly) el ), @7)

where ag(1,) #0. Let us assume that for 1 < ng < m,, - 2, (4.3) holds; that is,

{aino‘l’ (x, A)})F)L ZA (Ap){aJ\ e(x, .)L)} L (4.8)

m=0 _p

Now we will prove that (4.3) holds for ny + 1. If y(x,1) is a solution of (2.1), then
(0"/0N")y(x, A) satisfies

n—1 n—2

0 d
0 1y(x,x\)+n(n 1) Y zy(x,)u) (4.9)

d2+() ﬁa (x,1) =2\
7 oan "o

d 2

Writing (4.9) for ¢*(x, 1) and e(x, A), and using (4.8), we find

d2
[ 22 a0 - :Ifm+1 (x,4p) =0, (4.10)
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where
oo+l no+1 am
Fror1(2,4p) = {Mq; (x,x)} - ZAm()LP){We(x, )L)}H . (4.11)
A=, m=0 =1,
From (4.1) we have
dn(]+1
W [ fag1 (3, 4p), €(2, 4p)] = { Wl (e ) elx, A)]} =0. (4.12)
A=1,
Hence there exists a constant a,,.1(1,) such that
Fror1 (%, 4p) = angs1 (Ap)e(x, Ay). (4.13)
This shows that (4.3) holds for n = ng + 1.
Similarly we can prove that (4.5) holds. O
Definition 4.2. Let A = Ao be an eigenvalue of L. If the functions
yo(x/'A'O)l yl(x/-/\'o)/” ~/]/s(x/)to) (414)
satisfy the equations
l(y()) —)Loyo =0, l(y]) —)Loy]' —y]‘,1 = 0, ] = 1,2,...,5, (4.15)

then the function yy(x, Ao) is called the eigenfunction corresponding to the eigenvalue A = A,
of L. The functions y1(x, o), ..., ys(x, Ag) are called the associated functions corresponding
A = Ag. The eigenfunctions and the associated functions corresponding to A = \j are called
the principal functions of the eigenvalue A = A,.

The principal functions of the spectral singularities of L are defined similarly.

Now using (4.3) and (4.5) define the functions

o " om
U p(x) = {qu (x, A)}MP = mzzoAm ()L,,){ m—me(x,x)}mp, (4.16)
n=01,.... my-1,...p=1,2,...,j
and
on o om
U,y ) = { S ) }MP = 30| gets }M,,' @17)

n=0,1,...m-1p=j+1,... k.
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ThenforA=A,,p=1,2,...,5,j+1,...,k,

I(Uopp) =0,
10
[Usp) + 35351 (Uop) =0, (4.18)
10 1 0
l(un/p> + ﬁal(un_llr,) + iml(un_z/p> = 0,

n=273,...,m,-1,

hold, Vzhere I(u) = —u" + g(x)u — \>u and (0™/0A™)I(u) denotes the differential
expressions whose coefficients are the m-th derivatives with respect to A of the corresponding
coefficients of the differential expression I(u). Equation (4.18) shows that Uy, is the
eigenfunction corresponding to the eigenvalue A = A, Uy, Uzp, .- ,Um,-1p are the
associated functions of Uy, ([25, 26]).

Uop, Urp, ..., Umy-1p,p = 1L,2,...,5,j + 1,...,k are called the principal functions
corresponding to the eigenvalue A = \,,p=1,2,...,j,j+1,...,kof L.

Theorem 4.3. One has

U,p€el’(R,), n=0,1,...,my-1,p=12,...,5,j+1,... k. (4.19)

Proof. Let0 <n <mp,—1and 1 <p < j. Using (2.6) and (3.7) we obtain that

|K (x, )| < ce sV &x*/2, (4.20)
From (2.4) we get
0" «
{—ne(x, )L)} < xMemXImdy 4 cJ. tre eV ()2 p-timly g (4.21)
oL A=1p x

where ¢ > 0 is a constant. Since Im A, > 0 for the eigenvalues A,,p = 1,...,j, of L, (4.21)
implies that

1
{(.jal,m(x,)u)}A ) eL*(R,), n=0,1,....my-1, p=12,..,j (4.22)
=Ap

The proof of theorem is obtained from (4.16) and (4.22). In a similar way using (4.17) we may

also prove the results for0 <n <m, -land j+1<p<k. O

Let p1, ..., o, and pps, - .., ps be the zeros of E* and E~ in R* = R\ {0} (which are the
spectral singularities of L) with multiplicities n, ..., n, and 1441, ..., 1y, respectively.
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Similar to (4.3) and (4.5) we can show the following:

n am
= n%cm () { m—me(x, 1) }A%, (4.23)

{ s}

A=pp

n=0,1,...,.n,-1,p=1,2,...,0,

where
(p) { T B ) }
r m oA A:y,,,

(4.24)
{gro@n} = S0uu)| ame-n}
—n(P X, = ,u —me X, — 7
0l A=pp  m=0 i T A=pp
n=01,...,n-1,p=v+1,...,],
where
n on—m .
D (pp) = { —E (A)} : (4.25)
m oL A=y

Now define the generalized eigenfunctions and generalized associated functions correspond-
ing to the spectral singularities of L by the following:

@ = {2} = S| et (426)
Upp(X) =1 == ¢(x, } = m (U {—e X, } p 4.26
’ oA" A=y m=0 P Loam A=pp
n=0,1,...,.n,-1,p=1,2,...,0,
ik S D) { 2
v = {500} = 3D gmee-n] @27)
" 0l A=pp  m=0 i N A=pp

n=01,...,n-1,p=v+1,...,L

Then v,,,n = 0,1,...,n, - 1,p = 1,2,...,0,0 + 1,...,1, also satisfy the equations
analogous to (4.18).

Vop, ULp, -+, Uny1p,p = 1,2,...,0,0+1,... ,1 are called the principal functions
corresponding to the spectral singularities A = yp,p=1,2,...,0,0+1,..., 1 of L.

Theorem 4.4. One has

vp ¢ L*(Ry), n=0,1,...,n,-1, p=12,...,0,0+1,...,1L (4.28)

Proof. If we consider (4.21) for the principal functions corresponding to the spectral
singularities A = u,,p=1,2,...,v,v+1,...,1, of L and consider that Im \,, = 0 for the spectral
singularities, then we have (4.28), by (4.26) and (4.27). O



10 Abstract and Applied Analysis

Now introduce the Hilbert spaces
Iﬂz{ﬂf u+@hvaﬂﬁx<m} n=1,2,...,
0

= {g :f (1 +x)’2"|g(x)|2dx < oo}, n=12,...,
0

with
2 “ 2 2 ” _ 2
1A= [ aolreolas sl = [ a s lswlax
respectively. Then
HTl+1 ; Hn ; LZ(R—F) ; an ; Hf(n+1)/ n= 1/2/" 7
and H_, is isomorphic to the dual of H,,.
Theorem 4.5. One has

Upp € H (s, n=01,...,n,-1,p=12,...,0,0+1,...,L
Proof. From (2.4) we have

2
(ix)"e'*r*| dx < oo,

J‘OO (1 + x)72(n+1)
0

o) 2
I(umﬂwn dx < oo
0

IQMMmem

Using (4.26), (4.33) we obtain
Unp € H (nry, n=0,1,...,m,-1, p=1,2,...,0.
In a similar way, we find
Unp € H (nv1y, n=0,1,...,n,-1, p=0v+1,...,L
Let us choose ng so that
no = max{ny, ny..., Ny, Nps1,- .., N}

By Theorem 4.5 and (4.31) we get following theorem

Theorem 4.6. One has

Upp€H,, n=01,...,n-1p=12,...,00+1,...,L

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)
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